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The mathematical problem of enumerating the number of connected domains that can be drawn on a plane 
square lattice is studied by several methods, and results that are believed to be very nearly correct for large 
domains are obtained, while a slightly modified version of the problem can be solved in closed form. Compari- 
son of the various methods tried leads to conclusions which, besides their purely mathematical interest, have 
a bearing on a large number of physical problems, such as ferromagnetism, order-disorder in alloys, the theory 
of solutions, fusion and evaporation, the configuration of polymer molecules and gel formation. The com- 
parison of the various methods also gives information on what may be expected of an approximate theory of 


a phase-transition. 





1. INTRODUCTION 


HE writer has pointed out elsewhere!” that there 

is a close relationship between the theory of 
partition of numbers and a certain type of problem in 
statistical mechanics, the computation of the number of 
ways in which a given total quantity of energy can be 
distributed among “‘particles’”’ occupying a given set of 
energy levels, subject to various auxiliary conditions. 
Usually, the total number of “particles” is considered to 
be fixed. Wannier* and Kac and Ward‘ have called 
attention to the relationship between models of the 
Ising type and the number of diagrams, consisting 
entirely of closed polygons, that can be drawn on lattices 
of various kinds, e.g., the two-dimensional square 
lattice, subject to no line being used twice and to the 
total perimeter of all the polygons being specified. Vari- 
ous other writers have studied generalizations of the 
“random-walk” problem in connection with the theory 
of high polymers and the properties of rubber-like 
materials and proteins. Here the objective is to enumer- 
ate the number of possible “random walks” in which, 
however, various constraints are assumed, for example 
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paths that cross themselves may be excluded, the 
possible angles between two successive “‘steps” may be 
prescribed, or one may allow only paths all of whose 
“steps” lie on a specified lattice. The introduction of 
such constraints vastly complicates the solution of such 
problems, but the study of their effects is, nevertheless, 
of considerable interest. The possible number of ways in 
which, e.g., a rubber molecule can exhibit itself, is 
severely limited by steric considerations, and it would be 
of interest to have information on the “mathematical” 
effect of applying such constraints, as opposed to the 
mere collection of numerical and asymptotic results. 

In this paper, we study a set of problems closely allied 
both to the “semirandom” walk and to the Ising 
problem. The type of problem we study is the number of 
ways in which a single domain, of given perimeter and 
total area, can be marked off on a plane square lattice. 
In its full force, this problem has proved extremely 
stubborn, though a partial solution of it can be given, 
and a slight modification of it can be solved with ease. 
Other ways in which problems of this type can be ex- 
pressed are, e.g., the enumeration of “‘Cook’s tours” of 
specified types on the lattice, or the enumeration of the 
ways in which m patience cards can be set out in a 
tableau, each card having contact with at least one 
other. 

The “domain” problem may be regarded as a special 
case of the ‘‘walk” problem, namely possible “‘domain’’ 


Copyright © 1956 by the American Physical Society 


1 





nH. UR. 


boundaries consist of “walks” that return precisely to 
their starting point. 


2. PHYSICAL SITUATIONS GIVING RISE TO 
THE DOMAIN PROBLEM 


There has been considerable controversy in recent 
years on the exact state of affairs near the critical point 
of a liquid,® one of the points at issue being the question 
of whether there really exists a finite region of tempera- 
ture for which the surface tension vanishes and yet there 
is still a measurable difference of density between the 
two phases. A very important advance on the experi- 
mental side was made by Schneider and Atack* who 
seem to have shown quite definitely that, near the 
critical region, extremely sharp density gradients can be 
produced by the effect of gravity, so that many of the 
older experiments, which have been interpreted as 
proving the existence of a two-density region even in the 
absence of a meniscus, might have given different results 
if the effect of gravity could have been eliminated. 
Ordinarily, the effect of gravity on the density of a 
liquid is negligibly small, but it may be necessary to take 
it into consideration near the critical temperature, where 
the compressibility becomes very large. 

Mayer and Mayer’ have attempted, on theoretical 
grounds, to argue that the temperature at which surface 
tension vanishes may be distinct from that at which the 
densities become equal, but no actual model showing 
such an effect has yet been found. 

Accordingly, it is of some interest to study models 
which are sufficiently realistic to exhibit properties 
analogous to the condensation of a gas and are at the 
same time simple enough to enable their analytic conse- 
quences to be worked out exactly. Yang and Lee*® have 
called attention to the fact that the Ising model of a 
ferromagnetic can be reinterpreted to describe the 
“lattice gas.” The vessel is supposed to be divided into 
cells, and we distinguish only between configurations in 
which a given cell is empty and those in which it is 
occupied by a molecule. The “vapor” phase is supposed 
to consist of single molecules and small domains, while 
the liquid phase contains large domains. By a domain 
we mean an aggregate of molecules in cells which are in 
contact with one another. This is a very crude repre- 
sentation of a real gas, in that the attractions and 
repulsions between molecules are only described very 
roughly, but the model does show properties strongly 
resembling the liquefaction of a real gas. Among other 
results Yang and Lee® have proved that only one 
transition temperature is associated with the “lique- 
faction”—and this last result apparently holds for a 
large class of models besides the “nearest neighbor 


5 See, for example, the Report of the Paris Conference on Phase 
Changes, (1952). 

6 W. G. Schneider and G. Atack, J. Phys. Chem. 55, 532 (1951). 

7 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940). 

8 C. N. Yang and T. D. Lee, Phys. Rev. 87, 404, 410 (1952). 
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interaction” one that they consider explicitly. Since 
Mayer and Mayer’ postulate /wo singularities in the 
partition function of a real imperfect gas, the lower 
transition temperature being associated with the vanish- 
ing of the surface energy between phases and the phases 
remaining distinguishable up to the higher transition 
temperature, it is of interest to compute the “boundary 
free-energy” as a function of temperature for the 
simplified models considered by Yang and Lee.® In the 
remainder of the paper we consider the two-dimensional 
square lattice with interactions between nearest neigh- 
bors only. The calculation of the boundary free energy 
is equivalent to the enumeration, in the magnetic 
version of the model, of all possible boundaries sepa- 
rating a connected domain of “‘positive” magnets from a 
similar domain of “negative” magnets. We wish to 
decide whether or not the free energy associated with 
the formation of a domain boundary can vanish at any 
temperature below the bulk transition temperature. 

A simple argument of Onsager’s, quoted by Tem- 
perley,? seems to show that, for the plane square lattice, 
the boundary free energy remains finite at all tempera- 
tures below the bulk transition temperature. Onsager 
showed that the free energy associated with the forma- 
tion of a domain boundary, restricted to be of a certain 
type, vanished at precisely the ‘‘bulk” transition temper- 
ature. This argument can, however, be criticized on the 
ground that the type of path considered by Onsager is 
not the most general type of path that can form a 
definite domain boundary. It remains, in principle, 
possible that the constraints introduced by Onsager are 
too restrictive, and result in the rejection of too many 
of the paths that can serve as domain boundaries. If so, 
a relaxation of these constraints would lead to a signifi- 
cant increase in the boundary entropy, which, in turn, 
would mean that the boundary free energy would vanish 
at a temperature significantly below the bulk critical 
temperature (instead of vanishing at exactly that tem- 
perature, as Onsager calculates). We should then have a 
model that was behaving in exactly the way envisaged 
by Mayer and Mayer.’ However, the present investiga- 
tion seems to establish that, in the lattice gas model, the 
boundary tension remains finite right up to the “bulk” 
critical temperature. 


3. DEFINITION OF A GENERATING FUNCTION, 
AND ITS POSSIBLE PHYSICAL 
INTERPRETATIONS 


Any particular problem of this class may be held to be 
completely solved if we have an expression for the 
corresponding generating function. This function is such 
that there is a 1-1 correspondence between each term 
and each possible path. As a simple example, consider 
the random-walk problem, in which each step is of fixed 
length and is constrained to lie upon a two-dimensional 
square lattice. There are then four possible types of step 
(up, down, to the right, and to the left) which we as- 
sociate respectively with the factors ye, y/e, xb, %/6 
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(Fig. 1). The function describing all possible numbers of 
steps is then 


a [1— (v6+-2d-+ yet ye“), (1) 
$ ; mone 
ause, if we expand the mth power of the expression in 


nd brackets, each term in the expansion corresponds 
the selection of just one term from each of the n 
ors, that is to just one possible choice of » “legs.”’ 
index of x corresponds to the total number of 
izontal “legs,” the index of 6 to the total horizontal 
isplacement between the two ends of this particular 
path. The various restricted types of path and domain 
that we shall study will have generating functions that 
could be obtained by expanding function (1), and then 
deleting all terms that describe paths which do not 
conform with the restrictions. 
Let us consider the one-dimensional version of ex- 
pression (1), (putting y=0). Its expansion may be 
written 


(x,6) - 2. n a Pn, at"d”, 


where pn,» represents the number of different paths 
made up of » legs, whose beginning and end are m steps 
apart. If, as here, ¢ is a known function, it may be 
possible to determine an algebraic expression for pp, m 
from it. (In more complicated cases, it may be necessary 
to resort to the method of steepest descents or some 
similar technique). For many purposes, it is convenient 
to work with the generating function itself rather than 
with the individual p’s. Suppose, as a simple example, 
that we wish to determine the average value of m? for all 
paths of fixed total length m. This may be written 


(m?) => m M Pn, m pa Pn, ms 


which is equal to the ratio of the coefficient of x” in 
[6(0/06) P to the coefficient of x” in ¢, the variable 6 
being set equal to unity after the differentiations. It is 
very often easier to obtain results of this type from the 
function ¢ itself rather than to attempt summations 
involving the pp, m’s directly, the function ¢ acting as a 
sort of “packaged” form of the pp, »’s. It is this fact that 
makes the generating function technique a valuable one, 
and it was much used by Cayley, Sylvester, and 
MacMahon in their work on partition of numbers and 
similar problems, and also by Mayer and Mayer’ in 
their investigations on the statistical mechanics of an 
imperfect gas and related problems in statistical me- 
chanics. As another simple example, we may want to 
study just those paths that return exactly to their 


PROBLEMS 


starting point. The generating function for these special 
paths is simply 


dn Pn, ov"= terms independent of 6 in $(x,8). 


We can carry out similar operations for paths in two 
and three dimensions, if we have a compact expression 
for the generating function, and we now consider some 
of these. 

(a) We may study the variation, with m the number 
of steps, of the mean path “spread” (distance between 
beginning and end of path) and the distribution of path 
spreads about this mean value. For any given term in 
the expansion of (1), the square of the path spread can 
be obtained by applying the operator [6(0/08) 
+[e(0/de) ?. It is well known that, for generating 
function (1), the mean spread is proportional to m} for 
large m, and that the distribution about this mean ap- 
proaches the normal type. It has been one major ob- 
jective to find out whether such general re:'Its still hold 
if restrictions are placed on the types of , exinitted path, 
restrictions of the kind imposed in practice on rubber- 
like molecules. See Wall® and Wall et al.'® 

(b) We may select from the expansion of a generating 
function such as (1) only those terms corresponding to 
closed paths—that is, the terms in the expanded function 
independent of both 6 and e. This will usually be done by 
replacing 6 and ¢ by the imaginary exponentials e“', e*#? 
and then integrating with respect to w;, and we. We call 
this operation D. The indices of « and y keep a record 
of the perimeter of each domain, and we sometimes also 
want to study domains enclosing different areas of the 
lattice, our problem then becoming a “lattice-point” 
one. To take care of this further requirement, we should 
have to take a “path” function such as (1), perform 
operation D on it, examine each closed path in turn, and 
multiply the corresponding term in the generating 
function by 2”, where m is the number of squares 
enclosed by the path. 

In practice, it may frequently happen that we are able 
to calculate the “path” function but not the complete 
“domain” generating function complete with z factor, 
or, again, we may possess the “domain” function and 
yet be unable to calculate the function generating 
“open” paths. It is usually much more difficult to derive 
a “domain” function if we want a record of both the 
perimeter and the enclosed area. 

In the application of such results to statistical me- 
chanics, we have always to consider two types of 
physical situations associated with any one of the 
“selector” variables x, y, and 2. 

(a) We may have a situation in which we are only 
interested in terms with a fixed index, e.g., we might 
have the problem of the number of ways in which a fixed 
number of squares can be arranged to form a connected 
domain. This form of problem occurs when we are 

°F. T. Wall, J. Chem. Phys. 21, 1914 (1953). 


1 Wall, Hiller, and Wheeler, J. Chem. Phys. 22, 1036 (1954); 
Wall, Hiller, and Atchison, J. Chem. Phys. 23, 2314 (1955). 
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applying the Ising model to the theory of solutions or 
order-disorder problems, or to the theory of an im- 
perfect gas when we prescribe the number of atoms in an 
enclosure. The corresponding mathematical operation is 
to select a particular power of z from the domain 
generating function. 

Again, we might ask for the number of ways in which 
we can, subject to certain constraints, form a path 
consisting of m horizontal steps and m vertical steps. For 
this we should select the coefficient of x™y" from the 
appropriate generating function. There is an obvious 
extension of this to the case in which m and m are not 
specified separately, but only their sum m+n. This 
corresponds to the problem of enumerating paths con- 
sisting of a specified total number of “‘steps,”’ or domains 
of a specified perimeter. 

(b) We may have a situation, e.g., in the ferromag- 
netic or adsorption problem, in which we are interested 
in all powers of one of the variables such as z. In such 
problems, instead of prescribing a particular power of z, 
we ascribe a definite numerical value to this variable, 
and then seek to evaluate the generating function and 
its derivatives. Assigning a definite value to z would 
assign different probabilities to domains of different 
sizes, thus taking account, e.g., of the effect of an applied 
magnetic field. We might be interested in, e.g., the 
average size of a domain or the mean total length of its 
boundary. (We have to consider ali powers of our 
selector variable in problems of this type, because, in 
the magnetic case, we have to allow for the elementary 
magnets “flipping over” from one orientation to another, 
while, in the adsorption case, it is customary to consider 
an array of adsorption sites in equilibrium with a gas 
phase. The probability that a given site is occupied or 
empty depends on the gas pressure, but all configura- 
tions from completely full to completely empty are, in 
principle, possible.) 

Such problems are solved if we can calculate various 
derivatives of the generating function as a function of 
the selector variable. For a full discussion of the 
relationship between these two types of problem, corre- 
sponding respectively to the “ordinary” and “grand” 
partition functions, the reader is referred to Rush- 
brooke." In practice, we shall be mainly concerned with 
this second type of application. In the ferromagnetic 
problem we shall be interested in locating the values of 
the variables for which the mean boundary length of a 
domain begins to increase very rapidly, that is, at which 
the generating function, considered as a function of the 
selector variables, first becomes singular. This will 
correspond to the possibility of large ‘‘reversed” do- 
mains appearing in the spontaneously magnetized 
ferromagnetic, to the breakdown of long-range order in 
an alloy, and to the possible occurrence of large vapor 
bubbles in the liquid phase at no cost in free energy, 
which we interpret as the vanishing of surface tension. 


1G. S. Rushbrooke, Statistical Mechanics (Oxford University 
Press, Oxford, 1949). 
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In other words, we ask whether the partition function 
associated with a single connected domain becomes 
singular for the same values of the variables as does the 
more general partition function, in which any number of 
domains may be present. As we shall see below, the 
answer to such a question is by no means obvious or 
trivial. This kind of investigation is physically relevant 
only below the bulk critical temperature, because the 
probability of two “reversed” domains being near one 
another is then small. Above the bulk critical tempera- 
ture, a multitude of domains of all sizes are simultane- 
ously present, and the growth of one is bound to be 
influenced by the proximity or lack of proximity 
others. 


4. STATEMENT OF THE PROBLEM, AND STEPS 
TOWARDS ITS SOLUTION 


The actual problem whose solution is required is t 
enumeration of domains of various perimeters anc 
areas, any boundary of which 


(A) does not cross itself ; 

(B) does not “double back,” i.e., an R step may not 
be immediately followed or preceded by an L step; 

(C) does not use any “leg” twice (in the manner 
shown in Fig. 2). As stated previously, we have ob- 
tained what are believed to be correct asymptotic results 
(valid therefore for very long boundaries) for the case 
where the perimeters, (but not the areas) of the domains 
are specified. We shall first consider some similar 
problems which are distinctly easier to solve, and may 
be regarded as approximations to the above problem. 
We shall divide them into groups according to the 
following criterion. 

Group I: Not all of restrictions A, B, and C are 
properly satisfied. 

Group II: Restrictions A, B, and C are all satisfied, 
and some other constraint is imposed as well. 

In Group II we shall clearly get an underestimate of 
the number of possible paths of given lengths, while 
Group I will usually give us an overestimate. There is, 
at present, no known way of telling whether such errors 
are likely to alter the analytic nature of the singularity 
of the generating function, to cause a significant shift in 
the location of the singularity, or both. Experience with 
the Ising model has been that nearly all approximation 


methods fail badly in both these respects. It is hoped 


that a further study of these rather simpler problems 
may throw some light on this important question of 
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finding new criteria for assessing theories of phase 
transitions from this point of view: 

We now consider various simplified versions of the 
actual problem. 


Model O. (Onsager Type Boundary) 


We modify function (1) in the following ways: (i) No 
L steps are ever allowed. (ii) Each group of U or D steps 
is preceded and followed by at least one R step. Asis 
shown by Temperley,? the generating function for a 
single R step, followed either by further R steps, or by 
any number of successive U steps, or any number of 
successive D steps, is 
wy wy «(1+y) 
+> . = , 


l~y¥ i—¥ 1-y 








R step R step 


R step 
and U steps and D steps 


so that the generating function for all possible numbers 
of R steps is 





x(1+y) y+ 
[1- i. (2) 


iny 


(We have dropped the variables 6 and ¢ because this 
boundary cannot enclose a finite domain). This function 
has a singularity for «=(1—y)/(1+¥), which is pre- 
cisely the same as Onsager’s relation” for the Curie 
temperature in the two-dimensional Ising model. x is the 
Boltzmann factor associated with an unlike horizontal 
nearest-neighbor pair, the energy of a like pair being 
taken as zero. In Onsager’s” notation, x= exp(— 2H’). y 
is the similar factor associated with the vertical inter- 
action and is equal to exp(— 2H). 

We are assuming both horizontal and vertical inter- 
actions to be in the “ferromagnetic” direction (favoring 
like pairs of nearest neighbors), so that « and y are both 
less than unity. For antiferromagnetic interactions, 
unlike pairs of nearest neighbors are favored, and the 
type of domain that forms below 7, will have an alter- 
nating structure. Domain boundaries will now represent 
breaks in this alternating structure, that is, will contain 
pairs of like nearest neighbors, and the Boltzmann 
factor associated with a domain boundary is again less 
than unity. What we are always studying is the question 
whether the number of ways of realizing a boundary of 
given length is enough to compensate for the fact that, 
whichever the sign of the interaction, we always have to 
expend energy in order to create a domain boundary. If 
the free energy associated with a boundary vanishes, it 
is to be expected that a large number of such domains 
will appear. 

Onsager’s type of boundary clearly belongs to group 
II. All three relations A, B, and C are satisfied, but the 
complete avoidance of L steps is too restrictive. Com- 


L. Onsager, Phys. Rev. 65, 117 (1944). 
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parison with the exact problem (model R below) shows 
that the location of the singularity is correct, but that its 
analytic form is wrong. 


Model P 


We prohibit “doubling back,” that is, an R step may 
never be followed by an L step, etc. This means that the 
path may turn through angles of 0° or 90° at each point, 
but never the full 180°. We are thus taking some account 
of steric effects between neighbors in a polymer chain 
but are still allowing portions of the path to cross or to 
lie side by side. The conditions A and C are therefore 
not satisfied and the model belongs to group I. 

Consider the following 4X4 matrix: 





R U L D 
R| x6 axtyl§ 0 anybyls 
p= U \aatyte ye axtyle 0 (3) 
L; 0 atytyig x axtyig|" * 
Diaxtyte 0 atylyte x5 | 


In this, we associate the element Perr with an R step 
that is about to be followed by another R step, the 
element Pry with an L step about to be followed by a 
U step and so on. If we write down the mth power of this 
matrix, the rule of matrix multiplication ensures that 
each term in the trace of this matrix corresponds to a 
possible choice of path m steps long. If, for example, an 
element with second suffix R appears in any term, it can 
be followed only by one of the three elements Prr, Pru, 
or Prp with a first suffix R and reference to (3) shows 
that any such product contains the factor x6 associated 
with an R step. If, further, we restrict ourselves to the 
trace of any power of P, we only allow terms such as 
PrrPruPvr whose initial and final suffixes are identical. 
This term contains the factor xéx!y!éxtyte which is the 
same as the factor x*yé’e called for, according to (1), by 
the three steps RUR. It can readily be verified that, 
with the choice of terms given by (3), a similar result 
holds for paths of any number of steps. The factors a 
and a~ enable us, if we wish, to keep a record of the net 
number of right-angled bends (those taken in counter- 
clockwise sense being positive) as we travel along the 
path. For the present, we shall put a= 1. 

We have still to determine how to treat the non- 
diagonal elements of the matrix P”. A nondiagonal 
element does not correspond properly with any path n 
steps long; for example, consider the element P*py 
when n=3, which contains, among others, the term 
PruPurP rv. This cannot properly be associated with 
the path OAB shown in Fig. 3(a) because the first and 
last steps have only been assigned factors x}, y! and 
also because the factor 66 is appropriate to a path 
beginning at O and ending at A. The diagonal elements 
do, however, all correspond with such paths; for example 
the term PruPurP re does correspond to the path be- 
tween O and A, because the redundant factor x! as- 
sociated with Pre exactly replaces the x! lacked by the 
leg starting from O. We therefore take the trace of P", 
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This, however, fails to enumerate one type of path, 
namely that, e.g., beginning with an R step and ending 
with an L step. In Fig. 3(b) the path OABC calls for 
factors PrvPvz, but we cannot follow these with Pre 
because no such term exists in the matrix. We can, 
however take terms such as (P"~') gz, multiply each by 





1+Tr > P= 
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an appropriate factor («d-' for the element RL), and 
use these to enumerate paths m steps long, whose initial 
and final legs are in opposed senses. The complete gen- 
erating function for all possible lengths of path is thus 


P(x,y)=14+Tr D P*+-2d-(D P")er+x8(L Pr)ir 
1 1 7 


+ye1(S P*)uptye(d Pa) ov. 
1 1 


As long as the generating function converges, we may 
replace >> ;* P" by P(1—P)-, which can be obtained by 
a straightforward process of inverting the matrix 1— P. 
The final results are 


1—2?— y?+ 92°? — 2xy?(6-+5-) — 2a*y(e+ 7) 





1+-27+ y?— 32x*y?— «(1 — yy’) (6+67) — y(1—2") (e+ @) 
2x? (6+-5-) +2479 (e+) — 827" 





Remaining terms= 


Adding these two results together gives us the ‘“‘path’’- 
generating function. The “domain”’-generating function 
P(x,y) is obtained by applying the operation D (selec- 
tion of the terms independent of Sand e) to1+Tr >_>.” P”. 
(Incorporating the remaining terms here would mean 
admitting domains, e.g., that begin with an R step and 
end with an L step, which are not allowed.) If x=y, it is 
readily seen that the generating function becomes 
singular as soon as x reaches the value 3. This function 
does not seem to have any direct application to the 
ferromagnetic, adsorption, or liquefaction problems, be- 
cause “domains” in which a given “leg’’ is used more 
than once have no direct physical interpretation. It may, 
however, be applicable to some “long-chain” problems. 


Model P’ 


We might, following the suggestion of Kac and Ward,‘ 
put a‘=—1 in matrix P, and then proceed as before. 
The object of this is to secure that domain boundaries 
that cross themselves at right angles are eliminated. 
This occurs because such boundaries can be described in 
several senses, which, with the above choice of a, cancel 
out in pairs. Thus, in Fig. 4, the left-hand method of 
describing the polygons is associated with the factor 
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Fic. 4. Mutual cancellation of certain types of 
“forbidden” domain. 

















1+2°+9"?—32*y?— 2(1—y*) (6+57) — (1 —x)(e+e 1) 





unity, while the right-hand one is associated with the 
factor a‘, so the two cancel out in the generating func- 
tion. For a similar reason, unwanted domains of the type 
shown in Fig. 5 are eliminated, but it is readily seen that 
domains of the type shown in Fig. 2 are mot eliminated. 
The inner domain in Fig. 2 is necessarily always de- 
scribed in the same sense as is the outer domain, be- 
cause, if they were described in opposite senses, we could 
not avoid having an R step immediately followed by an 














Fic. 5. Another type of 
“forbidden” domain. 














L step when we came to the particular leg AB in Fig. 2 
that is used twice. Furthermore, with this form of 
generating function, the presence of the a’s introduces a 
factor —1 for each rotation though 27 and the number 
of boundaries of the type shown in Fig. 2 (enclosing an 
even number of separate domains) is subtracted from, 
not added to, the number of paths in which the number 
of separate domains (each touching one or more others 
along at least one leg) is odd. Thus, the freedom from 
“cross-overs,” and from boundaries such as that shown 
in Fig. 5 has been somewhat dearly bought, and no 
physical application of this generating function seems 
possible unless we can find a way of eliminating dia- 
grams such as that shown in Fig. 2. It is believed that 
this can be done, at least for the limiting case of a large 
domain, but we defer description of the method used 
until we have discussed another model. Meanwhile, we 
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record the result for closed domains described by P’. 
(We have not considered the use of this function for 
enumerating paths, because paths that spiral round the 





1—22—y?—3a2y?— 


origin would clearly not be enumerated properly because 
of the presence of the factors a and a~! which introduce a 
factor —1 each time the path rotates through 27.) 





P'(x,y)=D ( 


This function still has a singularity, but it is of a less 
violent type than those previously encountered. The 
denominator now vanishes only when e=d=1 and 
y= (1—-«)/(1+-x), that is, it only vanishes at the single 
point w:=w2=0 in the range of integration prescribed by 
the operation D. The numerator in (6) vanishes at this 
point also. The effect of this is that the generating 
function is itself continuous everywhere (0<x, y<1) 
and that its first derivatives with respect to x or y are 
also continuous, but become logarithmically infinite 
when y= (1—)/(1+ x). The analytic behavior of this 
domain-generating function is thus, as one might expect, 
closely similar to that of Onsager’s” partition function 
for the Ising model. The “mean boundary length” of a 
domain thus becomes infinite at the critical temperature 
since it depends on the first derivatives, with respect to x 
and y, of the logarithm of the generating function. 

If we regard (6) as an approximation to the true 
domain-generating function, it is clear that it satisfies 
restrictions A and B alone but not restriction C, in that 
domains of the type shown in Fig. 2, containing any 
number of “loops,” are allowed. Nevertheless, it seems 
certain that expression (6) underestimates the entropy, 
that is, underestimates the number of single domains of 
a prescribed path-length. In expression (6), domains 
consisting of a single loop are reckoned negatively 
(these are the ones sought) while those consisting of two 
loops are reckoned positively, those of three loops 
negatively and so on. For a given length of perimeter the 
number of domains of two loops almost certainly ex- 
ceeds the number with three loops and so on. If this is so, 
the numerical value of any coefficient in expression (6) 
(the sum over loops of all sizes) is less than the number 
of single-loop domains. 

Before considering the question of the removal of 
these unwanted “multiloop” domains from the gener- 
ating function, we shall consider another model, which is 
admittedly an approximation to the true domain gener- 
ating function that we are looking for, but, seems to 
“mimic” its behavior extremely closely, not only 
reproducing many of the early terms accurately, but 
apparently having a singularity in the correct place and 
of nearly the correct analytical type. The smallest two- 
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2ary®(5-+8-!) — 2x2y (e+e) 
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loop domain consists of a single square described twice, 
which means that expression (6) reproduces the terms 
of the exact generating function only as far as terms like 
x*y* but gives the wrong coefficient for «*y‘, while the 
model about to be considered does not break down until 
we reach a term like x®y®, 


Model @ 


We can obtain definite results for a particular type of 
domain in the square lattice, by a somewhat different 
method, as follows: We restrict ourselves to domains 
which can be built up column by column as follows: 
(a) Each column consists either of a single square, or of a 
number of squares in a continuous straight line. (b) 
Each column must overlap those to the left and right of 
it by at least one lattice distance. These conditions 
clearly secure that we have a connected doraain, but are 
too restrictive, because it is obviously possible to have a 
connected domain with gaps in some or all of the 
columns. Nevertheless, this model is of interest, because 
a record can be kept of both the area and perimeter of the 
domain, and many results can be obtained in finite 
terms. The model clearly belongs to group II, as it is too 
restrictive. 

Let g, be the generating function for a domain whose 
left-hand column contains exactly r squares. The next 
column to the right may contain 0, 1, 2, --- squares. 
The left-hand column, by itself, would call for a term 
x*y’"z", because its perimeter contains two horizontal 
lines and 2r vertical ones. If, however, the next column 
to the right is a single square, it can touch the first one in 
r different places, and the two together would call for a 
term rx*y’"z"t, If, however, this column were a doublet 
and r>1, the two columns could overlap in r+1 differ- 
ent ways. In two of these cases, the perimeter is 
described by the factor x*y’"** while in the remaining 
r—1 cases, the perimeter is described by «*y’". Pro- 
ceeding in this way, imagining the domain built up, 
column by column from left to right, and taking account 
of the various possible overlaps between adjacent 
columns, we find the following set of equations for 
the g,’s. 


go= xPyta?-+aPa[ 2y?git (1+2y") got (2+2y")gst (3+2y")get - --], 
ga= x2y8e8-+ a225[ 3ytgs + (2y?-+2y") got (1+-29?+ 294) gs+ (24+29*-+2y4) g4+ - - +], 
ga= ary Sch oat 4y8git (34+ 2y*) got (2+ 2y4+2y*) gst (1+ 2¥+2y+2y) get - - +]. 
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It is readily seen that these quantities satisfy the 
following difference equation arrived at by subtracting 
the equation for zy’g, from that for g,,,, and repeating 
the process on the resulting equations: 


8r— 2y’2g,_-1 t+ y'2"g,-2 
= 972"(1—2y?+-y") (get 2grit3gret::*). (8) 


Applying a similar process twice more, the factor this 
time being 2, we get: 


Sre2— 28(1+-y*)grit22(1+4y?+y')g, 
— 23 (9+) gra tsty'gro=x72"t*(1—y*)%e,. (9) 


These equations are completely soluble in finite terms 
in two important special cases: y= 1, corresponding to 
the case where we do not specify the total perimeter but 
the x and z variables remain available to specify the 
number of columns and the total area of the domain, 
and z= 1, in which we no longer specify the area of the 
domain, but do specify its perimeter. 
For y=1, we have, from Eq. (8), 
Gr— 22g,-1+2°g,-2= 0, 
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the general solution of which is 


gr=A(z,x)2"+B(z,x)r2" (10) 


by an argument similar to that used for linear differ- 
ential equations. A and B are arbitrary functions of x 
and z but are independent of r. They can be determined 
from the first two of Eqs. (7) as follows: Define G and H 
as follows, G=>°,g,, H=>,rg, (G is the complete 
generating function for a domain with a first column of 
any length. g, is the generating function if the first 
column is known to be r units long). From Eq. (10) we 
have 


gi=2zA+zB, G=Az/(1—2)+ Bz/(1—2)?, 
g2=2A+22B, H=Az/(1—2)?+B2(1+2)/(1—2)', 


From Eqs. (7) (first two), we get 


gi=22+2°2H, 
g2= 2°2?+-272?(G+H), 


leading to the following expression for G: 


(1—z)* 





G= 
1— (x°+-4)2+ (x*+6)2? 


It is remarkable that the exact generating function for 
this fairly complicated problem can be expressed in 
closed algebraic form. If we put x=1, this expression 
diverges when z is approximately }. This result seems to 
give us insight into the reason for the curious result 
found by Kirkwood and Monroe." According to this 
result, a liquid consisting of rigid spheres may be ex- 
pected to “freeze” into an ordered lattice as soon as its 
density exceeds a certain value, even though the 
spheres do not attract one another. We attempt to 
represent the liquid by the lattice model (Yang and 
Lee),® by dividing our vessel up into cells, and dis- 
tinguishing only between configurations in which a given 
cell is empty or contains just one molecule. Result (11) 
appears to mean that, if the probability of occupation of 
each cell exceeds a certain value, there will be a gain in 
entropy if two or more isolated domains join up to form 
one connected domain. It also seems to be closely related 
to the fact that a branching polymer may be expected to 
form a gel if the probability of forming branches exceeds 
a certain value." 

We may use Eq. (9) in the special case in which z= 1, 
that is, in which we are enumerating domain boundaries 
but not domain areas. As before, we look for solutions of 
the type g-= AX’, and obtain the following equation 
for d: 


(A—1)*(A— 3°)" 2x21 9*)*= 0. (12) 


13 J. G. Kirkwood and J. E. Monroe, J. Chem. Phys. 9, 514 
(1941). 


“P. J. Flory, Principles of Polymer Chemisiry (Cornell Uni- 
versity Press, Ithaca, 1953), Chap. 9. 


— (x4—32-+-4) 28-4 (1—22)z4 


(11) 





It is readily shown that \ never attains unity for any 
relevant values of x and y, and that any pair of complex 
conjugate roots necessarily has a modulus equal to y 
which is less than unity. Now the most general possible 
solution of (9) leads to the result 


G(«,y)= Dor gr= Awdi/(1—A1) + A ado/(1—A2) + tet 


where \;- - -A4 are the roots of Eq. (12) and Aj, As, As, 
Ag, are arbitrary functions, which can be determined 
from the first four of Eqs. (7). Now, in view of the above 
information about the d’s, it might appear at first sight 
that the generating function G(x,y) can only diverge, if 
at all, for a reason analogous to that leading to the 
divergence of G in (11), that is as a result of the form of 
functions A,---A4. However, the function G(«,y) can 
have an infinite derivative with respect to x or y if two 
roots of Eq. (12) become equal, the condition for which 
is 





1+y+a(1—y’)=+2y, 


x= (1—y)/(1+-) being the only case that is physically 
relevant. If x is near this critical value «.—6 (say), it is 
easily shown that, although the }’s are all finite, d\/dx 
is proportional to 6-+ for the two 2’s that are nearly 
equal. Thus, G itself is continuous, but it has infinite 
derivatives as x or y passes through the critical value. 
It is most unlikely that any singularities have been 
missed, because this model is, in fact, based on taking 
just the domains that can be enclosed between two 
Onsager-type boundaries (model O) which are permitted 
to cross at no more than two points and the only 
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singularities for model O are known. The model seems 
worth considering, because of the fact that so many 
results can be obtained in finite terms, and also because 
its generating function is probably a close “mimic” of 
the true one. Not only does it, as we shall see below, 
diverge at the same place as the true one, but it repro- 
duces a great many of the early terms of the true 
generating function exactly. The smallest domain that 
is not enumerated by this model is shown in Fig. 6, 
which calls for a factor z°x®y®; all previous domains are 
reproduced accurately. In this respect it is decidedly 
better than model P’, which also diverges at the right 
place but already departs from the true generating 
function at the term 2zax*y (a single square being 
spuriously encircled twice, according to this latter 
model). 


Models R and S. The Exact Problem 


We now show that model P’ can be improved further, 
confining ourselves to the case y=x. The generating 
function (6) for domains is incorrect for two reasons: 
(a) It permits the same domain to be described any 
number of times in the same sense (each fresh repetition 
introducing a new factor —1 because of the presence of 
the a’s). Thus, a single square, corresponding to a term 
x‘ in the true generating function, contributes to func- 
tion (6) the terms —a*+a5—x?+,!5—---. (b) It 
allows ‘‘multiloop” domains of which Fig. 2 is a typical 
example. 

We now assume that we possessed the exact generating 
function for “single loop” domains, and then ask how 
this function would have to be modified in order to 
reproduce the known generating function for model P’, 
which we call g(«) for the case x= y and which is defined 
by Eq. (6). In other words we shall try to derive a 
functional equation for the unknown generating function 
in terms of the known one. It is convenient to intro- 
duce a slight generalization of our problem at this 
stage. We define the true generating function f(u,v) 
= Pym don Amnt™v", where A »» is the number of single- 
loop domains whose perimeter has m right-angled 
bends (corresponding to elements like RU, DL, etc., in 
matrix P or P’) and m “straights” (corresponding to 
elements like RR, LL, etc.) We confine our attention 
to just one such domain, N steps long, which we 
call domain N, which corresponds to just one term 
(m+n=N) of f(u,v), and set up a correspondence be- 
tween this term and some of the terms of g(«). To allow 
for the possible repeated description of domain JN, 
together with the alternation of signs introduced by 
g(x), we replace f(u,v) by an associated function h(u,v) 
defined by 4(u,0)= dom SonLA mnu™v"/1+u0") ]. We 
call this intermediate model, in which “single loop” 
domains may be described repeatedly, but domains such 
as those shown in Fig. 2 are still not allowed, as model S. 
The two generating functions are related in the same 
way as are Taylor and Lambert series, and, if one series 
is known for all m and up to some given value of m+n, 
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Fic. 6. Smallest domain not enu- 
merated by Model Q. 

















all the corresponding terms of the other can be 
calculated. 

We now allow for the fact that g(x) allows each of the 
points of domain NV to be made the starting point from 
which further closed domains can be described in the 
manner shown in Fig. 2. Thus, if the outer rectangle of 
Fig. 2, with Z as the starting and finishing point, is 
domain NV, we may, according to g(x), leave domain N 
at a point such as B, then describe an additional closed 
domain such as the small square, finally returning to B 
in such a way that the Jast leg, AB, of the additional 
domain belongs to domain NV. After returning to B, we 
continue to describe domain V. When we arrive at C we 
have a similar option of proceeding to D, or of leaving 
N, describing another closed domain, returning to C and 
then proceeding to D, and so on. In Fig. 2, we consider 
that the subsidiary domain “begins” at B rather than at 
A, because, when we arrive at A we have to proceed to 
B whether we are going to describe the small square or 
remain on J, and it is not until we arrive at B that we 
have to leave N and begin to describe the small square. 

It is already clear that any one term in (u,v) is going 
to be associated with infinitely many terms in g(x), 
because any point in the typical domain NV can be made 
the starting and finishing point of a subsidiary domain, 
and the same is true of any point in Fig. 2, and so on for 
more and more complicated domains. We shall show that 
all the possible subsidiary domains that begin and end 
at a point such as B in Fig. 2, can be described by an 
appropriate selection of terms from g(x) [not the whole 
of g(x) because there are restrictions on the directions 
of the starting and finishing “legs” |, and we shall show 
how to write down these subsidiary generating functions 
in terms of the matrix P’. This process has to be carried 
out for each point in the typical domain N and the 
result summed over all such domains in order to arrive 
at g(x). 

At this point we should remark that boundaries which 
cross themselves make the same total contributions (if 
any) to both g(x) as originally defined, and to g(x) as 
we are proposing to construct it from f(u,v). To begin 
with, it is clear that graphs such as that shown in Fig. 2 
are included in both cases, and these such as Figs. 4 and 
5 are excluded. Now consider Fig. 7 (the description of 
the figure being supposed to begin at the bottom left 
hand corner). If the common leg is described twice in 
opposite senses, there is no total contribution to g(x) if 
we consider all possible methods of drawing this graph 
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Fic. 7. “Forbidden” domain 
enumerated by g(x). 























(just as there is none from Fig. 5), nor is there any term 
in {(u,v) corresponding to a primary domain from which 
we could construct any of these graphs according to the 
rules laid down. If the common leg is described twice in 
the same sense, then the other legs must be described in 
the senses shown by the arrows in Fig. 7 (or all in 
exactly the opposite senses). Now Fig. 7 can be split up 
into a “primary” and a “subsidiary” domain in four 
different ways. These contribute four different terms to 
g(x) because they correspond to different permutations 
of the same set of legs, and arise from four different 
terms of f(u,v), because each of them represents a 
different choice of primary domain. Again, graphs such 
as Fig. 8 are retained by both constructions of the 
generating function, subject to the proviso that the 
smaller domains are described separately, e.g., we start 
at the bottom left-hand corner, proceed to A, describe 
one of the smaller domains, return te A, proceed to B 
along the outer domain, describe the other smaller 
domain, return to B, and then complete the outer 
domain. It can be verified that some paths, which 


correspond to the unicursal description of the two 
smaller domains (e.g., starting at A and returning to A 
after describing both), cancel out in pairs, while others 
persist in both forms of the generating function. 

While it has not yet been formally proved, the (1-1) 


correspondence between the terms of g(x) and the 
proposed equivalent generating function has been veri- 
fied in a large class of cases. It seems unlikely that the 
exceptional cases, even if any exist, will be numerous 
enough to upset the asymptotic results, Our work sug- 
gests that g(x) might be obtainable from f(u,v) or 4(u,v) 
by a transformation of the following kind: 


u, = x{1+7g(x)}, (13) 


which we arrive at by the following argument. The 
outer domain in Fig. 2 represents a typical term of 
f (u,v). Suppose that we have reached B in Fig. 2. The 
first term, x, in the proposed expression (13) for u or 2, 
corresponds to proceeding just to C in Fig. 2. A term 
xg(x), inserted into f in place of u, would correspond to 
describing any closed domain starting and finishing at 
B, then proceeding to C. The factor } allows for the fact 
that not all possible closed domains enumerated by g(x) 
are suitable for introduction between the legs AB and 
BC, since we are limited to domains whose initial leg 
differs from BC but can follow AB, while the final leg 
must be capable of being followed immediately by BC. 
In Fig. 2, the initial leg must be U or D and the final leg 
must not be Z nor must it be opposed to the initial leg. 
Even now, the argument is not quite right, and we have 


to improve it further. In the first place, care is necessary 
with the terms in h(u,v) corresponding to repetition of 
the same domain. It would not be correct to apply the 
transformation (13) to « and v wherever they appear in 
h(u,v). Consider, for example, a term in g(x) corre- 
sponding to # repetitions of the same domain N, a 
departure from this domain during the (p+1)th circuit, 
the tracing of a subsidiary domain, the completion of 
the (p+1)th circuit of N, followed by g further circuits 
of V. Ifdomain N contains m “straights” and n “angles,” 
it is described by one term, w”v", from f(u,v). If a 
subsidiary domain is put in during the first circuit, we 
apply a transformation such as (13) to one of the 
factors u or v. If, however, the domain N is described p 
times before we first leave it to form a subsidiary do- 
main, the corresponding term in g(x) is (~™«")?u™v". If 
we now apply transformation (13) to « and 2, this takes 
account of the fact that subsidiary domains may be 
formed anywhere during the (p+1)th circuit of N. It 
would, however, be redundant to take explicit account 
of any of the g subsequent circuits of N. For the term 
}xg(x) in (13) automatically describes, not only the 
introduction at any point of N of a single subsidiary 
domain, but also the introduction of any closed domain, 
including, as a particular case, a single subsidiary do- 
main followed by gq further circuits of V. A little con- 
sideration shows that all possibilities are covered if we 
write, 
Aatt"s™ 


g(x)= 2 >—— (14) 


n 1+ ate’ 


where we have still to determine the correct trans- 
formations of « and v to describe the insertion of 
subsidiary domains. They are of the same type as ex- 
pression (13), but slightly more complicated. Expression 
(14) implies that, in the event of repeated description of 
a domain JN, it is only the complete circuits that occur 
before the first departure from N that need be specified 
explicitly, the remaining circuits, if any, already being 
implied by the introduction of g(x) into (13). 

There is still one remaining difficulty that forces us to 
modify expression (13), and, in fact, we find that the 
required transformation is slightly different for the 
“straights” and “angles” in the typical domain NV. To 
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Fic. 8. “Forbidden” 
domain giving a finite 
contribution to g(x). 
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see the nature of the difficulty, consider a graph such as 
that shown in Fig. 9, in which a subsidiary domain has 
two or more successive legs in common with domain JN. 
(A graph such as that shown in Fig. 10 does not cause 
this trouble, and is covered by what we have already 
done.) The difficulty is that, in Fig. 9, the extra loop 
could, according to the transformation (13), be inserted 
between legs BC and CD or between CD and DE of the 
domain N, and these two possibilities would be reckoned 
separately if we applied (13) to expression (14), though 
both of them correspond to precisely the same set of 
successive choices of terms from the enumerating 
matrix P’. Consider the terms of P’ corresponding to 
passing from A to E in Fig. 9, taking ift the subsidiary 
domain en route. 


Leg AB BC CD DH HI IB BC CD DE 
Termof P’ DR RR RR RU UL,LL LD DR RR RR 


This choice of terms is independent of whether we sup- 
pose the subsidiary domain to “start” at C or at D, 
whereas applying (13) to (14) would list these two cases 
as separate possibilities. We therefore modify (13) so 
that the starting point of the subsidiary domain is 
uniquely located at D in Fig. 9 but so that any point in 
domain JN can still be used as a starting point for a new 
domain. 

The required correction can be made as follows. We 
are deriving all the terms of g(x) corresponding to a 
particular “main” domain N. In deriving them, we 
have, at each step of NV, the option of remaining on N or 
of beginning a subsidiary domain. Now, we cannot say 
that we have “begun” a new domain until we have 
“departed” from the old one, that is, until we have 
reached a point such as D in Fig. 9 and taken a step like 
DH which is definitely different from DE. Thus, given 
the steps CD and DE in the large domain N, we wish to 
enumerate all those domains for which: 


(a) The first step is different from DE. In Fig. 9 it has 
to be a U or D step. (It cannot be an L step because this 
cannot follow CD.) 

(b) The last step can close on to the first step to 
make a domain, i.e., if the first step is U, the last step 
must not be D. Also, it must be followed directly by DE. 
In Fig. 9 this means that we want all the domains, 
specified by P’ or g(«) which can be followed by an R 
step and begin with either a U or a D step. We can select 
these in the same way that we selected domains of 
various kinds enumerated by the matrix P’ or P. (The 
discussion is less complicated, because we are not now 
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Fic. 9. Subsidiary do- sy 
main has successive legs 
in common with do- 
main N. 
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Fic. 10. Subsidiary domain 
has nonsuccessive legs in com- 
mon with domain N. 7 
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interested in open paths, and we do not encounter the 
difficulties associated with the end steps not having 
their proper factors.) The possible subsidiary domains 
must begin with P’rv or P’rp and must be closed and 
must not end with an L step. Thus, for the point D in 
Fig. 9 (a “straight”) the R step and possible subsidiary 
domains are enumerated by 


P’rvDU(1— PP’) Jur+ P’ evD[(1—P’) Jor, 


and, for such a point, we can replace } g(x) in (13) by the 
above expression. P’ ry specifies an R step about to be 
followed by an upward step, while (1— P’)vr~ specifies 
paths of arbitrary length beginning with a U step, the 
end step about to be followed by an R step, while 
application of the operator D restricts us to closed 
domains. : 

We can carry through a similar discussion for the 
various possible types of point that may occur in a 
domain boundary, corresponding to the twelve non- 
vanishing elements of P’. In the case x= y, expression 
(15) is numerically the same for all four types of 
“straight” points (described by the elements RR, LL, 
etc., of P’), and we find that a similar result holds for all 
the “angle” type points. Consider, for example, an 
“angle” of the type RU. If a subsidiary domain is to 
begin at such a point, its first leg must be either R or D 
(i.e., different from U but not L, since L cannot follow 
immediately after R), while the last leg must be R. For 
this case (15) is replaced by 

P’rrDU(1—P’) ru t+ P’roD[E(1— P’)— Jou, 
which is to replace }vg(x) in (13). 
Evaluating the elements of (1—P’)-', and using ex- 


pressions (15) and (15)’ to correct transformation (13), 
we find 


1 Qn Qn 
waa{ 14+ — f f 
4p J, yy 


(15) 


(15)’ 


(1-+22)2— 2x (1 — x”) (cosw;+cosws) 


1 Qn 27 
malit— f f 
4? 0 0 


dw dw2(x?+-x? cosw; COSwe) 
(1+-2?)?— 2x (1— 2”) (cosw:+cosws) 


dwdw(2x?+ 2x? cosw; Coswe) 
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TABLE I, Asymptotic behavior of domain-generating functions. 








Generating 


Model function Xe 


Asymptotic behavior 
of generating function 


(x =xe +6) Remarks 





Unrestricted 
P 


Expression (1) 4 
Expressions (4) and (5) 3 
Q G(x,x). Expression (9) v2—1 
¢ g(x). Expression (6) v2—1 
Ss h(x,x) <€v2-1 


logé 
logs 
ott 
Constant +6 logé 
Uncertain 
Uncertain 


“Doubling-back” forbidden 
Some domains omitted 
“Multi-loop” domains 
Repetitions allowed 





R f(x,x) <v2-1 





the desired functional equation for f(u,v) then being 
found by substitution of these relations into (14) leading 
to g(x)=f(u,v)— f(ux,ox)+ f(ux?,vx?)—----. The re- 
sulting relation seems to be the only piece of analytic 
information that is at present available about this 
generating function, f. It is not theoretically sufficient 
to determine it, because we have had to introduce the 
two variables « and » into the definition of f, whereas 
g(x) only involves one variable. We do not know the 
function corresponding to g(x) in the case where 
“straights” and “angles” occur with differing proba- 
bilities because the mutual cancellation of domains like 
those shown in Figs. 4 and 5 only holds strictly when 
these probabilities are equal. The more general gener- 
ating function is, however, probably closely related to 
the corresponding generalization of the matrix P’, which 
we put on record in the Appendix on account of possible 
physical applications. 


5. ANALYTIC BEHAVIOR OF THESE GENERATING 
FUNCTIONS NEAR THEIR SINGULARITIES. 
COMPARISON WITH NUMERICAL EVIDENCE 
FROM MACHINE RUNS 


It is of interest to compare the analytic behavior of 
these domain generating functions as we apply various 
types of constraint. The evaluation of the double 
integrals (corresponding to the operation D) in terms of 
elliptic integrals is standard and calls for no comment. 
(The singularities arise from the logarithmic divergence 
of the integral K(k) as k->1.) We exhibit the results in 
Table I, omitting numerical coefficients and confining 
ourselves to the case «=. In Table I, x, is the critical 
value of the selector variable x. These results make it 
extremely probable that the singularity is in the same 
place for the domain-generating function and for the 
corresponding Ising problem. Further light is thrown on 
the corresponding question for other lattices by the 
work of Wall and others® on the generation of non- 
intersecting random walks on various lattices. It is 
shown in Sec. 8 that the number of such domains, 
or paths, of WN legs is asymptotically proportional 
to x=", where x, is the singularity in the domain 
generating function. 1/*, may thus be regarded as the 
“effective number of choices” associated with the par- 
ticular lattice. At every step, a certain actual number of 
choices is possible (3 in the plane square lattice if 
the backward step is excluded) but a certain percentage 
of all the paths then intersect themselves and have 


to be deleted. The above work indicates that this 
effective number of choices is almost certainly 1/(v2—1) 
=2.412---. Wall and others®"° define an “attrition 
coefficient” describing this loss of paths at each step, 
and they find that it settles down to a nearly con- 
stant value while the paths are still quite short. It 
is of interest to compare the x,’s calculated from the 
attrition coefficients (the attrition coefficient being 
the ratio of the effective number of choices to the 
actual number of choices) with the positions of the 
singularities estimated for the corresponding Ising 
lattices [from data collected by Domb and Potts.!*] In 
their notation, x,=tanh(J/kT.). This comparison is 
shown in Table II. 

The agreement is in all cases reasonable, bearing in 
mind the fact that the exact value of 1/x, is known only 
for certain two-dimensional lattices and the values in 
some of the three-dimensional cases are in considerable 
doubt. The values from the machine are nearly all 
higher than these for the Ising model, and this 7s in the 
direction consistent with the existence of lower critical 
temperatures of Mayer type. Equally it could mean that 
the “measured” attrition coefficients are all slightly 
higher than the limiting values appropriate to very long 
paths. 

The process used by Montroll!* removes only paths 
containing one or more simple square loops, leaving all 
other types of self-crossing paths containing loops of 
more than four legs each. It therefore only gives an 
upper bound to the entropy. 


6. THE “SPREAD” OF A LONG PATH AS A FUNCTION 
OF THE NUMBER OF “LEGS” 


In the generating function (1) (no constraints), the 
direction of each step is completely independent of what 
previous steps may have been taken; generating func- 
tion (2) describes a path in which one direction of step 
is forbidden completely, while function (5) introduces 
correlations between successive steps, “doubling-back” 
being forbidden. Generating function (6) introduces 
what one might call “long-distance” correlation. As we 
have seen, this function does not enumerate any path 
that crosses itself at right angles, so that the direction of 
any given step depends, to some extent, on all the steps 
that preceded it. Considerable study has been given to 

18 C, Domb and R. B. Potts, Proc. Roy. Soc. (London) A210, 125 


(1952). 
16 E. W. Montroll, J. Chem. Phys. 18, 734 (1950). 
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the question of how constraints of this last kind may be 
expected to affect the mean “‘spread”’ (distance between 
the two ends) of paths consisting of a fixed number of 
legs. It is obvious that, of two paths of equal length, one 
with small spread is more likely to cross itself than is one 
with large spread, and therefore that the introduction of 
such constraints will increase the mean spread. 

For the completely unconstrained path, it is well 
known that the mean spread is proportional to the 
square root of the number of legs when this number 
becomes large, and it is of some interest to decide 
whether the introduction of constraints merely alters 
the constant of proportionality in the law 


(17) 


or whether the analytic form of the law is changed. This 
question arises in the study of high polymers, where 
self-crossing configurations are not physically permis- 
sible. The theoretical and numerical evidence bearing on 
this question has recently been summarized by Wall 
et al.* It is probable, but not quite certain, that the 
situation is essentially different in two dimensions and 
in three dimensions, as is known to be the case for a 
completely random path. We study the asymptotic 
behavior of the spread of long paths called for by the 
path-generating functions that we have described above. 

Since a generating function describes all possible 
paths, it contains implicitly the desired information 
about spread, and it seems worth showing explicitly 
some of the possible ways in which departure from a law 
of the type (17) can be associated with the analytic form 
of the generating function. If we put «=y, the most 
general type of generating function that we have met 
with in this paper may be expressed in the form 


x (x) + (x) (cosw:+ coswe) 
1—9(x) (cosw;+coswe) 


(spread)? « total length, 





(18) 


where x, ¥, and ¢ are algebraic functions of various 
kinds. To illustrate the method of deriving the relation 
between spread and path length, we refer first to the 
one-dimensional problem. We may suppose the gener- 


TABLE II. Comparison of machine and analytic results for various lattices. 





ating function expanded in the form 


V(x,e)= > Pa mi"e™, (19) 


where, as before, ” represents the total number of, steps 
and m the algebraic separation of the ends of the path. 
By symmetry, we necessarily have Pn, m=Pn,—m. In 
practice, if we have a generating function as complicated 
as (18) it may be necessary to resort to the method of 
steepest descents in order to get asymptotic estimates of 
Pn,m, Which is the first step in calculating the mean 
spread. (For the generating functions considered in this 
paper, the desired results can be obtained algebraically.) 
Equation (19) is equivalent to the statement 


Dm Pn, me" = coeff of x” in 1(x,). (20) 


Differentiating Eq. (20) twice with respect to e, we have 


0 2 
Dd m pn, me" = (—) [coeff of x” in 1(x,e) ]. 
aii 0 


€ 


What we want to calculate as a function of » is the mean 
value of m?, averaged over all possible paths of total 
length n, that is, 


(m?) = Dom MPn, m/ Lom Pn, m 


The denominator and numerator of this fraction can be 
calculated from expressions (20) and (21), respectively, « 
being set equal to unity after the differentiations. If 
e=e™, (€0/d€)?=—0?/dw*. This work is readily ex- 
tended to two or three dimensions, the square of the 
length of any path simply being the sum of m,’, m,? 
and m,’. 

Carrying out this work for the generating function 
given in (18), we find 


(fixed m). (21) 


x+2y 


1-26" 
2xo+ 2p 


(1-29) 


and the expansions can be performed by partial frac- 
tions if ¢, x, and y are known algebraic functions. 


YX Pn, m=coeff of x” in 
m 


dX m*pn, m= coeff of x" in 
m 





Attrition 


Lattice coefficient By machine 


From Ising model 


Estimates of 1/xe 
Other 





0.798 


0.888 


0.931 
0.840 
0.902 
0.941 
0.972 
0.933 
0.917 


2 choice square 1.60 


2.66 


1.86 
4.20 
3.61 
4.71 


3 choice square 


2 choice honeycomb 

5 choice triangular 

4 choice simple cubic 
5 choice simple cubic 
3 choice diamond 

7 choice body-centered 
11 choice face-centered 


6.53 
10.09 


2.41 (exact) 


1.73 (exact) 
3.37 (exact) 
3.08 (interpolated) 
4.71 (estimated from series) 
2.92 2.41 (interpolated) 

\5.67 (estimated from series) 
10.49 (estimated from series) 


<1.62 (Montroll) 
1.41 (Temperley, unpublished) 
> 2.41 (this paper) 
<2.77 (Temperley, Montroll method) 
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TABLE III. Comparison of entropy and spread for various path-generating functions. 








Model Lm Pm.n 


Lm m2 pPm.nx” (m) py Entropy 





Unrestricted 1/(1—4x) 
P (1+2)/(1—3x) 


il (1422432?) /(1—2x—x*) 


4x(1+x)/(1—x)(1—3x)? 2n 
4x(1+2%)(1+2x—2) 


4x/(1—4x)* n k log4 


k log3 


in? k log(1+v2) 





(1—2x—x*)8 








In Table III we compare three different types of path, 
the unrestricted path [expression (1)], the path in 
which doubling back is forbidden [model P, expressions 
(4) and (5)], and the path in which “crossovers” are 
prevented [model P’, expression (6)]. We have seen 
that this last expression is not satisfactory as a path- 
generating function (because certain types of looped 
path are still included, and also because paths that 
spiral one or more times around the origin will not be 
properly counted), but it is of interest to examine ex- 
pression (6) as if it were a proper path-generating func- 
tion, as we thereby gain insight into possible mathe- 
matical peculiarities of the generating function which 
would imply breakdown of law (17). The different 
analytic behavior of models P and P’ is associated with 
the fact that, in model P, the smallest positive root of 
1—2=0 is a single root, while in model P’ it is a 
repeated root. This is the same peculiarity that is 
responsible for the different analytic behavior of the 
domain-generating functions near the critical tempera- 
ture that we have already discussed. Quite similar 
behavior is to be expected for the two-dimensional 
triangular and honeycomb attices. Wall ef ai.° give 
evidence that, in the two-dimensional lattice (m?),,/n 
does diverge in two-dimensional lattices if we reject 
“loop” paths. 

Our conclusion is the common sense one that, in two 
or more dimensions, short-range correlation between 
legs, e.g., between successive legs only [as in generating 
function (4) ], cannot affect the form of the law (17) 
(though it does increase the numerical coefficient), but 
that an alteration in the form of the law may quite 
easily occur if we introduce a correlation between a 
given leg and all preceding legs, as in generating function 
(6), model P’. The latter type of correlation is what is 
called for by the physics of high-polymer chains. 


7. COMPARISON OF VARIOUS APPROXIMATIONS 


Inspection of Table I shows that, as the approxi- 
mation is progressively improved, we first get an im- 
provement in the location of the transition temperature, 
then the singularity approaches more and more nearly 
to the right form. Concurrently, we find that the ap- 
proximate generating function reproduces more and 
more of the early terms of the exact series, though an 
approximation that reproduces a great many of the 


17C, M. Tchen, J. Chem. Phys. 20, 214 (1952). 


early terms is mot necessarily the one that best describes 
the behavior near the transition temperature. (Kramers 
and Wannier,'* discussing various approximations to the 
Ising partition function, also found that they could not 
be placed in any unique “order of merit’’.) It is of 
interest to compare these successive approximations 
with some recent work on the liquid distribution func- 
tion by Rushbrooke and Scoins,” and by Nijboer and 
Fieschi.” Better treatments; reproducing correctly 
Mayer cluster integrals of progressively higher order, 
have been developed by these authors, and have been 
checked by comparison with the “rigid sphere liquid” 
for which some precise numerical information is avail- 
able. The present position is somewhat disappointing, as 
it seems that each successive improvement in the ap- 
proximate methods used only results in reproducing 
about one more term of the virial series correctly, so we 
are still almost without information on the analytic 
form of the singularity in the virial series, which should 
correspond to the onset of liquefaction. 


8. ENTROPY OF PATHS AND DOMAINS. 
PROBABILITY OF RING CLOSURE 


The entropy of a system such as a single magnetic 
domain, a connected cluster of adsorbed atoms, or a gas- 
bubble in a liquid can be calculated according to this 
type of model, simply by identifying the corresponding 
generating function with the partition function for a 
single domain, the selector variable being associated 
with the appropriate variable, e.g., magnetic field, in the 
way outlined in Sec. 3. The free energy and entropy per 
domain then follow from the partition function ac- 
cording to the standard formulas of statistical me- 
chanics. If we want the entropy of a path of a fixed 
number of steps, or of a domain of a fixed perimeter, we 
must, in general, resort to the method of steepest 
descents in order to select the appropriate term from the 
generating function. However, this procedure is not 
necessary for the simple path-generating functions 
enumerated in Table III because they can be split into 
partial fractions and the coefficient of x" written down in 
closed form, & times the logarithm of this coefficient 
being the entropy. For a long chain, only the factor 
corresponding to the smallest zero of the denominator 

aa C. Kramers and G. H. Wannier, Phys. Rev. 60, 252, 263 
OG. S. Rushbrooke and H. 1. Scoins, Phil. Mag. 42, 582 (1951); 


43, 1276 (1952); Proc. Roy. Soc. (London) A216, 203 (1953). 
* B. R. A. Nijboer and R. Fieschi, Physica 19, 545 (1953). 
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1 — 29 of the generating function contributes significantly 
to the entropy. 

If we are discussing the entropy of a domain of known 
perimeter, we have either to use the method of steepest 
descents or to use appropriate expansions of the double 
integrals listed in Table I. Asymptotically, the entropy 
per leg of a domain is the same as that per leg of the 
corresponding path. This is a consequence of the fact 
that the domain generating function and the path 
generating function both become singular at the same 
value, x, of the selector variable. The path-generating 
function behaves in all cases like (1—x/x,)~, which 
implies an entropy of —wk logx, for a path of m steps. 
The domain generating function can also be expanded 
near x=, in powers of x/x,, but the coefficient of 
(x/x-)" is now itself a function of m. The contribution to 
the entropy due to this coefficient is, in general, of the 
order of k logm and this can be neglected compared 
with wk for large n. 

Wall et al.° have collected numerical evidence on the 
“probability of ring closure” for walks on certain types 
of lattice. Their “initial probability of ring closure” is 
simply the ratio of the number of domains of perimeter n 
to the total number of permitted paths of length and is 
directly obtainable from our data. (The form of the 
connection of their “limiting probability of ring closure” 
with the present work has not yet been found.) Wall 
et al." find empirically that, in two or three dimensions, 
the probability of closure on to the origin after m steps 
probably varies as m~ for a restricted walk, in compari- 
son with the known laws n~}, n~', n-! for unrestricted 
walks on one-, two-, and three-dimensional lattices re- 
spectively. The corresponding information for our model 
can be obtained from the analytic behavior of the 
domain-generating function near its singularity already 
listed in Table I. Consider, for example, Model P. The 
number of paths is given by (constant independent of m) 
X«_~-" (n large). The form logé for the domain-generating 
function implies that its principal term near the singu- 
larity behaves like log(«.—x) so that the number of 
domains is given, by expanding the logarithm, as 
constant Xx.-"/n; so that, for model P, the probability 
of ring closure is proportional to 1/n, as it is for the 
unrestricted model in two dimensions, a result that we 
might have anticipated. 

For model P’ the corresponding result is that the 
limiting probability of closure is 1/n?. The difference 
between P and P” arises from the different behavior of 
the domain-generating function, which in turn, arises 
from the form of the function ¢(x), which now goes 
through a maximum exactly at x=x,. The similar law 
found empirically for the two- and three-dimensional 
lattices by Wall ef al."° seems to foreshadow a similar 
property of the domain-generating functions. Such be- 
havior would be entirely consistent with what is already 
known about the Ising problem in two and three 
dimensions. 


9. CONCLUSIONS 


(a) Our results are in complete agreement with the 
conclusions from other work (see, for example, Yang 
and Lee)* that for the Ising plane square lattice, the 
boundary energy for a single domain persists right up to 
the “bulk” transition temperature, and that no lower 
transition temperature exists. This is also in accord 
with the known fact” that the spontaneous magnetiza- 
tion in the Ising model persists right up to the bulk 
transition temperature. 

(b) Our work indicates that it may often be possible 
to take account of constraints (limiting possible types of 
path or domain) by leaving the form of the generating 
function unaffected, but transforming the selector vari- 
ables, and possibly introducing into the generating 
function a multiplying factor. As an example of such a 
process, we may mention the Ising model, the removal 
of unwanted graphs being accomplished‘ by transform- 
ing the enumerating variable from x to «(1—.2*)/(1+°)*. 
The mathematical significance of such transformations 
is far from clear, but there seems to be some deep reason 
for their existence. 

(c) The comparison of the exact model R with models 
P’ and Q, the two entirely different approximations to 
it, illustrates a state of affairs that is not particularly 
surprising from a mathematical point of view, but which 
does not yet seem to have occurred in any physical 
theory of a phase-transition. We have already noted 
that P’ agrees with R up to and including six-sided 
domains, while Q agrees with R up to and including ten- 
sided ones. We have also noted that both models give a 
singularity of the correct kind, the generating function 
itself continuous, the derivative with respect to x being 
infinite. The precise analytic behavior of the two models 
differs slightly, Q not being quite right. We also notice 
that both Q and P’ locate the correct transition tempera- 
ture. Experience with the Ising model (for which some 
exact solutions are known) indicates that plausible ap- 
proximations nearly always fail badly near the transi- 
tion temperature, and that they sometimes also fail to 
give more than a few terms of the appropriate “high” 
and “low” temperature expressions. 

Evidently, the mathematical reason why model P’ is 
so good an approximation to R is the fortunate fact that 
“multiloop” paths tend to cancel out, while the success 
of model Q may be due to the fact that it considers 
explicitly a satisfactorily representative selection from 
the total number of possible domains that satisfy the 
constraints. 

(d) These results may have a bearing on some recent 
investigations on approximations to the liquid distribu- 
tion function,"’* since we have shown that an approxi- 
mation may reproduce the “transition” behavior quite 
properly, and yet may fail to reproduce more than a few 
of the early terms of a series expansion. This differs 
from the behavior of many of the approximations in the 


21C. N. Yang, Phys. Rev. 85, 808 (1952). 
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Ising model, which often reproduce the early terms well, 
but fail to predict the transition behavior properly. 

(e) The elimination of paths which cross one another 
may lead to the breakdown of law (17), and a study of 
various generating functions has given us a clue to the 
possible mathematical reasons for such an occurrence, 
and for the closely related empirical fact that the 
“probability of path closure” becomes quite different, in 
the restricted case, even in three dimensions, from that 
for the unrestricted walk. 


APPENDIX 


We put on record the generating function that follows 
from the matrix P’, a distinction now being made be- 
tween diagonal and nondiagonal elements. Besides the 
application we have just made, this matrix may have 
others, more directly physical in type. In discussing 
problems connected with polymers, for example, it may 
be necessary not only to prevent paths from crossing one 
another, but to consider short-range correlation effects 
in addition. Thus, there is evidence that long-chain 
hydrocarbons up to about 30 atoms prefer to exist 
mainly in the “straightest’’ possible configuration, 
though a large number of “twisted” configurations are, 
in principle, available. This suggests some correlation 
between the directions of C—C valencies between 
neighboring “‘links,” some configurations being ener- 
getically more probable than others, a situation that is 
theoretically quite likely. 


The analytic effect of such a situation can be in- 
vestigated in our model if we suppose that two succes- 
sive links are more likely to form a “straight” than a 
“right-angle.” We could take care of such a situation by 
supposing that in matrix P’, the diagonal and non- 
diagonal elements contain respectively « and »v instead 
of the single selector variable x, but that « and v are ina 
fixed ratio (associated with the postulated energy differ- 
ence between the two types of configuration). The 
denominator of the generating function is then found to 
be 


1+ 2u?+ u'— 4u?r?+ 404 
— (2u+ 2u®— 40x) (cosw;+ coswe) 
+4(u?—v*) cosw; COswe. 


(Al) 


The analytic behavior of this rather formidable ex- 
pression does not appear to differ very much from that 
of the simpler one in (6), to which it reduces when u= 2. 
It is readily found that this quantity will vanish only if 
v= (14u)/v2 or u= (1+22?)!. 

These three cases arise from the possibilities 


COSW1= COSwW2= 1, COSw1= COSw2= — 1, COSw1-COSwe= —1, 


but only the first of these seems to be physically relevant. 
In all three of these cases we have the same feature (the 
function becoming a perfect square for | cosw;| = | cosw2| 
=1), which we have already noticed as the feature 
responsible for the differences between the “‘restricted” 
and “unrestricted” walk problem. 
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A generalization of the usual Ehrenfest urn model is discussed. The generalization is made by relaxing 
the condition that the transition probabilities between the two urns are equal. The model is interpreted 
as a schematic representation of the behavior of a system in contact with a heat bath at fixed temperature. 
The stochastic equations for the model are solved by methods used by Kac and the results are interpreted 


physically. 


I. INTRODUCTION 


HE Ehrenfest urn model! has proved to be a 

suggestive guide to the behavior of a closed 
physical system. In this note we discuss a generalization 
of the Ehrenfest model which represents schematically 
the behavior of a system in contact with a heat bath. 
The equations for this generalized model have been 
solved by procedures closely analogous to those used 
by Kac? for dealing with the usual model. There are 
some novel features in the results which are discussed 
in the final section of this paper. 


II. MODEL AND ITS STATIONARY STATE 


We consider two urns, A and B, and 2R balls num- 
bered consecutively from 1 to 2R. An integer between 
1 and 2R is chosen at random in such a way that each 
of these integers has an equal probability of being 
chosen. If the ball whose number corresponds to the in- 
teger chosen is in A, then we toss a loaded coin a. If the 
coin turns up “heads,” an event whose probability is 9, 
we move the ball in question to urn B; if the toss results 
in “tails,” an event whose probability is (1—)) or 4g, 
then the ball is left in urn A. If, however, the ball with 
the designated number is in urn B, then we toss a 
different loaded coin 8 whose fall will move the ball to 
A with probability p’ or leave it in B with probability 
(1—p’) or q’. This whole procedure is repeated regularly 
at intervals of time r. 

It is evident that if p and p’ are equal to one we have 
the usual case, and this fact gives us a useful check on 
our results. 

We can get a more “physical” picture of our system 
if we change the terminology.’ Consider first the usual 
Ehrenfest model. We think of the two urns as two 
energy states and the 2R balls as 2R particles which can 
occupy these two states. Our basic process is then the 
transition of one particle from state A to state B (or 


* This research was supported by a grant from the National 
Science Foundation. 

1P. Ehrenfest and T. Ehrenfest, Physik. Z. 8, 311 (1907). 

2M. Kac, Am. Math. Monthly 54, 369 (1947). This paper is re- 
printed in N. Wax, Selected Papers on Noise and Stochastic Pro- 
cesses (Dover Publications, Inc., New York, 1954). 

3A. J. F. Siegert, Phys. Rev. 76, 1708 (1949). Siegert actually 
considers a generalization analogous to ours but for the case 
where the time variable is continuous. 
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the reverse) at regular times separated by equal inter- 
vals 7. When there are (R+/) particles in A and (R—1/) 
particles in B the probability is (R+/)/2R that the 
transition is from A to B and the probability is 
(R—/)/2R that the transition is in the reverse direction. 
Since individual transitions in both directions are 
equally likely, we say that our model represents an 
isolated system and states A and B have the same 
energy. 

In our generalized system, only the transition proba- 
bilities are changed. At each of the times when an 
event can occur, the probability is p(R+/)/2R that the 
event is an A to B transition, and the probability is 
p'(R—1)/2R that the transition is in the reverse 
direction. There is now the additional possibility that 
no transition occurs and its probability is the difference 
between one and the sum of the two probabilities just 
given. Since the individual transitions in the two 
directions are no longer equally probable we say that 
our system acts as though the states A and B differ in 
energy by an amount « and the system is in contact 
with a heat bath at temperature 7.‘ The ratio «/kT 
(where & is Boltzmann’s constant) is defined by the 
equation 


p/p’ =exp(—«/kT). (1) 


We have chosen ¢ to be the energy of state B on a 
scale where the energy of state A is zero. We assume 
for definiteness that € is positive. 

We can now write the basic stochastic equation for 
the system. Let P(n|m;s) be the probability that at 
time sr state A contains (R-+m) particles given that A 
contained (R+n) particles initially. Then P(n|m;s) 
must be related to the corresponding probabilities at 
time (s—1)r by the equation 


R+m-+1 
= p———-P(n|m+1;s—1) 
2R 


R-m+1 


P(n\m;s) 


P(n|m—1;s—1) 
2R 
R-—m 
+q— 
2R 


+p 
R+m 
— 


ft 
2R 


4M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954). 


)Pin| mss) (2) 
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the initial condition is that P(m|m; 0) is equal to 
Sam 

Before we solve Eq. (2) we shall determine the 
stationary state of the system. In this stationary state 
the probability of finding (R+m) particles in state A 
is given by Po(m), where Po(m) satisfies the equation 


R+m+ 


+1 
Po(m)= print ty ——P)(m—1) 





(ea R-—m Pam); (3) 
q +q’ ) m); (3 
aE a 

in other words the distribution Po(m) is invariant in 
time. It is easily verified that the solution of Eq. (3) 
is the Po(m) given by the expression 


(2R)! (- ) m 1 
(R+m)!(R—m)!\ 9’ (1+p/p’yr® 





Po(m) => 


We notice that when p and p’ are equal, whether or 
not they are equal to one, this expression reduces to 
the stationary distribution for the usual Ehrenfest 
model. If we introduce Eq. (1) we can rewrite Po(m) in 
the form 


(2R)! exp{— (R— m)e/ antl 
(R+m)!(R—m)! {1+exp(—«/kT)}?"” 





Po(m)= = 


This last expression will be recognized at once as the 
probability of finding (R—m) particles in energy state 
¢ when the system (at temperature 7) contains 2R 
particles each of which can have energy zero or e. Our 
stationary distribution is therefore consistent with the 
physical interpretation for the model given above. 


III. SOLUTION OF THE STOCHASTIC EQUATION 


The method used to solve Eq. (2) is that used by 
Kac’ in his solution of the corresponding equation for 
the Ehrenfest model. The key idea is to consider the 
set of numbers P(n|m; s) for m running from — R to R, 
as a vector P(s) and to write Eq. (2) schematically as 


P(s)=AP(s—1), (6) 


where A is a nonsymmetric matrix whose elements are 
determined by Eq. (2). Introduce the eigenvalues \, 
right eigenvectors & and left eigenvectors 9 of A by 
the equations 


AE=NE (7) 
and 
An=)n, (8) 


where A is the transpose of A. Now let Z be the matrix 
whose columns are the vectors &, H be the matrix whose 
rows are the vectors , and A be the diagonal matrix 
whose diagonal elements are the eigenvalues \. Then 
since A is given by the product ZAH due to the orthogo- 


nality of &’s and ’s belonging to different eigenvalues, 
it follows that the solution to the basic equation is 
given by the expression 


P(s)=A*P(0)=ZA*HP(0). (9) 


Kac’s method for determining the eigenvalues and 
eigenvectors can also be applied to our system. If we 
denote the components of the — vector by a;, where k 
runs from 0 to 2R, then the set of linear equations 
satisfied by the x, is 


1 
Ywte nm = AXo, 


1 2R-1 2 
px +( —+q ——) X1+ p—*x2=AX, 
——" ar ae 


2R—(k—1) a a 
Famer tsreminetiy. rhell Qioe--¥e ——)s 
cogs eg oe 


k+1 
+ p———2s1 = AX., 
2R 


p'Xor-1+9x2r=AXor. 


It is convenient to replace this set of (2R+1) equations 
by the infinite set in which the first 2R equations are the 
same, and in which the (2R+1)th equation has, on its 
left hand side, the added term p[(2R+1)/2R ]xor41. 
The equations for k equal to 2R+/ are then the same 
as the equations for k equal to /—1, for all positive 
integers /. Of course we must find solutions for which 
X2r+1 is zero, and therefore all higher x, vanish as well. 

Multiply the equations by z* and sum. We then 
obtain, after some simple manipulation, a differential 
equation for the function f(z) which is defined by the 
relation 


f(s)me 5 mys". (11) 


The differential equation is 


rp Pp q 
pinibeinanatl see = f(z - 12 
as le 2R 2R =| hargnti det athens 


Equation (12) can be solved directly and the solution 
is given by the expression 


f(2)=c(p+p’z)*~*(p'— p's)”, 


where ¢ is a constant and o is an abbreviation for 
2R(1—d)/(pt+p’). The requirement that f(z) be a 
polynomial of degree 2R means that ¢ must be an integer 
between zero and 2R. This requires that \ must be 


(13) 
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given by the expression 
\s=(j(b+p')/2RJ+1— (p+ p')/2, 


where 7 is any integer in the set —R to R. We see that 
there are precisely 2R+1 distinct eigenvalues, and that 
the largest is equal to one. Introducing this expression 
for \ and making use of the condition that f(0) should 
be equal to xo leads us to a final form for f(z) (and 
therefore for the components of the right eigenvectors) 
given by 


f(2)= xo 1+ (sp'/p) J*+4(1—2) 2-7, (15) 


The left eigenvectors can also be found by Kac’s 
methods. We omit the derivation and proceed directly 
to the final result for P(m|m;s). As a matter of nota- 
tion we let D,‘?(p’/p) be the coefficient of z* in 
[1+ (sp’/p) }*+(1—z2)*-’, where j takes on the integer 
values from — R to R and & takes on the integer values 
from zero to 2R. Then P(n|m;s) is given by the equa- 
tion 


(—1)%+m p’ R—-1 
P(n\|m;s)= ses (“) 
[1+ (p/p) p 


R 
X Dd Dram? (p/p) (Aj) Daas” (p/p). (16) 


i=—R 


(14) 


[Note that the last factor is Dr,;~"(p/p’) since the 
left eigenvectors involve the ratio p/p’ rather than 
p/p.) 

We have two checks on Eq. (16). First, if p and p’ 
are equal to one then P(n|m;s) must reduce to the 
expression given by Kac. This may be verified by 
inspection. Second, as s goes to © we expect that 
P(n|m;s) will approach the stationary distribution 
Po(m) discussed in the previous section. To see this we 
must notice that all eigenvalues \; except Ar, which is 
equal to one, are less than one in absolute value. 
Consequently the sum on j reduces to a single term in 
the limit, and we can write for P(m|m; #) the expres- 


sion 
/ 


(—1)#*™ p R 

P(n|m; x)= - —( ) 
[1+ (p'/p) PRX p 

XDreym” (p'/p)Dar—” (p/p’). 


Now Drm” (p'/p) is the coefficient of s*t™ in 
[1+(zp’/p) ?* and therefore is equal to (p’/p)**™ 
<([[(2R)!/(R+m)!(R—m)!]. Similarly, Dor” (p/p’) is 
the coefficient of 22* in [1+ (2p/p’) ]*&-"(1—2)**™ and 
therefore is equal to (—1)"*"(p/p’)®-. If we substitute 
these values in Eq. (17), we find that 


(2R)! p’ R+m 
P(n|m; «)=———_—_ (~) 
(R+m)!(R—m)!\ p 
1 


—__—= P,(m) 


Moo —a 
[1+(p’/p) P* 


bee 
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[This form for Po(m) is slightly different from the one 
in Eq. (14), but if the latter is multiplied by (p’/p)?” 
in numerator and denominator it is converted into the 
expression of Eq. (18). ] 


IV. DISCUSSION 


One of the aspects of the behavior of this model 
which is of interest is the time dependence of (m), the 
mean value of m, i.e., the time variation of the average 
number of particles in state A. The value of (m) is 
computed from the equation 


R 
(m)= > m’'P(n\|m’;s) 


m'’=—R 


(19) 


where (m) is actually the mean value of m at time sr 
when m was equal to m at time zero. This expression is 
evaluated with the help of Eq. (16). We find that 


(—1)8t. (5) R 
m) =——_——- — tk D “s "(p ‘p’) (A;)* 
[1+ (p'/p) P*\ p in * 


R 
X DY m'Drsm?(p’/p). (20) 
m’=—R 

The sum on m’ is evaluated by noticing that 


R 


> m' Drm? (p/p) 
R 


m! = 


d 
= {2—[2-*[1+ (zp’ pyea—)ey| (21) 


dz aul 


A straightforward calculation gives as the final result 





(m) = 


i- (/?!) | (R+n)(0/p')— (R—n) | 


1+ (p/f’) 1+ (p/p’) 


«((-F) | 
xX; { 1-——_— - (22) 
2R 


As before we have two ready checks on this equation. 
When # and 9’ are equal to one, Eq. (22) reduces to 
the known equation for the Ehrenfest model.® Alter- 
natively, when s goes to infinity (m) approaches 
RL i—(p/p’) /[1+(p/p’)]. This last expression is, of 
course, the value of (m) in the equilibrium state. We 
can see the meaning of this last expression most easily 
by noticing that it implies that the mean number of 
particles in state B (the upper energy state) is, at 
equilibrium, just equal to 
R—(m)=2R exp(—«/kT)/[1+exp(—e/kT)] (23) 
as expected. 
5 See Kac (reference 2), and also E. Schrédinger and K. W. F. 


Kohlrausch, Physik. Z. 27, 306 (1926) and B. Friedman, Comm. 
Pure Appl. Math. 2, 59 (1949). 
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We notice that according to Eq. (22) the initial 
deviation of (m) from its value in the equilibrium 
distribution decays to zero with a “relaxation time” 
given by 72R/(p+p’). 

As our final point we consider the time variation of 
the thermodynamic functions of our model. Since we 
are dealing with a system which is not isolated but is 
instead coupled to a heat bath at temperature T, we 
do not expect the entropy of the system itself to be a 
maximum at equilibrium. Instead, the entropy of the 
system plus that of the heat bath must be maximum, 
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or, equivalently, the Helmholtz function of the system 
must be a minimum at equilibrium. Without giving the 
details, we mention that it can be proved by the meth- 
ods we used in another paper,® that the Helmholtz 
function for this system decreases monotonically and 
attains its minimum value in the equilibrium state. 
Consequently in this respect, as in all others considered, 
the generalized Ehrenfest urn model is indicative of the 
behavior of a system which is kept at a fixed tempera- 
ture. 


®M. J. Klein, Physica (to be published). 
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The circumstances under which negative absolute temperatures can occur are discussed, and principles of 
thermodynamics and statistical mechanics at negative temperatures are developed. If the entropy of a 
thermodynamic system is not a monotonically increasing function of its internal energy, it possesses a nega- 
tive temperature whenever (0S/0U)x is negative. Negative temperatures are hotter than positive tem- 
peratures. When account is taken of the possibility of negative temperatures, various modifications of 
conventional thermodynamics statements are required. For example, heat can be extracted from a negative- 
temperature reservoir with no other effect than the performance of an equivalent amount of work. One of 
the standard formulations of the second law of thermodynamics must be altered to the following: It is 
impossible to construct an engine that will operate in a closed cycle and provide no efiect other than (1) the 
extraction of heat from a positive-temperature reservoir with the performance of an equivalent amount of 
work or (2) the rejection of heat into a negative-temperature reservoir with the corresponding work being 
done on the engine. A thermodynamic system that is in internal thermodynamic equilibrium, that is other- 
wise essentially isolated, and that has an energetic upper limit to its allowed states can possess a negative 
temperature. The statistical mechanics of such a system are discussed and the results are applied to nuclear 


spin systems. 


I. INTRODUCTION 


EVERAL years ago Pound,}* Purcell,’ and Ram- 
sey’* studied experimentally various properties of 
the nuclear spin systems in a pure LiF crystal for which 
spin lattice relaxation times were as large as 5 minutes 
at room temperature while the spin-spin relaxation time 
was less than 10~* second. With the nuclear spin 
systems of this crystal various experiments were carried 
out, including experiments with a spin system at nega- 
tive temperatures.’ In the present paper, the thermo- 
dynamical and statistical mechanical implications of 
negative absolute temperature are discussed. Since the 
theoretical analysis of the past experiments has been 
only briefly described,'~* there has been some misunder- 
standing® of them. For this reason and because of the 
thermodynamic significance of negative temperatures,‘ 
* John Simon Guggenheim Fellow. 
1R. V. Pound, Phys. Rev. 81, 156 (1951). 
2 N. F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951). 
3 E. M. Purcell and R. V. Pound, Phys. Rev. 81, 279 (1951). 
4N. F. Ramsey, Ordnance 40, 898 (1956). 
5 W. F. Giauque, J. Am. Chem. Soc. 76, 5577 (1954); Time 46, 
No. 26, 49 (1955). 
*F, J. Dyson, Sci. American (September, 1954); F. Simon 
(private communication). 


the present paper also contains a more detailed justifi- 
cation for the use of temperature as a description of 
suitable nuclear spin systems. 

As discussed in Sec. III below, the conditions for the 
existence of a system at negative temperatures are so 
restrictive that they are rarely met in practice except 
with some mutually interacting nuclear spin systems. 
However, the thermodynamics and statistical mechanics 
of negative temperatures are more general than their 
application to a single type of system. Consequently, 
in the present paper, the thermodynamics and statistical 
mechanics of negative temperatures will be discussed 
first for a general system capable of negative tempera- 
tures, and only later will specific applications be made 
to spin systems. 


II. THERMODYNAMICS AT NEGATIVE 
TEMPERATURES 


From a thermodynamic point of view, the only 
requirement for the existence of a negative temperature 
is that the entropy S should not be restricted to a mono- 
tonically increasing function of the internal energy U. 
At any point for which the slope of the entropy as a 
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function of U becomes negative, the temperature is 
negative since the temperature is related to (0S/dU)x 
by the well-known thermodynamic relation’ 


T= (0S/dU)x—, (1) 


where the symbol (_ )x indicates that for the partial 
differentiation one should hold constant the thermo- 
dynamic variables X that appear as additional differ- 
entials in the thermodynamic equation relating TdS 
and dU. Likewise (_ )y indicates that for the partial 
differentiation one should hold constant the variables 
Y that appear as additional differentials in the thermo- 
dynamic equation relating TdS and the enthalpy H. 
In the latter case one may write’ 


T=(dS/dH)y~. (2) 


Ordinarily the assumption is not explicitly made in 
thermodynamics that S increases monotonically with U, 
and such an assumption is not necessary in the deriva- 
tion of many thermodynamic theorems. Of course, even 
though there is no mathematical objection to S de- 
creasing as U increases, there would be no physical 
interest to the subject if no thermodynamic system 
with such a property could be conceived of and if such 
systems were never realized in practice. However, such 
systems can be both theoretically devised and closely 
realized experimentally. In the discussions of statistical 
mechanics in Sec. III it will be shown that systems of 
elements in thermal equilibrium such that each element 
of the system has an upper limit to its maximum 
possible energy can have the characteristic of negative 
(0S/8U)x. This may easily be seen, for example, if 
there are only two energy states available to each 
element of the system. Then the lowest possible energy 
is achieved with all elements in the lowest energy state, 
which is clearly a highly ordered state for the thermo- 
dynamic system and corresponds to S=0. Likewise the 
greatest energy is achieved with all elements in the 
highest state, which of course is also a highly ordered 
state of the system and corresponds to S=0. At inter- 
mediate energies, when some elements are in the high- 
energy state and others in the low-energy state, there 
is much greater disorder and a correspondingly greater 
entropy. Therefore, between the lowest and the highest 
energy states of the thermodynamic system, the entropy 
clearly passes through a maximum and then diminishes 
with increasing U. This is shown in Fig. 1 of Sec. III 
where the entropy of such a system is calculated by 
normal procedures of statistical mechanics. 

The maximum of the entropy curve discussed in the 
preceding paragraph corresponds to (0S/0U)x=0 and 
hence to infinite temperature. The region of negative 
(8S/dU)x corresponds to negative temperature. Hence 
it is apparent that in cooling from negative to positive 
temperature such a system passes through °K in- 


™M. Zemansky, Thermodynamics (McGraw-Hill Book Com- 
pany, Inc., New York, 1951), third edition. 


stead of through absolute 0°K; this characteristic is 
illustrated by the negative temperature cooling curves 
reported by Purcell and Pound.’ In other words, nega- 
tive temperatures are not “colder” than absolut zero 
but instead are “hotter” than infinite temperature. In 
view of this, it might well be argued that the term 
negative temperature is an unfortunate and misleading 
one. However, the thermodynamic definition of tem- 
perature, of which Eqs. (1) and (2) are consequences, 
was agreed upon long ago. As long as this standard 
definition is followed there is no choice but to use the 
term negative temperature when a thermodynamic 
system is in a condition such that the quantities 
occurring in Eqs. (1) and (2) are negative. 

Since the assumption of a monotonic increase of S 
with U is not essential to the development of thermo- 
dynamics, the normal thermodynamic theorems and 
discussions apply in the negative as well as the positive 
temperature region, provided suitable modifications and 
extensions are made. However, the definitions of certain 
thermodynamical quantities must be clarified before 
discussing the theorems, since two alternative defini- 
tions are sometimes used which are compatible at 
positive temperatures but are not so at negative. The 
definitions’ of ‘“‘work” and “heat’’ will be taken to be 
the same at positive and negative temperatures.’ In 
some respects this is a trivial statement but it is perhaps 
worth noting that the only means by which all of the 
various alternative statements of the second law of 
thermodynamics could be preserved unaltered would be 
by a reversed sign for both of these quantities at nega- 
tive temperatures. With the above definitions the con- 
ventional formulations of the first law of thermo- 
dynamics are equally applicable at positive and negative 
temperatures. 

The definitions of the terms ‘hotter’ and “colder” 
are not obvious since various alternative definitions 
which agree at positive temperatures disagree at 
negative. One possible definition would be to define 
the “hotter” of two bodies to be the one with the 
greater algebraic value of 7. In this case all positive 
temperatures would be hotter than negative ones, 
despite the fact discussed above that negative tempera- 
tures in the normal sense of the word are “hotter” than 
positive temperatures, as indicated by the fact that if 
a positive and negative-temperature system are in 
thermal contact heat will flow from the negative tem- 
perature to the positive. The definition which agrees 
best with the normal meaning and which will be 
adopted is that the “hotter” of two bodies is the one 
from which heat flows when they are brought into 
thermal contact while the “colder” is the one to which 
the heat flows. With this definition any negative tem- 
perature is hotter than any positive temperature while 
for two temperatures of the same sign the one with the 
algebraically greater temperature is the hotter. The 
temperature scale from cold to hot then runs +0°K, 
-++, +300°K, +++, +0 °K, resy — © °K, --+, —300°K, 
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--, —O0°K. “Intermediate” temperatures should like- 
wise be defined relative to such an order. With the 
above definitions, if two systems at different tempera- 
tures are brought into thermal contact they will reach 
some final temperature which is intermediate between 
the two starting temperatures. It should be noted, 
however, that +1000°K, for example, is intermediate 
between +300°K and —300°K. 

It might at first sight appear that the necessity for 
ordering the temperature scale from cold to hot in the 
fashion of the preceding paragraph might be an argu- 
ment against the validity of negative temperatures. 
However, the apparent artificialness of the above 
ordering is merely an accidental result of the arbitrary 
choice of the conventional temperature function. If the 
temperature function had been chosen as —1/7, then 
the coldest temperatures would correspond to — ~ for 
this function, infinite temperatures on the conventional 
scale would correspond to 0, and the negative tempera- 
tures on the conventional scale would correspond to 
positive values of this function. For this temperature 
function the algebraic order and the order from cold 
to hot would then be identical. Such a —1/T function 
is often used in thermodynamic discussions for the 
purpose of expanding the temperature scale in the 
vicinity of absolute zero. The function In7 is sometimes 
also used for the same purpose. The above discussion 
shows that, for the purposes of negative temperatures, 
the —1/T scale in many ways is even more convenient 
than the T scale. On the other hand, the logarithmic 
scale is less convenient since the logarithm of a negative 
number is complex. 

At negative temperatures various cyclic processes, 
such as magnetic Carnot cycles, can be operated. Just 
as with positive temperatures, the ratio between two 
different negative temperatures can be determined 
absolutely as the ratio of the heats absorbed and re- 
jected by a Carnot cycle operating between the two 
temperatures. 

It should be noted, however, that no means has yet 
been devised by which a Carnot cycle can be operated 
between positive and negative temperatures. By adi- 
abatic magnetization of a spin system, for example, 
the temperature can be raised as high on the positive 
scale as one wishes but it cannot be made to cross over 
to negative values; a corresponding statement applies 
if one starts initially with the system at a negative 
temperature. As a result, the ratio of a positive tem- 
perature to a negative one has not been determined by 
operating a Carnot cycle between the two temperatures. 

At positive and negative temperatures, the efficiency 
of a Carnot engine is given by 


n= 1—(Q2/Q1)=1-—(T2/T)), (3) 


where Q is the heat absorbed at temperature 7, while 
Qz is the heat rejected at temperature 7». If, as in the 
normal heat engine at positive temperatures, the heat 
is absorbed at the hotter temperature then, as dis- 
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cussed above, T,/T,>1 for negative-temperature reser- 
voirs and the efficiency 7 is negative and can be very 
large. At first sight this may seem surprising. It means 
that instead of work being produced when a Carnot 
heat engine is operated with heat received at the hot 
reservoir, work must be supplied to maintain the cycle. 
Inversely, it means that if such a Carnot cycle is 
operated in the opposite direction work is produced 
while heat is transferred from a colder reservoir to a 
hotter. If the heat transported to the hot reservoir by 
this reverse cycle is allowed to flow back to the colder 
reservoir, there then exists an engine that will operate 
in a closed cycle and produce no other effect than the 
extraction of heat from a reservoir and the performance 
of an equivalent amount of work. Although the existence 
of such a machine is a contradiction of one of the con- 
ventional formulations of the second law of thermo- 
dynamics, it is not in contradiction to the appropriate 
reformulation of this form of the second law that is 
given below. The existence of such a machine is also 
not in contradiction to the principle of increasing 
entropy, since from Fig. 1 it is apparent that the 
extraction of energy from a system at negative tem- 
perature corresponds to an increase in the entropy of 
the system rather than a decrease, as at positive 
temperatures. 

It should be noted that when the Carnot cycle is 
operated between two negative temperatures in such a 
way that work is done by the machine while heat is 
absorbed from the colder reservoir and rejected at the 
hotter, then the efficiency by Eq. (3) is not only positive 
but it is also less than unity. Thus at both positive and 
negative temperatures cyclic heat engines which pro- 
duce work have efficiencies less than unity, i.e., they 
absorb more heat than they produce work. 

Of the alternative conventional statements of the 
second law of thermodynamics, some are applicable 
without modification for negative temperatures while 
others must be modified. The entropy formulation 
remains unaltered: (a) The entropy of a system is a 
variable of its state and the entropy of an isolated 
system can never decrease. Likewise the Clausius state- 
ment’ is unaltered: (b) It is impossible to construct a 
device operating in a closed cycle that will produce no 
other effect than the transfer of heat from a cooler to 
a hotter body. However, the Kelvin-Planck formula- 
tion’ of the second law must be modified to: (c) It is 
impossible to construct an engine that will operate in 
a closed cycle and produce no effect other than (1) the 
extraction of heat from a positive temperature reservoir 
with the performance of an equivalent amount of work 
or (2) the rejection of heat into a negative-temperature 
reservoir with the corresponding work being done on 
the engine. The Carathéodory form of the second law 
is unaltered. 

The first and second laws of thermodynamics can as 
easily be used at negative temperatures as at positive 
ones to derive other thermodynamic relations. How- 
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ever, in these, as in the above statements of the second 
law, it is apparent that the difficulty of heating a hot 
system at negative temperatures is analogous to the 
difficulty,in cooling a cold system at positive tempera- 
ture. This is illustrated by the experimental fact to be 
discussed later that a nuclear resonance absorption 
experiment at positive temperatures becomes a nuclear 
resonance emission experiment at negative tempera- 
tures, and also by the potential usefulness of negative 
temperature systems as amplifiers. The difference be- 
tween positive temperatures and negative temperatures 
can be clarified by noting the physical reasons for 
which the Clausius statement (b) need not be modified 
whereas the Kelvin-Planck formulation (c) must be 
changed. One might attempt to violate the Clausius 
statement (b) by constructing a cyclic heat engine 
which would first extract heat from a colder reservoir 
and convert it into work with no other change being 
produced. Then this work could be converted into heat 
that is transferred to a hotter reservoir, in violation of 
the statement. At positive temperatures this two-stage 
process is impossible because the first step cannot be 
done. At negative temperatures, on the other hand, 
the first step for converting heat to work is easy, as 
discussed earlier, but the impossible step is the con- 
version of all the work into heat to be supplied to the 
hotter reservoir without producing any other change. 
That such should be the case is of course reasonable 
from Fig. 1, since at negative temperatures an increased 
internal energy corresponds to diminished entropy just 
as the reverse is true at positive temperatures. 

The various statements of the third law of thermo- 
dynamics apply unaltered at negative temperature pro- 
vided it is understood that the absolute zero of tem- 
perature means absolute zero of both positive and 
negative temperature. Thus the unattainability state- 
ment of the third law would be: It is impossible by any 
procedure, no matter how idealized, in a finite number 
of operations to reduce any system to the absolute 
zero of positive temperature or to raise any system to 
the absolute zero of negative temperature. 


III. STATISTICAL MECHANICS AT 
NEGATIVE TEMPERATURES 


The essential requirements for a thermodynamical 
system to be capable of negative temperature are: 
(1) The elements of the thermodynamical system must 
be in thermodynamical equilibrium among themselves 
in order that the system can be described by a tem- 
perature at all; (2) there must be an upper limit to 
the possible energy of the allowed states of the system; 
and (3) the system must be thermally isolated from all 
systems which do not satisfy both of the above condi- 
tions, i.e., the thermal equilibrium time among the 
elements of the system must be short compared to the 
time during which appreciable energy is lost to or 
gained from other systems. The temperature concept 
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is applicable to the system only for time intervals far 
from either of the above time limits. 

The condition (2) must be satisfied if negative tem- 
peratures are to be achieved with a finite energy. If W, 
is the energy of the mth state for one element of the 
system, then in thermal equilibrium the number of 
elements in the mth state is proportional to the Boltz- 
mann factor exp(—W,,/kT). For negative tempera- 
tures, the Beltzmann factor increases exponentially with 
increasing W,, und the high-energy states are therefore 
occupied more than the low-energy ones, which is the 
reverse of the positive temperature case. Consequently, 
with no upper limit to the energy, negative temperatures 
could not be achieved with a finite energy. Most 
systems do not satisfy this condition, e.g., there is no 
upper limit to the possible kinetic energy of a gas 
molecule. It is for this reason that systems of negative 
temperatures occur only rarely. 

Systems of interacting nuclear spins, however, have 
the characteristic that under suitable circumstances 
they can satisfy all three of the above conditions, as 
discussed in the next section. The discussion in the 
present section, however, will not be explicitly limited 
to spin systems. 

In the normal discussions® of statistical mechanics, 
no assumption is made as to whether the energy levels 
of the elements of the system have an upper bound; 
indeed, the methods of statistical mechanics are often 
conventionally applied’ to systems such as idealized 
paramagnetic systems, whose elements do have an 
upper energy limit. As a result the normal statistical 
mechanics theorems and procedures, such as the uses 
of partitions functions, apply equally well to systems 
capable of negative temperatures. 

Consider a thermodynamic system of N elements 
such that the Hamiltonian § of the system can be 
expressed as 


D _ Hot Dint, 
where 


4 N 
Do=L Du 


k=1 


and ox is the portion of the Hamiltonian that depends 
only on the kth element of the system while Hint is the 
portion of the Hamiltonian that cannot be separated 
into terms dependent upon only one element. 

The procedures of statistical mechanics and the con- 
cept of temperature are of course equally applicable 
when the average energy associated with Dine is com- 
parable to or larger than that associated with Do as 
when Mint is small. On the other hand, the procedures 
are much more complicated in the former case and 
involve the complications of cooperative phenomena. 


8D. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, New York, 1954) and the other standard texts referred 
to by ter Haar. 
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Fic. 1. The entropy is plotted as a function of the internal 
energy for a system of which each element has four equally spaced 
energy levels. 


For this reason, the present discussion will be limited 
to cases where the average energy associated with Do 
is very large compared to that associated with QDint. 
It should be emphasized, however, that this assumption 
is only for the purpose of simplifying the discussion 
and does not imply that the concept of negative tem- 
peratures is limited by this condition or the other 
simplifying restrictions of the specific statistical me- 
chanical model assumed below. Density-matrix pro- 
cedures are useful in discussions of more complicated 
models. 

It will now be assumed for simplicity that the eigen- 
states of Hou consist of n different levels of energy W » 
spaced the same distance W from each other and with 
the zero of energy being selected midway between; 
therefore, W,,=mW where m is an integer between 
—(n—1)/2 and +(n—1)/2. It will further be assumed 
that all V of the elements are identifiable and have the 
same energy level separations and that Oint induces 
transitions in which one element has an upward transi- 
tion while the other has a downward transition. The 
reason for assuming equal spacing of the levels is that 
the simplifying assumption of the preceding paragraph 
makes it unlikely, for energetic reasons with small n, 
that one element should make a downward transition 
which is energetically much different from the associ- 
ated upward transition of the other element. It will 
also be assumed in the discussion immediately following 
that W,, is the spectroscopic’: energy of an element 
of the thermodynamic system, i.e., the energy which 
governs the frequency of the emitted radiation from 
Bohr’s frequency relation. The effects of departures 
from this last assumption will be discussed in the next 
section. It will also be assumed that the number of 
elements V is Avogadro’s number. 

With the foregoing assumptions, with 6=1/kT, and 
with the normal procedure for summing a geometric 
series, the partition function Z, and the Helmholtz 


*L. J. F. Broer, Physica 12, 49 (1946). 
0 C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Amsterdam, 1947). 
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function A=F become 


+(n—1)/2 


Z,=exp(—AB/N)= > 


m=—(n—1)/2 


exp(— mW 8) 


exp(nW8/2)—exp(—nWB/2)  sinh(nW8/2) 
~ exp(WB/2)—exp(—W2/2) _ sinh(W8/2) _ 


From this, the internal energy U (taken as the sum 
of W,,) the entropy S, and the specific heat Cx may 
readily be calculated with the result that 


a[34] NW We WB 
Ua ( ) = -——|" coth coth—| 
ap /x 2 2 


OA nWB WB"! 
s=1s'(—) =R nf (sin ) (sian ) 
0B / x 2 2 


RWs nWB WB 
~ —|" coth——-— coth-—= 
y) y) 2 


- 


a°[BA] WB\? 
ce) 
op? x 2 


Wp nWB 
x{ ese ——n? csch? | (7) 





“~ 


~ 


Numerical values for these expressions have been 
evaluated in the case of »=4 and the results are plotted 
in Figs. 1 and 2. Figure 1 shows the entropy as a func- 
tion of the internal energy. As discussed qualitatively 
in Sec. II, this form of curve is intuitively reasonable 
since the highest and lowest possible energies of the 
thermodynamic system correspond to the ordered array 
of all the elements of the system being in the same 
state. From Eq. (1), the region of negative slope for 
this curve corresponds to negative temperature. 
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Fic. 2. The internal energy, the entropy and the specific heat 
are plotted as a function of —1/T measured in units of k/W for 
the same system as Fig. 1. As discussed in Sec. II this choice of 
abscissa corresponds to the colder points being to the left of the 
hotter ones. The dashed curve ( ) is for the internal energy U, 
the full curve ( ) is for the entropy S, and the dotted curve 

) is for the specific heat Cx. 
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In Fig. 2 the internal energy, the entropy and the 
specific heat are plotted as functions of —1/T. As dis- 
cussed in Sec. II, this choice of scale makes the colder 
temperatures always appear to the left of the hotter 
ones. The internal energy can rise above zero, the 
average energy of the levels, because the Boltzmann 
factor exp(—W,,/kT) increases with increasing W,, at 
negative temperatures. The physical reason that the 
specific heat drops to zero at both +0°K and —0°K is 
that all elements of the system finally get into their 
lowest or highest energy state and no more heat can be 
removed or absorbed, respectively; on the other hand 
the specific heat at °K drops to zero for a different 
reason: the temperature changes greatly in the vicinity 
of °K for only a small change in configuration and 
internal energy. 

It should be noted that +0°K and —0°K correspond 
to completely different physical states. For the former, 
the system is in its lowest possible energy state and for 
the latter it is in its highest. The system cannot become 
colder than +0°K since it can give up no more of its 
energy. It cannot become hotter than —0°K because 
it can absorb no more energy. 


IV. NUCLEAR SPIN SYSTEMS 


It has been recognized for some time that spin systems 
often form thermodynamic systems which can appropri- 
ately be described by a temperature.'°-'* However, 
almost all the doubts® that have been expressed as to 
the validity of negative temperature resolve into doubts 
as to the validity of any spin temperature. For this 
reason a few of the arguments in favor of the concept 
of temperature for a spin system will be briefly sum- 
marized here, though the reader should refer to the 
published literature'’-" for more extensive discussions. 

Although spin temperatures have been used and 
justified by a number of authors,'*~™ the most extensive 
justification of nuclear spin temperatures in a single 
article has been given by Bloembergen." In order that 
the nuclear spin system can adequately be considered 
as a thermodynamic system describable by a tempera- 
ture, it must satisfy the first condition of Sec. III, i.e., 
the various nuclear spins must interact among them- 
selves in such a way that thermodynamic equilibrium 
is achieved. This occurs by virtue of the nuclear spin- 
spin magnetic interaction. As a result of this interaction 
nuclei can precess about each other’s mutual magnetic 
field and undergo a transition whereby one nucleus has 
its magnetic quantum number relative to an external 
field increased while the other’s is decreased the same 
amount. Since the energy absorbed by one nucleus is 
exactly equal to that released by the other, no additional 
energy need be added, as is also the case of collisions 


1H. B. G. Casimir and F. K. Du Pre, Physica 5, 507 (1938). 

21, J. F. Broer, Physica 10, 801 (1943). 

13 N. F. Ramsey, Nuclear Moments (John Wiley and Sons, Inc., 
New York, 1953). 

14 N. Bloembergen, Physica 15, 386 (1949). 
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between molecules in a gas. This spin-spin process is 
the one often characterized by the relaxation time 
designated"* 72, which is approximately the period of 
the Larmor precession of one nucleus in the field of its 
neighbor. T2 is of the order of 10-5 second. It is this 
process which brings the spin system into thermo- 
dynamic equilibrium with itself in a similar way to 
that in which molecular collisions bring about the 
thermodynamic equilibrium of a gas. Even if the initial 
distribution among the different spin orientation states 
were completely different from the Boltzmann distribu- 
tion, the mutual spin reorientations from the spin-spin 
magnetic interaction would bring about a Boltzmann 
distribution. This process is quite distinct from the 
process characterized by the relaxation time’! 7). The 
latter depends upon the interaction between the spin 
system and the crystal lattice and is ordinarily de- 
pendent on the lattice vibrations, etc., whereas the 
spin-spin interaction is essentially independent. In the 
thermodynamics of spin systems the lattice interaction 
with relaxation time 7; corresponds to leakage through 
the thermos bottle walls in ordinary heat experiments. 

Bloembergen :.as theoretically calculated the thermal 
conductivity for such a spin system and has shown that 
many thousands of nuclear spins are brought into 
thermal equilibrium with each other in less than a 
tenth of a second. Consequently, it is legitimate to 
speak of a spin system as a thermodynamic system in 
essential equilibrium with itself, provided the relaxation 
time to the lattice is large compared with the aforemen- 
tioned equilibrium time. This condition is ordinarily 
achieved and 7; is often many minutes, which is very 
much greater than 7.—>10-* second and is even much 
greater than the above 10~! second in which many 
thousands of nuclear spins are brought into thermody- 
namic equilibrium with each other. 

One restriction on nuclear spin-temperatures should 
be noted. Although the thermal conductivities of nuclear 
spin systems are large on a microscopic scale and inter- 
diffusion among many thousands of nuclear spins occurs 
in a small fraction of a second, the thermal diffusion is 
very small on a macroscopic basis; indeed, 10!* seconds 
would be required" for appreciable amounts of heat to 
diffuse 1 cm in a crystal if the only mechanism for 
thermal diffusion were the nuclear spin system. How- 
ever, this restriction does not invalidate the concept of 
temperature when applied to a nuclear spin system but 
merely indicates that in any experiment one must 
insure that all macroscopically separate parts of the 
sample are subjected to similar treatments so that they 
will be at the same temperature. The need for this 
precaution is the same as the need for a similar pre- 
caution in the discussion of the ordinary temperatures 
of large subterranean rock samples. 

Bloembergen" has produced strong experimental evi- 
dence in support of his spin diffusion calculations and 
of the concept of nuclear spin temperature. He has 
experimentally studied the effect of paramagnetic im- 
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purities in bringing about equilibrium between the 
nuclear spin system and the crystal lattice. He finds 
that the experimental relaxation times 7; to the lattice 
are as much as 10‘ times greater than could be expected 
by direct interaction between the paramagnetic im- 
purity and individual nuclear spins. On the other hand, 
he finds excellent agreement between theory and experi- 
ment if he assumes the impurity ion first brings the 
nuclear spins in its immediate vicinity to the tempera- 
ture of the lattice and that thermal diffusion within 
the nuclear spin system then brings the other nuclear 
spins to that temperature. 

It should of course be noted that when the spin 
system and the lattice in a crystal are essentially iso- 
lated from each other and are of different temperatures 
it is improper to speak of the temperature of the 
substance. However, the spin system itself can be 
described by a temperature while the lattice system 
can also be described by a different temperature. 

In order that condition (3) of Sec. III should be 
satisfied, it is necessary that the nuclear spin system be 
effectively isolated from all other systems which do not. 
satisfy conditions (1) and (2) of that section. The 
above discussion shows that it is possible to obtain 
systems for which the relaxation time to the crystal 
lattice is sufficiently large for the nuclear spin system 
to be essentially isolated from it for macroscopic periods 
of time. However, in principle one should also consider 
the degree of isolation of the nuclear spin system from 
other systems as well. The radiation field corresponding 
to the black body radiation of the surrounding medium 
is one such system. However, the relaxation to this 
system is extremely long, as discussed in greater detail 
by Bloembergen and Pound.'® This is further indicated 
by the fact that the oscillatory magnetic fields required 
to induce nuclear transitions in nuclear resonance 
experiments are far greater than those present at the 
appropriate frequency in black body radiation. For a 
negative-temperature experiment it is of course essential 
that the spin system be effectively isolated from the 
system of black body radiation, since such a system 
violates condition (2) of the preceding paragraph and 
is consequently incapable of being at a negative tem- 
perature. In this connection it should be noted that 
the nuclear spin-spin magnetic interaction which brings 
about the thermodynamic equilibrium of the spin 
system depends on the static magnetic field of the 
nuclei and not upon the radiation field. Another system 
from which the nuclear spin system is and must be 
decoupled is the system of internal motions of the 
nuclei; nuclei would disintegrate at temperatures far 
below those often achieved for nuclear spin systems. 

Since a nuclear spin J can possess only 2/+-1 different 
orientation states, it is apparent from the foregoing dis- 
cussion that some nuclear spin systems can satisfy all 
the requirements of Sec. III for the possible existence 


16 N, Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954). 
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of a negative temperature. Of course, it should be 
emphasized that most nuclear spin systems don’t 
satisfy these requirements. For example, in a molecular 
beam experiment, the molecules may be selected so 
that most of the nuclei are in the higher energy orienta- 
tion states. Nevertheless, the nuclear spins in such a 
case cannot be described as at negative temperature 
since there is no internal thermodynamic equilibrium. 

Since a nuclear spin system is an almost perfect para- 
magnetic substance, the various thermodynamic func- 
tions for the system in a magnetic field may readily be 
calculated at both positive and negative temperatures. 
Unfortunately, any discussion of the thermodynamics 
and statistical mechanics of magnetism is necessarily 
confused by the disagreement®::'*'§ that exists as to 
the definition of the internal energy of the system. In 
the two most fréquently used procedures the roles of 
internal energy and of enthalpy are reversed. The 
disagreements are of course purely in matters of defini- 
tions and either procedure leads to the same physical 
results provided it is applied consistently. In particular, 
the temperature of a system is the same regardless of 
which procedure is used; the existence of negative 
temperatures is equally consistent with either pro- 
cedure, but the designation of the thermodynamic 
variables in Figs. 1 and 2 are altered. Since this dis- 
agreement on matters of definition has sometimes led 
to a misunderstanding of negative spin temperatures, 
both alternatives are discussed in Appendix A, where 
it is shown that the temperature of a spin system is the 
same with either of the alternative procedures. 

As discussed in Appendix A, if the energy W,, of the 
magnetic moment in the field 3 is taken to be the 
spectroscopic energy’ and if U is taken to be the sum 
of W» over one mole, then 


T dS=dU+M -dx (8) 
and 


T= (0S/0U) 5c“, 


as in Eq. (1). The statistical mechanical results of 
Sec. III and Figs. 1 and 2 all apply to the nuclear spin 
case with the addition that, for nuclei of moment yu 
and spin J, the W of Sec. III becomes W= |y3¢/J|. 

In general, in strong magnetic fields the spins of two 
different kinds of nuclei form two separate spin systems 
that are thermally well isolated from each other since, 
as discussed in Sec. III, a mutual reorientation of spins 
between a pair of the nuclei of different kinds is not 
energetically possible. However, at weaker magnetic 
fields such that the differences in interaction energies 
with the external field are comparable with the mutual 
interaction energies, mutual reorientations become pos- 
sible and the two spin systems come in thermal contact 


16C. G. B. Garrett, Magnetic Cooling (Harvard University 
Press, Cambridge, 1954). 

17 FE, A. Guggenheim, Proc. Roy. Soc. (London) A155, 49 and 70 
(1936). 

18 G. H. Livens, Proc. Cambridge Phil. Soc. 44, 534 (1948), 
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with each other. This means for bringing two systems in 
and out of thermal contact can be used in various 
thermodynamical cyclic processes. 

The nuclear spin systems studied by Pound, Purcell, 
and Ramsey'~ were those in a very pure crystal of LiF. 
In these experiments Pound and Ramsey? studied the 
spin-spin interactions which bring about thermal equi- 
librium of the spin system. They also observed effects 
of the mutual interactions of two different spin systems, 
as discussed in the preceding paragraph. Purcell and 
Pound? studied the means for bringing a nuclear spin 
system to a negative temperature and observed the 
cooling curve as a negative temperature spin system 
cooled to positive room temperature. All results of 
these experiments are completely consistent with the 
interpretations of the present paper. It was found for 
example that, when a negative temperature spin system 
was subjected to resonance radiation, more radiant 
energy was given off by the spin system than was 


absorbed. 
V. SUMMARY AND CONCLUSIONS 


In any thermodynamic system for which (0S/dU)x 
or (0S/0H)y may be negative, the temperature of the 
system may be negative by Eqs. (1) and (2). The 
preceding discussion shows both that ideal systems can 
be theoretically devised with this property and that 
such ideal systems are closely realized experimentally 
by nuclear spin systems. 

Systems at negative temperatures have various novel 
properties, of which one of the most intriguing is that 
a frequently quoted formulation of the second law of 
thermodynamics is easily violated at negative tem- 
peratures: a heat engine operating in a closed cycle can 
be constructed that will produce no other effect than 
the extraction of heat from a negative-temperature 
reservoir with the performance of the equivalent 
amount of work. On the other hand, it is impossible to 
construct a closed cycle machine on which work can 
be done with no other effect than the rejection of heat 
into a negative-temperature reservoir. This character- 
istic is experimentally observed in nuclear magnetic 
resonance experiments; for these the direction of the 
observed resonance deflection is reversed at negative 
temperature as a result of stimulated emission from the 
negative temperature spin system exceeding absorption. 

The ease with which heat energy can be converted 
to work may provide an important practical application 
for negative-temperature systems. At negative tem- 
peratures most resistances are negative, and negative- 
temperarure systems are intrinsically amplifiers just as 
ordinary resistance networks at positive temperatures 
are attenuators. Townes” has used molecules with 
greater population of high-energy states than low- 
energy ones as the source of energy for a self-maintained 
oscillator. However, it should be noted, as in Sec. IV, 


- Gordon, Geiger, and Townes, Phys. Rev. 95, 282 (1954); 99, 
1264 (1955). 


that in such a molecular beam experiment there is no 
internal thermodynamic equilibrium within the spin 
system; consequently such a system cannot be de- 
scribed as being at negative temperature. 

Nuclear spin systems at negative temperatures have 
several properties that are the reverse of those at 
positive temperatures. Adiabatic demagnetization heats 
the spin system instead of cooling it as at positive tem- 
peratures. Likewise for nuclear polarization experiments 
the nuclear spin system should be heated to the hottest 
possible negative temperature, whereas at positive tem- 
peratures the spin system should be cooled to the lowest 
possible temperature. The negative Curie temperature 
is such that for all hotter temperatures the system will 
be ferromagnetic (or antiferromagnetic). In addition, 
if the spin system is such that it is ferromagnetic when 
colder than the positive Curie temperature, it will be 
antiferromagnetic when hotter than the positive Curie 
temperature. 

The need for modifying various standard statements 
of thermodynamics and statistical mechanics when the 
possibility of negative temperatures is recognized shows 
clearly how it is ordinarily implicitly assumed in the sub- 
ject of thermodynamics that (0S/0U)x and (0S/0H); 
are positive even though neither of these is ordinarily 
introduced as an explicit assumption. If the minor 
complications of negative temperatures are to be validly 
avoided in discussions of thermodynamics, the assump- 
tion that (6S/0U)x and (0S/dH)y are only positive 
should be explicitly introduced with the warning that 
this restrictive assumption is for simplification only 
and that it excludes a few valid, but rarely occurring 
thermodynamic systems. 

In conclusion, it should be emphasized that although 
the phenomena of negative temperatures form fully 
valid portions of thermodynamics and statistical me- 
chanics they are necessarily of much less practical 
importance than phenomena of positive temperatures. 
The occurrence of systems at negative temperatures 
will necessarily be relatively infrequent since a very 
special combination of rarely met requirements must 
be satisfied before negative temperatures are even a 
possibility for the system. 
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APPENDIX A. 


Unfortunately there has not been agreement in the 
definitions®:"°.!*-'8 of the thermodynamic functions of 
paramagnetic systems. In the two most frequently 
used procedures the roles of internal energy and 
enthalpy are reversed. In the present appendix it will 
be shown that the disagreements are purely in matters 
of definitions and that either procedure leads to the 
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same temperature for the same physical system; the 
existence of negative temperature is equally consistent 
with either procedure. 

As discussed by Broer* and others," from the point 
of view of statistical mechanics it is most convenient 
to take the energy W,, of the magnetic moment in the 
field to be the spectroscopic energy.’ This differs from 
the total energy W,,’ by 


Wn=Wp'—K-Um; (9) 


since the work 3¢-dM done by the batteries when the 
magnetization is increased by dM is not available for 
radiation as it must be returned to the batteries again 
when the magnetization is reduced again by dM. If the 
internal energy is taken to be U, the sum of W,, over 
one mole, in contrast to U’, which is the sum of W,,’, 
the average of Eq. (9) shows U and U’ are related by 


U=U'-K-M. (10) 


Since the heat TdS that must be supplied in a reversible 
process is equal to the change in total internal energy 
dU’ minus the work done by the batteries, 


TdS=dU'—x-dM. (11) 


From Eg. (10), the fundamental thermodynamic rela- 
tion for U is then 


TdS=dU+M -dx. 


From Eq. (10) it is apparent that if U is taken as the 
internal energy, the quantity U’ is just the enthalpy 
H=U+.-M. With this choice of U, the usual relations 
to the Helmholtz function A, the Gibbs function G, etc. 
apply. From Eg. (12) it is apparent that the tempera- 
ture is given by Eq. (1). 

The advantage of the above selection of W,, as the 
spectroscopic energy is that a system of interacting 
nuclear moments which is isolated except for a fixed 
external field will have all possible states of the micro- 
canonical ensemble limited by 


> W »dnm=0, (13) 


where ,, indicates the number of nuclei in orientation 
state m. Since Eq. (13) is one of the equations used in 
the normal development of the Boltzmann factor in 


(12) 
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statistical mechanics and since the other relations are 
also unaltered, the normal results apply and the Boltz- 
mann factor is exp(—W,,8). Likewise the partition 
function and its relation to F, U, S, and Cy is un- 
altered. The statistical-mechanical results of Sec. III 
and Figs. 1 and 2 then all apply, with the addition 
that the W of that section for nuclei of moment yu 
and spin J becomes W=|uH/J|. Since in this case 
U=—M.-&, the enthalpy H=U’ vanishes identically 
and is represented by the horizontal axis of Fig. 2. 

If, on the other hand, U’ is taken as the internal 
energy, the fundamental thermodynamic relation is 
given by Eq. (11) instead of Eq. (12) and from Eq. (10) 
the previous quantity U becomes the enthalpy H’. 
Other thermodynamic relations and definitions follow 
in the usual way. However, from a statistical mechanics 
point of view the situation is more complicated. No 
longer does Eq. (13) hold, so the usual derivation of the 
Boltzmann factor in statistical mechanics no longer 
applies. If the derivation is suitably modified, the result 
is that the Boltzmann factor is exp — (W m’— um -3)8 ], 
as of course it should be from the simpler approach of 
the preceding paragraph. If the sum of the Boltzmann 
factors is taken as the partition function Z,’, it is 
immediately apparent by carrying out the differentia- 
tion that —N(0/08)(InZ’) gives H’ or U, and not U’. 
Likewise G’ and not A’ equals —(N/8) InZ’. From 
these, the other thermodynamic relations may be found. 
If U’, H’, S, and Cy are plotted as functions of the 
pressure, the results are exactly the same as Figs. 1 
and 2 except that U is replaced by H’ and H by U’. 
The latter step shows that U’ vanishes, as is indeed 
reasonable since W,, also vanishes for a perfect para- 
magnetic nucleus in a magnetic field, since the mechani- 
cal work required to reorient a permanent magnet in a 
field is just exactly equal to the work that is done on 
the battery that maintains the current for the field. 
With these curves for the thermodynamical functions, 
(0S/0U") 4 is indeterminate ; however, the temperature 
may be determined thermodynamically from Eq. (2). 
For a given physical system, the temperature deter- 
mined in this way from Eq. (2) is clearly the same as 
from Eq. (1) with the definition of U used in the first 
part of this appendix. 
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The cross section o(£,a) for an electron of incident energy Zo to radiate in the presence of a nucleus with 
atomic number Z and to come out with energy £, at the angle a has been recalculated, checking the result 
of Racah. o(£,a) has been tabulated for various outgoing energies and angles of the electron corresponding 
to incident momenta of 2mc, 4mc, 6mc, 10mc and 20mce. For the case of large a, and large incident and final 
energies, ¢(E,a) may be represented by a simple expression and the coefficients in this expression have been 
tabulated. This paper also collects the various formulas which are involved in this particular aspect of 
bremsstrahlung and which do not seem to be conveniently available in the literature. 





I. INTRODUCTION 


HE cross section for an electron of energy Eo to 
radiate in the presence of a nucleus of atomic 
number Z and to come out with energy £ at the angle a 
has been calculated by Racah,! who integrated the 
Bethe-Heitler®? formula over the directions of the radi- 
ated photon. We have repeated the calculations of 
Racah and have checked his result. We have tabulated 
this cross section for various outgoing energies and 
angles of the electron corresponding to incident mo- 
menta of 2mc, 4mc, 6mc, 10mc, and 20mc. In the case of 
very large incident energies (Ho>>mc’), there exist 
simpler expressions for large a and for small a. For 
the case of large a (a>>mc’/E for an unscreened nucleus) 
and for large incident energies, we have tabulated the 
coefficients in the expression for the cross section. As 
we have not included the effect of screening, the results 
have not been computed for the very small angles and 
the formulas given are not applicable at the small 
angles. 
The results for this particular aspect of bremsstrah- 
lung, the distribution in energy and angle of the elec- 
tron, do not seem to be conveniently available in the 


TABLE I. Values of R for electrons of incident energy corre- 
sponding to momentum 2mc and for various scattering angles 
and energies of the electron. R is defined in Eq. (2). a gives the 
direction of the scattered electron. y=p/po, where p is the out- 
going momentum and fp is the incident momentum. 
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literature and we hope that this paper will collect them 
and present them in a usable form. 


II. RESULTS FOR INTERMEDIATE ENERGIES 


Let o(£,a)dEdQ be the cross section for the electron 
with incident energy Eo to undergo bremsstrahlung 
and to come out with energy £, at the angle a with the 
incident direction and in the solid angle d2. The expres- 
sion for o(£,a) was obtained by Racah by integrating 
the Bethe-Heitler formula over the directions of the 
radiated photon. We repeated his calculations and 

TABLE II. Values of R for electrons of incident energy corre- 


sponding to momentum 4mc and for various scattering angles 
and energies of the electrons. 


\a 

oN 30 
0.0 4.634 
0.2 16.75 
0.4 21.09 
0.6 17.21 
0.8 14.18 
1.0 12.64 


60° 


4.634 
6.216 
3.780 
2.432 
1.831 
1.548 


90 


4.634 
2.507 
1.072 
0.6103 
0.4346 
0.3560 


120 


4.634 
1.227 
0.3961 
0.1953 
0.1285 
0.1012 


150° 


4.634 
0.7621 
0.1874 
0.07334 
0.04063 
0.02905 


TABLE III. Values of R for electrons of incident energy corre- 
sponding to momentum 6mc and for various scattering angles 


and energies of the electron. 
- 30° 60 
6.410 6.410 
27.11 6.569 
21.10 2.742 
13.62 1.541 


0.0 
0.2 
0.4 
0.6 


90 


6.410 
2.090 
0.6653 
0.3456 


120 


6.410 
0.8749 
0.2160 
0.09902 


150 


6.410 
0.4859 
0.08740 
0.03045 


30° 
3.780 
8.835 
16.26 
21.10 
21.61 


60° 


3.780 
5.410 
5.490 
4.708 
3.979 


90° 


3.780 
3.190 
2.230 
1.581 
1.213 


120 


3.780 
2.052 
1.108 
0.6764 
0.4726 


150° 


1.532 

0.6912 
0.3694 
0.2325 


0.01634 
0.01184 


10.26 1.102 
0.9133 


0.2386 
0.1938 


0.06422 
0.05077 


0.8 
1.0 8.829 


TABLE IV. Values of R for electrons of incident energy corre 
sponding to momentum 10mc and for various scattering angles 


mSOSSSSO|2/f 
SHALNS! / 


20.39 3.479 1.005 


0.3692 0.1680 


* Part of a thesis submitted (by P. T. McCormick) in partial 
fulfillment of the requirements for the Ph.D. degree. This work 
was supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

t+ Now at the Naval Ordnance Test Station, China Lake, 
California. 

1G. Racah, Nuovo cimento I1, 476 (1934). 

2W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, Oxford, 1944), second edition. 


and energies of the electron. 


30° 


10.30 

38.47 

16.15 
8.577 
5.988 
4.974 


60° 


10.30 
5.448 
1.569 
0.7915 
0.5424 
0.4409 


10.30 





90 120° 


10.30 
0.4884 
0.09761 
0.04284 
0.02754 
0.02177 


1.368 
0.3357 
0.1624 
0.1093 
0.08789 


150° 


10.30 
0.2371 
0.03348 
0.01100 
0.005895 
0.004358 
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checked his results. As there were several misprints in Racah’s result and for the sake of completeness, we 
shall give the result here. o(Z,a) is given by (4=c=1 throughout) 
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A= ExnE— pop cosa—m*, po and p are the incident and 
outgoing momenta of the electron, and & is the energy 
of the photon emitted. 

For intermediate incident energies Ey>~mc’, there are 
no approximate results available and the general result, 
Eqs. (1) and (2), must be used. We have tabulated the 
dimensionless quantity R for various outgoing energies 
and angles of the electron corresponding to incident 
momenta po=2mc, 4mc, 6mc, 10mc, and 20mc. Screen- 
ing is not included in Eqs. (1) and (2) and they are 
therefore not valid at small angles. However, for the 
energies and angles we have tabulated, we expect 
screening to introduce little error. The results are given 
in Tables I-V. 

To illustrate the dependence of o(£,a) on E and a, 
we have plotted in Fig. 1 o(E,a) against E, holding a 
fixed, corresponding to an incident energy of 4¢nc*. 
The peak which appears has been discussed in another 


paper.® 
Ill. HIGH-ENERGY LARGE-ANGLE RESULTS 


For the case of large angles (a>>mc*/E» for an un- 
screened nucleus), and for large incident and final 


TABLE V. Values of R for electrons of incident energy corre- 
sponding to momentum 20mc and for various scattering angles 
and energies of the electron. 





150° 


20.27 
0.07392 
0.009299 
0.003062 
0.001677 
0.001259 


30° 60° 


20.27 20.27 

31.53 2.764 
7.751 0.6066 
3.606 0.2836 
2.386 0.1881 
1.925 0.1504 








20.27 
0.5790 
0.1187 
0.05460 
0.03594 
0.02858 


*D. G. Keiffer and G. Parzen, Phys. Rev. 101, 1244 (1956). 
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energies (Eo, E>>mc*', the general result of Eqs. (1) 
and (2) can be considerably simplified.‘ In this limit, 
o(E£,a) is given by 
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where y=p/po. The functions A(y,a) and B(v7,a) 








Fic. 1. o(E,a)/Z* as 
a function of y=p/po, 
a being held fixed at 
various values. p and 





microborns / mev 


po are the outgoing and 
| incident moment of the 
electron. po=4 mc and 





o(€,a)/2" 








‘This result was obtained by H. Brysk [National Bureau of 
Standards Report 2277 (unpublished) using Racah’s general 
result. This report also contains the other formulas in this paper. 
However, the general result contains the misprints in Racah’s 
paper. His high-energy results were not affected by this. 
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depend on the energy Eo only through y= p/ po, so that 
they can be easily tabulated for all Hy) and E. A and B 


are given by, 
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In Eqs. (3) to (6), it has been assumed that both Fo 
and £ are large compared to mc’. ; 
In Tables VI and VII we have tabulated A (y,a) and 


TABLE VI. Values of A (y,a) defined in Eq. (5). 


a 
ch 30 


0.2 14056 811.2 
0.4 2186 126.2 
0.6 890.2 51.38 
0.8 546.1 31.52 
1.0 415.8 24.00 


0.1539 


TABLE VII. Values of B(y,a) defined in Eq. (6). 


60 90° 120 150° 


_ 1838 — 264.3 —38.51_ 
—222.7 — 30.44 —4.747 
— 76.64 —9.921 —1.657 
—41.41 —5.097 —0.8756 
— 28.64 —3.386  —0.5723 


~ 10. 98 

0.6020 
—0.0452 
—0.1034 
—0.0823 


— 36098 
— 4878 
— 1846 
— 1068 
—770.0 


. In order to get some idea of how the exact 
result, Eqs. (1) and (2), and the approximate result, 
Eqs. (3) and (4) compare, we have plotted (po/m)?R 
and (po/m)?R’ in Fig. 2. If we plot (po/m)?R’ against 
log(po/m) for a fixed a and a fixed y= p/po, we should 
get a straight line. In Fig. 2 the straight lines repre- 
senting (po/m)?R’ are dotted; the solid lines are the 
exact R calculated from Eqs. (1) and (2). a@ was fixed 
at 90° and we have drawn curves for various y= p/ po. 


IV. HIGH-ENERGY SMALL-ANGLE RESULT 


Eo) and for large 
the general 
The 


For the case of small angles (a<mc? 
incident and final energies (Ho, E>>mc’), 
result Eqs. (1) and (2) can again be simplified. 


STRIBU 
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Fic. 2. (po/m)?R and (po/m)*R’ plotted against logpo, y and a 
being held fixed at various values. The dotted straight lines corre- 
spond to R’, the approximate high-energy large-angle result. a is 
90° for each curve. y= p/fo, where p and fo are the outgoing and 
incident momenta of the electron. 


result so obtained‘ does not seem to have any region of 
application as screening has not been included. For this 
reason no numerical results were computed. We would 
nevertheless like to give this result for the sake of com- 
pleteness. In this limit, ¢(#,a) is given by 
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Stopping Cross Section of Solids for Protons, 50-600 kev* 
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The stopping cross sections of Li, Cu, LiF, CaF2, Pb, and Au for protons have been measured over the 
energy range E,=50—600 kev; the stopping cross section of Be for protons has been measured for Ep,=50 
—2600 kev. An electrostatic analyzer and magnetic spectrometer were used to measure the energy loss of 
protons in a thin film of the stopping material. The density of the stopping film was determined by weighing, 
or by quantitative chemical analysis of, a known area. The ratio of the stopping cross section of Al, Cu, Mn, 
Ta, and Pb to that of Au was measured by observing the yield of elastically scattered protons from these 
targets for Ep = 200—600 kev. The ratio of stopping cross section of Ca, V, Cr, Mn, Fe, Co, Ni, Cu, and Zn, to 
that of Mn was measured for Ep =200—600 kev by the same method. In the region Z=23—29, the stopping 
cross section decreases as the atomic number of the stopping material increases. The probable error of 
absolute stopping cross section measurements in this experiment is 3%. 





I. INTRODUCTION 


HE precision with which nuclear reaction cross 
sections can be determined is often limited by the 
poor accuracy of the available values of the stopping 
cross section of the target material. The experiment 
described in this paper was undertaken to supply reli- 
able values of the stopping cross section of Li, Be, LiF, 
and CaF», frequently used target materials. As a test of 
our experimental method, the measurements were ex- 
tended to include Cu, Au, and Pb, materials whose 
stopping properties have been extensively studied. The 
wide discrepancy between our results and other recent 
measurements of these materials, especially gold, led us 
to test the internal consistency of our results by an 
independent method: measuring the ratio of the 
stopping cross section of two different materials by 
comparing the yield of protons elastically scattered from 
targets of the two materials. This is a simplification of a 
method used earlier to determine the absolute stopping 
cross section of ice.'! By this same scattering method, 
ratios of stopping cross sections of materials of different 
Z were measured in the region 23<Z<30 to confirm a 
report by Cooper® of anomalous Z dependence of the 
stopping cross section in this neighborhood. 


II. METHOD 


Monoenergetic protons were obtained from the 600- 
kev Van de Graaff generator with electrostatic beam 
energy analyzer. Since the direct proton beam may 
break the delicate foils used in the energy loss measure- 
ment, the analyzed proton beam was scattered from a 
thick gold target to reduce the intensity of the beam 
passing through the foils. A double-focusing charged- 
particle spectrometer accepted protons scattered at 90° 
by the gold target and measured their energy. With the 
spectrometer set to detect particles of a given energy, 

* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. _ 

+ Now at Ames Aeronautical Laboratory, Moffett 
California. 

1W. A. Wenzel and W. Whaling, Phys. Rev. 87, 499 (1952). 

2 Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 
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for example 277 kev in the illustration in Fig. 1, the 
counting rate of the spectrometer was measured as a 
function of beam energy incident on the gold target: 
(1) with the scattered beam entering the spectrometer 
directly ; (2) with a thin aluminum foil interposed in the 
scattered beam; and (3) after a layer of the stopping 
material had been deposited on the aluminum foil by 
vacuum evaporation. The energy loss in the condensed 
layer of stopping material is simply the difference in the 
energy of the steps (2) and (3), with a 1% correction to 
allow for the energy imparted to the recoil gold nucleus. 
The proton energy at the step is taken to be that energy 
at which the counting rate is one-half the counting rate 
at the top of the step. 

To determine the atomic stopping cross section, 
e= — (1/N)dE/dX, where N is the number of atoms per 
unit volume of the stopping material and dE is the 
energy lost by the protons in traversing a distance dX 
through the stopping material, it is necessary to measure 
NdX, the number of stopping atoms per unit area, or 
the areal density of the stopping layer. This latter 
quantity was measured in two different ways. The thin 
aluminum foils were supported in the scattered proton 
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Fic. 1. Counting rate in the magnetic spectrometer as a function 
of energy of protons incident on the gold target. In curve 1, the 
scattered protons enter the spectrometer directly. In curve 2, a 
thin Al foil has been placed between the target and the spectrome- 
ter. In curve 3, a layer of Cu has been deposited on the Al foil. 
Spectrometer is set to detect protons of 277 kev. 





STOPPING CROSS: SECTION 
beam by means of a quartz fiber cantilever balance, 
with which the weight of the clean aluminum foil could 
be determined. After the energy loss in the foil was 
measured, a shield with a circular opening of 0.4375-in. 
diameter was placed directly in front of the foil, between 
the foil and the furnace from which the stopping ma- 
terial was evaporated. Evaporated material passing 
through the opening in the shield condensed on the 
aluminum foil, covering an area given by the area of the 
opening in the shield. The weight of the deposited layer 
was then measured with the cantilever balance to 
determine the mass per unit area of the deposited layer. 
The complete operation of evaporation, weighing, and 
energy loss measurement could thus be performed in the 
vacuum ; this is essential in handling a chemically active 
material such as lithium. Because of the relatively high 
vapor pressure of lead at room temperatures and the 
consequent difficulty of carrying out a clean, line-of- 
sight evaporation of this material, the lead evaporation 
was made in a separate vacuum system with more 
elaborate shielding and trapping. 

The beryllium foils used in the energy loss measure- 
ments were self-supporting and could be treated in a 
more direct manner.* As in the procedure described for 
the aluminum foils above, the energy lost by protons in 
the beryllium foil was determined at several positions 
over the area of the foil to make sure that the thickness 
was uniform. The foil was removed from the vacuum 
chamber and a circular area of 0.704+0.001-inch diame- 
ter was punched out of the center of the foil and 
weighed with the quartz balance. 

The density of the lithium deposit was also measured 
by an independent method. A thin Al foil was placed 
over a hole in a tantalum plate in such a position that 
the scattered protons passed through the Al foil before 
entering the magnetic spectrometer. As the lithium from 
the evaporation furnace was deposited on the Al foil, it 
was also collected on the much larger area, eight square 
inches, of the tantalum plate. After the energy loss in 
the lithium deposit had been measured as before, the 
total amount of lithium on the tantalum plate was 
measured by a quantitative acid-base titration and the 
density of lithium over the hole in the center of the plate 
was calculated. Since the exit aperture of the furnace 
was located only five inches in front of the plate, there 
was a variation in the density of the deposit over the 
area of the plate. The variation calculated from the 
geometry was confirmed experimentally by measuring, 
again by quantitative analysis, the amount of lithium 
deposited on smaller areas of the plate away from 
evaporation axis. Since the lithium metal readily com- 
bines with residual oxygen or water vapor in the 
vacuum system, it is desirable to know the composition 
of the deposited layer.’ This was determined by col- 
lecting on the back of the gold target some of the 
lithium evaporated from the furnace and analyzing the 


3 We are indebted to Professor Hugh Bradner of the University 
of California who supplied the Be foils used in this experiment. 
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composition of this lithium deposit by elastic scattering 
of protons. Only negligible surface layers of oxygen and 
carbon, and a trace of sodium, were present; since the 
carbon layer increased during the analysis, it seems 
likely that most of the carbon was deposited by the 
proton beam during the course of the analysis and hence 
would not be present on the Li layer used in the energy 
loss measurement. 

Since the stopping cross section ¢ is a function of 
proton energy, the AF determined in this experiment 
actually determines only an average value of ¢ over this 
energy interval. However, this average value is equal to 
the value of ¢« at a particular energy /, within the inter- 
val which can be calculated if the energy dependence of 
e is known.‘ If the energy dependence of e() is given by 
e(E)=KE-’, where K and y are constants, then 
E,’= (Ei — Ey) (y+1)(E:—E;) }", where E; is 
the energy of the protons entering the stopping layer 
and ; is the energy of the protons emerging from the 
layer. The value y=} was assumed in evaluating E>. 
The stopping material was placed on that side of the 
aluminum foil nearer the target; consequently the 
energy of the protons passing through the aluminum 
was the same for steps (2) and (3) in our procedure 
above, and a knowledge of the variations in thickness of 
the aluminum foil with proton energy was not necessary. 

With thick stopping layers, the steps are broadened 
by straggling and a precise location of the midpoint 
energy becomes difficult. Very thin stopping layers 
introduce uncertainty in the measurement of the density 
of the layer, so that some compromise is necessary. The 
absolute measurements of stopping cross section de- 
scribed above were made with layers of such thickness 
that protons of mean energy near 400 kev would lose 
100-250 kev. To extend the measurements to other 
proton energies, it is sufficient to determine only the 
variation of e with proton energy, a measurement which 
can be made with much thinner layers since the density 
of the layer need not be determined. If a thin layer of 
stopping material is evaporated on the gold target, the 
gold step (1) in Fig. 1 will be displaced to higher energy, 
since more energy must be supplied to the incident 
proton to make up for the energy loss in penetrating the 
layer of stopping material. The relative measurement of 
e then consists of measuring the variation of the step 
displacement with incident proton energy, always using 
the same stopping layer. The energy dependence of the 
stopping cross section of Li, Be, LiF, CaF2, and Cu were 
determined in this way with layers as thin as 10 kev for 
100 kev protons. The energy dependence of «(Pb) was 
measured by observing the three steps of Fig. 1 at 
different settings of the magnetic spectrometer but with 
the same foil and stopping layer of Pb, thus determining 
the thickness of a given layer as a function of proton 
energy. For Au, the energy dependence was determined 
from the variation with EZ, of the width of the step 


* Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1954). 
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Fic. 2. Experimental values of the stopping cross section as a 
function of proton energy. The points plotted as crosses are from 
measurements of the ratio of the stopping cross section relative to 
gold. 


spectrum observed when protons are scattered elas- 
tically from a thin layer of Au deposited on an Al 
backing. The gold measurements were also checked by 
placing a commercial gold leaf foil in the scattered beam 
and measuring the energy lost by the transmitted 
protons as a function of proton energy; measurements 
of the gold foil and of the evaporated layer agree well. 
The energy dependence of e(Be) was also measured in 
the range E,=200—600 kev with an unsupported Be 
foil in the scattered beam. 

Ratios of stopping cross sections of different materials 
have been measured by means of the relation between 
€ert, the effective stopping cross section,® and the 
counting rate V/Q at the top of step (1) in Fig. 1: 


E cos, 
€or = €(E,)—+€(E2)— 
Ey cos6» 


do\ 2E02 
dQ 6 RN 


where (da/dQ))¢ is the differential scattering cross section 
at an angle 6 in the center-of-mass system, © is the solid 
angle subtended by the aperture of the spectrometer at 
the target (c.m. system) ; R is the momentum resolution, 
P/AP, of the spectrometer; V/Q is the number of 
scattered particles of energy FE, counted in the spec- 
trometer per ( protons incident on the target, and N is 
to be evaluated for particles scattered from the surface 
of the target; 6, and 62 are the angles between the 
normal to the target and the direction of the incident 
and scattered beams, and the subscripts 1 and 2 refer to 
incident and scattered particles, respectively. The use of 


§ Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 852 
(1950). 
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Eq. (1) to determine ¢€-;, experimentally is subject to 
uncertainties in the measurement of R, Q, Qi», and the 
counting efficiency. In a measurement of the ratio of the 
stopping cross sections of two different materials, these 
instrumental parameters cancel out and one has simply 


€ett/€ett = (da dQ) ,E.N’Q /(do dQ) 9’ E.’NQ, (2) 


where (Q/2’) is a function of the mass of the scattering 
nucleus and the angle of observation but is independent 
of the solid angle of the instrument. For (do/dQ)», we 
have used the Rutherford scattering cross section 
multiplied by a factor (1—34Z7/°E— ev) to allow for the 
electron screening! ; this screening correction amounts to 
6% for 200-kev protons scattered from gold, the lowest 
energy at which this method can be employed with 
confidence because of the increasing and uncertain 
neutral component of the scattered beam at low energies. 
Large deviations from the Rutherford scattering cross 
section may be expected for low-Z nuclei so that this 
method has not been used for materials lighter than 
aluminum. 

The experimental procedure involves only the ob- 
servation of the counting rate at the top of the step for 
protons scattered from one material, then the target is 
shifted slightly to expose an evaporated layer of a 
second material, and the step height for scattering from 
the second material is measured. The determination of 


€(£)) from €er; follows from 
EF, 4 cos6, 
(0 
E, cos» 


since e(£) varies approximately as E~} in the energy 
range, 200-600 kev, in which this method was employed. 


€erp OF e€(E2) cosé; Ok» 


—,"" + jiancieal = 
€(E) OF, e(F;) cos6s OF, 
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Fic. 3. Experimental] values of the molecular stopping cross section 
as a function of proton energy. 





STOPPING CROSS SECTION 


Since E/E, is very nearly unity for protons scattered 
from heavy elements, this assumed energy variation of 
e(Z) cannot introduce a significant error. To insure very 
smooth scattering surfaces, microscope cover plates 
were used as the backing for the evaporated layers. 
Examination of the spectrum of elastically scattered 
protons revealed no significant impurity in the evapo- 
rated layers. 


III. RESULTS 


The experimental results are plotted in Figs. 2-4. 
Values taken from the smooth curves drawn through the 
experimental points are listed in Tables I and II. 


(a) Lithium 


Absolute measurements of the stopping cross section 
of lithium were made at £,= 382, 430, 441, and 450 kev 
by the quantitative chemical analysis of layer thickness, 
and at 404 and 416 kev by weighing the layers; both 
types of measurement were made with layers in which 
the protons lost approximately 250 kev of energy. The 
energy dependence of ¢«(Li) was determined for proton 
energies between 71 and 596 kev with layers 22 kev 
thick for protons of 100 kev. 

There have been no other direct determinations of the 
stopping cross section of lithium for protons. Haworth 
and King,® and Warters e/ al.’ have measured the rela- 
tive energy dependence of ¢(Li) for protons between 40 
and 1300 kev. Their results are in good agreement with 
the energy dependence found in this experiment.*~' 
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Fic. 4. Experimental values of the atomic stopping cross section 
of Li and Be for protons. The crosses are measurements by 
Warters’ of the energy dependence of ¢(Li) normalized to the 
results of this experiment at 400 kev. The dashed line is computed 
frora the stopping cross section of lithium for alpha particles. 


6 L. J. Haworth and L. P. D. King, Phys. Rev. 54, 48 (1938). 

7 Warters, Fowler, and Lauritsen, Phys. Rev. 91, 917 (1953). 

8 Both Haworth and King and Warters e/ al. normalized their 
relative measurements by calculating the stopping cross section 
with a mean ionization potential for lithium of 32 ev, a value 
derived by Mano’ from Rosenblum’s” alpha-particle measure- 
ments. Mano did not consider the reduced contribution by the 
K-electrons in lithium to the stopping of low-energy ions, and 
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TABLE I. Values of the stopping cross section (in units of 107% 


ev cm’), taken from the smooth curves through the experimental 
points. 


Proton 
energy 
(kev) i Cu Au 


2 ae 
23.0 31.7 
24.0 34.5 
24.3 36.6 
24.0 37.9 
23.4 38.6 
22.9 38.9 
250 Be 1ao alt. ote 
sO 5.7 7.03 21.0 36.2 
sO 653 ’ 20.2 34.0 
400 ‘ 19.5 31.8 
450 5 $3 18.8 30.0 
500 & b 5.25 18.1 28.4 
550 3.90 17.5. 273 
600 3.65 16.9 26.3 


se 


ms 


39.4 
41.6 
43.0 
43.7 
43.9 
43.6 
41.7 
39.0 
36.5 
34.4 
32.3 
30.6 
29.2 
28.0 


66.8 
69.4 
69.0 
66.0 
61.4 
$2.2 
50.2 
46.2 
43.6 11.4 
41.6 10.7 
39.6 99 
38.0 9.3 
36.7 8.8 
35.6 8.6 
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TABLE II. Values of the stopping cross section (in units of 10~% 
ev cm’), taken from the smooth curves through the experimental 
points. 


Ey (Mev) Be 


4.33 
4.00 
3.70 
3.43 
3.02 
2.70 
2.46 
2.27 
2.08 
1.92 
1.85 


GW © oo 


1. 
1: 
i, 
1. 
1. 
2 
2. 
2 
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Rosenblum” has measured the velocity of alpha particles 
as a function of their range in lithium and we have 
calculated from his results the stopping cross section of 
lithium for alpha particles. Using the relation that the 
stopping cross section for alpha particles is four times 
that for protons of the same velocity, the stopping cross 
section determined from Rosenblum’s alpha-particle 
measurements have also been plotted in Fig. 4. The 
measurements of Warters ef al.,’ which were made in 
this laboratory by the same method used in this experi- 
ment, have been normalized to the results of the present 
experiment at 400 kev and are plotted in Fig. 4. The 
agreement between the proton and alpha measurements 
is very good. 


(b) Beryllium 


Absolute values for the stopping cross section of 
beryllium were measured at 323 and 518 kev with foils 
approximately 100 kev thick for 300-kev protons. The 


consequently, the J value calculated by his method is not inde- 
pendent of the ion energy. Applying Mano’s method of calculation 
to Rosenblum’s data, we find that for Eg=9 Mev, /=27 ev; for 
Eq=3 Mev, 1 =64 ev. The value / =32 ev used to normalize the 
earlier relative measurements gave a result for e(Li) about 10 
percent greater than the values measured in this experiment 

®G. Mano, Ann. phys. 1, 407 (1934). 

S, Rosenblum, Ann. phys. 10, 408 (1928) 





36 BADER, PIXLEY, 
energy dependence of ¢(Be) was determined for proton 
energies between 65 and 569 kev with a layer approxi- 
mately 10 kev thick for 100-kev protons; with the 
3-Mev electrostatic generator and the 16-in. spectrome- 
ter, these measurements have been extended to 2.6 Mev. 
The stopping cross section of beryllium in this energy 
range has been measured by Warshaw'' by Madsen and 
Venkateswarlu,” and by Kahn." The results of this 
experiment agree well with the measurements of Madsen 
and Venkateswarlu, and of Kahn, but are some 20 
percent higher than the measurements of Warshaw. To 
be certain that our higher value was not due to a small 
amount of contaminant of high Z in the beryllium, the 
composition of the foil was determined by observing the 
spectrum of elastically scattered protons. Only negligible 
surface layers of carbon and oxygen were present. 


(c) Copper 


Absolute measurements of the stopping cross section 
of copper were made for protons of energy 344, 380, and 
401 kev with layers of Cu in which the protons lost 
approximately 100 kev. The energy dependence was 
measured for E, between 50 kev and 600 kev with a 
layer of 17-kev thickness at 100 kev. The stopping cross 
section of Cu has been measured by Warshaw," Kahn," 
and by Green, Cooper, and Harris’; the results from this 
experiment agree well with the earlier measurements. 
The measurement of Madsen" at 380 kev is 15 percent 
lower than the other measurements. This discrepancy is 
probably due to his use of commercial rolled foils of 
Cu” 


(d) Gold 


Absolute measurements of the stopping cross section 
of gold were made with protons of energy 321, 327, 330, 
335 kev with layers of gold approximately 100 kev 
thick. The energy dependence of e(Au) was determined 
for protons of energy between 57 and 587 kev with a 
layer 16 kev thick for 100-kev protons. 

A comparison of the different measurements of the 
stopping cross section of gold indicates that some of the 
experimental factors affecting the measurements are not 
yet thoroughly understood. In the past seven years, 
e(Au) has been measured in this energy range by several 
investigators: Wilcox,'® Huus and Madsen,!? Warshaw," 
Madsen," and Cooper ef a/.? The first five measurements 
listed above agree reasonably well with each other, but 
their value is as much as 25% below the result of the 
sixth measurement from Ohio State. In the region where 


1S. D. Warshaw, Phys. Rev. 76, 1759 (1949). 

¥C. B. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 
(1948). 

13D. Kahn, Phys. Rev. 90, 503 (1953). 

4 C. B. Madsen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 13 (1953). 

16S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
(1953). 

16 H. A. Wilcox, Phys. Rev. 74, 1743 (1948). 

17 T. Huus and C. B. Madsen, Phys. Rev. 76, 323 (1949). 
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the two experiments overlap, 400-600 kev, the results 
of this experiment agree within 1.5% with the measure- 
ments from Ohio State. Although a critical analysis of 
the lower values might question one or two details, such 
as the use of beaten foils in the Danish measurements 
and the fact that Wilcox seemed to observe a difference 
between the stopping of deuterons and protons of the 
same velocity, it has not been possible to discover any 
feature common to all of these experiments that might 
explain the lower values. Our higher value is consistent 
with out measurement of the ratio e(Au)/e(Cu). Our 
value of this ratio determined by Rutherford scattering 
is 1.63 at 400 kev; the ratio of our absolute values at 400 
kev is 1.64. 


(e) Lead 


Absolute measurements of the stopping cross section 
of lead were made for protons of 329 and 353 kev, with 
layers of lead approximately 70 kev thick. The energy 
dependence of e(Pb) was measured for proton energies 
between 80 and 598 kev with a layer of lead 15 kev thick 
at 100 kev. The stopping cross section of lead has been 
measured previously only between 400 and 1000 kev by 
Green, Cooper, and Harris’; in the region where the two 
experiments overlap the agreement is within 1%. The 
stopping cross section of lead for alpha particles has been 
calculated from Rosenblum’s’ measurements and agrees 
well with the results of these two measurements for 
protons. The ratio e(Pb)/e(Au) agrees with the value 
determined by Rutherford scattering, the maximum 
deviation is 3% at 200 kev. 


(f) LiF and CaF, 


Absolute values of the stopping cross section of LiF 
were measured for protons of 358, 367, and 379 kev; 
with layers of LiF in which the protons lost approxi- 
mately 175 kev; the energy dependence of e(LiF) was 
determined for proton energies between 46 and 605 kev 
with a layer 20 kev thick for 100-kev protons. Absolute 
values of the stopping cross section of CaF, were 
measured at 331, 352, and 374 kev with layers of CaF, 
approximately 100 kev thick ; relative values of e(CaF 2) 
were measured for proton energy between 56 and 602 
kev with a layer of CaF, 16 kev thick for 100-kev 
protons. There have been no earlier measurements of the 
stopping cross section of these materials, which are of 
interest because of their frequent use as F and Li 
targets. If the contribution of the lithium atom is 
subtracted from the molecular stopping cross section of 
LiF, one obtains a reasonable value for the stopping 
cross section of fluorine that lies between the measured'* 
stopping cross sections of oxygen and neon. 


(g) Al, Mn, Ta 


The ratios e(Al)/e(Au), e(Mn)/e(Au), e(Ta)/e(Au) 
were measured for protons of energy between 200 and 


18 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 742 
(1953). 
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600 kev. Values of (Al), e(Mn), and e(Ta) computed 
from our measured value of e(Au) are listed in Table III. 
The value of e(Al) obtained in this way agrees well with 
the values measured by previous workers."!:3.14.16.19 The 
value of e(Mn) determined from our ratio agree within 
2.5% with the directly measured values of the Ohio 
State group.” In the tantalum measurements, a clean 
surface of commercial rolled Ta sheet was used for the 
scattering targets. There have been no earlier measure- 
ments of the stopping cross sections of Ta for protons in 
this energy range. As a check on this method of measur- 
ing stopping cross sections, Pb and Cu were also 
determined relative to gold; the results are listed in 
Table III and are plotted as crosses in Fig. 2 to demon- 
strate the good agreement between these two methods of 
measurement. 


(h) Ca, V, Cr, Fe, Co, Ni, Cu, Zn 


For each of these materials, the ratio e(X)/e(Mn) was 
measured for E, between 200 and 600 kev by the 
Rutherford scattering yield method. From the values 
for e(Mn) in Table III, values of «(X) have been 
calculated and are listed in Table IV. Since all of 


TABLE III. Values of the stopping cross section (in units of 107" 
ev cm?) for protons, computed from the ratio e(X)/e(Au). The 
values for e(Au) used in this codputation are the values listed in 
Table I. 


Energy 
(kev) 


200 
300 


400 
500 


the values in Table IV contain the common factor 
[e(Mn)/e(Au) Je(Au), the absolute values are subject to 
a possible systematic error. However, an error in this 
factor will not impair the accuracy with which this data 
describes the relative variation of « with Z in the 
neighborhood of Mn. 

Cooper and his associates? have observed that for 
protons of 500 kev, e(Z) shows a periodic variation with 
atomic number Z superimposed on the theoretical 
Z(logZ—) dependence: the stopping cross section in- 
creases with Z more rapidly than Z(logZ~') for those 
elements in which the last added electron is in an s or p 
shell. The first region in the periodic table in which d 
electrons appear begins at Z= 21, and the materials we 
have studied illustrate the Z dependence of e(Z) in this 
region. 

In Fig. 5 is shown the variation of ¢€ with Z for protons 
of 500 kev. In addition to the results obtained in this 
experiment, the figure includes earlier measurements in 
this laboratory of the stopping cross sections of gases, 


19 Parkinson, Herb, Bellamy, and Hudson, Phys. Rev. 52, 75 
(1937). 
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TABLE IV. Values of the stopping cross section (in units of 10~'* 
ev cm?) for protons computed from the ratio e(X)/e(Mn). The 
values for e(Mn) used in this computation are the values listed in 
Table III. 


Energy 

kev) Ca V Ni Cu 
22.9 
22.1 
19.8 
17.0 
16.5 


24.3 
23.0 
20.0 
17.6 
16.7 


29.9 
25.3 
21.4 
18.5 
16.6 


25.9 
21.3 


200 
300 
400 
500 
600 


Rw | OO 


and values for metals in the recent paper by Green, 
Cooper, and Harris at Ohio State’; the fairly consistent 
1.5% difference between our measurements and those at 
Ohio State are well within the limit of error of either 
measurement. For the elements with Z < 20, ¢€ increases 
uniformly with Z; the lower values at Z= 10 and Z= 18 
may be accounted for by the relatively tighter binding of 
electrons in closed shells. Between Z= 23 and Z= 29, the 
over-all variation is a decrease of € with increasing Z. 
At Z=30, € again increases as the second 4s electron is 
added to form Zn. 

The explanation of this anomalous behavior is not 
known. The transition metals also have unusually large 
values of the electronic specific heat. The large specific 
heat is interpreted” in terms of an effective mass for the 
valence electrons in these metals of several times the 
electronic rest mass, 18m» in the case of Ni, for example. 
If these valence electrons manifest an equally large 
mass in their interaction with the incident proton, the 
energy loss to these electrons would be reduced. In Cu, 
which marks the lowest value of ¢€ in this series of 
elements, the effective mass of the valence electrons is 
only slightly greater than mo. However, in Cu the 3d 
shell is completed, and the low energy loss to closed 











© CLT. 
+ OHIO 


40. 50 60 70 +80 90 
ATOMIC NUMBER 





30 


Fic. 5. The variation of atomic stopping cross section with 
atomic number. E,=500 kev. The crosses are measurements at 
Ohio State by Green, Cooper, and Harris. 

*F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940). 
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TABLE V. Sources of experimental error are tabulated with 
the percent error in the stopping cross section contributed by 


A. Energy measurements 





(1) Calibration of the electrostatic beam analyzer, +0.5%. 
(2) Drift of magnetic spectrometer, +1%. 
(3) Location of midpoint of step, +2%. 


B. Density measurements 


(1) Weight of deposit: +0.9% with balance; +1.7% with 
chemical analysis. 

(2) Area of deposit, +1%. 

(3) Geometry, +0.1%. 

(4) Purity of sample, +0.5%. 





shells, which can be seen at atomic numbers 10 and 18, 
may lower the stopping cross section of Cu. 


IV. ACCURACY 


The experimental uncertainties which limit the accu- 
racy of our measurements are listed in Table V together 
with an estimate of the maximum percentage error in ¢ 
contributed by each. The largest uncertainty arises 
from the straggling which spreads out the step (3) in 
Fig. 1 and makes the location of the midpoint of the step 
uncertain. Although the straggling decreases as the 
proton energy is increased, the displacement AE also 
decreases so that the percentage uncertainty in AF 
remains fairly constant at about 2%. Mass measure- 
ments with the quartz fiber cantilever balance were 
reproducible to + 1.5 micrograms, and the weight of the 
deposited layer was always greater than 400 micrograms. 
The determination of mass density of the lithium layer 
by chemical analysis is less accurate than the balance 
measurement because of the uncertainty in our estimate 
of the distribution of the lithium deposit over the area 
of the collector plate and the transmission foil. A pos- 
sible source of error in these Li measurements would be 
the failure of the Li to deposit at equal rates on the very 
thin Al foil and on the 0.005-inch thick Ta plate. It was 
this uncertainty that led to the development of the 
balance method to measure the weight of the layer 
actually used in the energy loss measurements. Since the 
two methods agree, this source of error has been 
neglected in computing the probable error in e. 

For those materials that are visible against an 
aluminum background, the area of the layer was 
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measured to within a few tenths of one percent by a 
travelling microscope measurement of the diameter of 
the circular deposit. Geometrical errors, which arise 
from failure to hold the aluminum foil flat and normal to 
the proton beam, were held to less than 0.1%. The 
purity of all samples used in preparing the evaporated 
layers was 99% or better, by weight, according to the 
manufacturer. A further test of the purity of the 
evaporated layers is provided by the energy spectrum of 
the protons scattered from the evaporated surface. 
This test is very sensitive in detecting heavy contami- 
nants which might introduce significant error in the 
measurement of the stopping cross section of light 
elements. If these various errors are compounded as 
independent random errors, a total probable error of +3 
percent is found for the stopping cross sections of Li, 
Be, Cu, Pb, Au, LiF, and CaF». 

The error in the stopping cross-section ratio measure- 
ments for different materials is more difficult to esti- 
mate. Uncertainty in @; and 62, counting statistics, and 
the uncertainty in £; and Fo, lead to a probable error in 
e(A)/e(B) of +1 percent. However, repeated measure- 
ments of the same ratio e(A)/¢(B) with different samples 
of A and B show a spread of several percent which we 
believe to be caused by variations in the condition of the 
scattering surface. We have found that the yield of 
protons scattered from a surface is reduced by surface 
scratches which have a depth of the order of magnitude 
of the depth of penetration of the protons into the 
surface before they are scattered. Thin layers of metal 
condensed on optically flat glass or quartz surfaces were 
found to be the most satisfactory way of minimizing 
spurious results from this source. In the Ta measure- 
ments a 0.005-inch commercial sheet was used for the 
target and consequently our value of «(Ta) may be too 
high since any surface irregularities in the sheet would 
lead to a high value of the stopping cross section. For the 
values in Tables III and IV other than Ta, we believe 
that +5% is a conservative estimate of the probable 
error. The values of e(Cu) and e(Pb) determined by the 
ratio method in Table III differ from the directly 
measured values in Table I by 5 percent at most. 

The authors are indebted to Professor C. C. Lauritsen 
who suggested the use of the quartz balance, to Pro- 
fessor R. F. Christy for interesting discussions of the 
energy loss process, and to Mr. J. C. Overly for assist- 
ance in taking the data. 





PHYSICAL REVIEW VOLUME 


103, 


NUMBER 1 FULLY i, e988 


Remarks on Recent Measurements of the Paramagnetic Effect in Tin* 


Hans MEISSNER 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
(Received March 15, 1956) 


It is shown that the measurements of Shibuya and Tanuma substantiate rather than invalidate the 
statement that the maximum permeability in the paramagnetic effect occurs for given values of the current 
I and the external field H at a temperature where the total magnetic field at the surface of the sample is 
equal to the critical field. It is further shown that their new equations, J)= &y*d(T.-—T)/4 and Hop=¢(T,.—T) 
—4I,/y*d, follow as a first approximation from the statement that the maximum permeability depends 


only on y=4(J—I,)/Hd. 


HIBUYA and Tanuma have recently reported 

some measurements of the paramagnetic effect in 
tin.!:? The authors claim that their measurements are 
inconsistent with statements brought forth earlier.* 
These statements were: 


1. The maximum apparent permeability yu* (de- 
noted by K,, in reference 3) occurs for a given current, 
I and external field, H, at a temperature where the 
total magnetic field H, at the surface of the sample 
equals the critical field H.: H:=[H?+ (4I/d)?}} 
=H,.(T), where H is measured in oersteds, J in 
amperes, and the diameter d of the sample in mm. 

2. The maximum apparent permeability is a func- 


tion of y=4(/—I/,)/Hd. 


Our y is dimensionless and considered as a variable. 
I, is a constant characteristic of the metal. The exact 
dependence of u* on y may vary to some extent from 
sample to sample. For values of 1 <u* <2 this depend- 
ence can be approximated by u*—1=a(y—y*), where 
y* is another constant, which is probably also char- 
acteristic for each metal. It has a value which is nu- 
merically four times greater than that of the constant 
y (later denoted by ys-r) which Shibuya and Tanuma 
use. 
SAibuya and Tanuma claim that the maximum 
permeability occurred in all their measurements at 
values of H, <H,.. They try to prove this in Fig. 18 of 
reference 1, which shows a plot of J versus H with p as 
parameter for a temperature of T=3.590°K. Instead 
of basing the argument on the measurements at one 
temperature only, we have calculated H, for all their 
measurements of u* on sample 1 and plotted H, versus T 
in Fig. 1. It is true that most of their measurements lie 
below the curve H,;=138(7T.—T) which the authors 
claim to be the correct H,—T relationship near T,. 
But the value of (dH./dT)r. varies to some extent 
from sample to sample. Lock, Pippard, and Shoenberg‘ 
report that (dH./dT)7,=—152 oersteds per degree. 

* Supported by a grant of the National Science Foundation. 

1Y. Shibuya and S. Tanuma, Sci. Repts. Research Inst. 
Tohoku Univ. A7, 549 (1955). 

2 Y. Shibuya and S. Tanuma, Phys. Rev. 98, 938 (1955). 

’ Hans Meissner, Phys. Rev. 97, 1627 (1955). 

4 Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc. 
47, 811 (1951). 


We find that most of the measurements of Shibuya and 
Tanuma are on the curve H,=130(7.— 7). Some meas- 
urements, however, are made with T and J fixed such 
that already (4//d)>H.. For all values of H <H,. the 
sample consists in these cases of an intermediate core 
surrounded by a normal conducting sheath. (This does 
not prevent u from going through a pseudomaximum if 
H is varied.) It has been shown! that one can calculate 
the over-all « for these cases quite accurately. We will, 
however, refrain here from going into these calculations 
and disregard those points. The slight scattering which 
remains in the H.—T values, even after adjustment of 
the slope and subtraction of the points for which 
already (4//d)>H., is probably due to slight varia- 
tions in the temperature. It is to be noted that a devia- 


Hy Oersted 
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Fic. 1. Total magnetic field H; at the surface of the sample as 
a function of the temperature 7 as calculated from Shibuya and 
Tanuma’s measurements of the maximum permeability u* on 
their sample No. 1. The points enclosed in parentheses (% ) 
are taken at values where (4//d)>H,.. Broken curve: H, 
= 138(T.—T); solid curve: H.=130(T-.—T). 


5 Hans Meissner, Phys. Rev. 101, 31 (1956). 
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Fic. 2. Maximum permeability u* as a function of y=4(J—J,) 
Hd, as calculated from Shibuya and Tanuma’s measurements on 
their sample No. 1. All the points for which (4//d)>H, have 
been omitted. Solid curve: u*—1=a(y—y*), with y*=0.7. 


tion of 1 oersted corresponds to only 0.0072°K. It is 
therefore believed that the measurements of Shibuya 
and Tanuma substantiate rather than invalidate our 
first statement. 

We have further calculated y from their measure- 
ments and plotted u* as a function of y in Fig. 2, omit- 
ting all measurements where (4//d)> H.. There is a con- 
siderable scattering around the curve u*—1=a(y—y*). 
This scattering, however, is typical for all measure- 
ments of the paramagnetic effect and increases with a 
decrease in sample size. We believe, therefore, that 
u*—1=a(y—7*) is a valid approximation in spite of 
the scattering. 

We want now to demonstrate that the functional 
relationships shown in Figs. 8, 10, 12, and 13 of refer- 
ence 1 and expressed in Eqs. (2) and (3) of reference 1 
can be explained by using our two statements, the 
equation u4*—1=a(y—7*) and the relation between 
H, and T. 

In their Fig. 8 Shibuya and Tanuma plot u* as 
function of J with T as parameter. T=const means 
H.=const and we find that the equation u*—1 
=a(y—y*) has for this case the form 


4(/—I,) 
s-1=a(- of & ERTS. -r), (1) 
dL H2—(4I/d)*}} 
This equation represents the genera! trend of the 
measurements fairly well as long as (4//d)<H.. y* is 
larger than one as long as />/Jo, where J is the value 
of J which makes the right side of Eq. (1) vanish. Jo 
is the solution of a quadratic equation containing H.,, 


I,, d, and y*. Since most of the measurements of J» are 
made in a region where (H,d/4/,)>>1 (see Fig. 12 of 


reference 1) we can write in first approximation 


y*H d dH,./dT y*d 
_ —(7.—T). (2) 





T = = 
" 4(lty")) (1+y%)! 4 


Observing that our y*=4ys-r, we find by comparisor 
of Eq. (2) with Eq. (2) of reference 1 that the constant 
€ introduced by Shibuya and Tanuma is given by 
§=—(1+y")-1(dH./dT). This gives with dH,./dT 
=—130 and y*=0.7 a value of +107 oersted per 
degree as compared to their value of £=112 oersted 
per degree. 

We can, on the other hand, also express u* as a 
function of H* with T as parameter (fixed H,). H* is 
the value of H which, for a given ]<H,.d/4, makes 
H.=H.. We find, as in Eq. (1), that 


(H2—H®}!—41,/d 
st-1-a(— ~ y ae 1"), (3) 


This represents again the general trend of the curves 
in Fig. 10 of reference 1 fairly well as long as ] <<H 4/4. 
u* is larger than one if H* < Ho, where Hp is the value of 
H* which makes the right side of Eq. (3) vanish. Ho is 
readily found as the solution of a quadratic equation 
containing H., J,, d, and y*. For values of H.>4I,/d, 
this equation can be gréatly simplified. Observing that 
y*=4ys.r and = — (1+-y**)-!(dH./dT) we find finally 


*2 


I, 
Hy=¢(T-T.)-——_ ——_.. (4) 
ys-rd 1+7” 


Equation (4) differs from Eq. (3) of reference 1 by a 
factor y**/(1+**) =0.3 in the second (constant) term. 
Figure 13 of reference 1 shows, moreover, that the 
measured points can be fitted much better by a quad- 
ratic equation and that the simplification which was 
used in the derivation of Eq. (4) actually should not be 
applied. One finds readily from the correct solution for 
Hy that the constant T, which Tanuma and Shibuya 
use is the temperature at which H,=4/,/d, i.e., 
T,=T.+ (41,/d)(dH./dT)“. 

It should further be noted that the authors use ys.7 
in Eqs. (2) and (3) of reference 1 as a dimensionless 
quantity, but in Eq. (4) of reference 1 they use it as a 
constant of the dimension ampere/millimeter oersted. 
The numerical value which they use is that of the 
constant with dimension, while the dimensionless 
quantity is four times larger. 

The author wants to thank the National Science 
Foundation for supporting this work by a grant. 
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Electroluminescence and Thermoluminescence of ZnS Single Crystals 
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(Received February 6, 1956) 


Electroluminescence, thermoluminescence, and thermoluminescence under an applied voltage have been 
studied in ZnS single crystals. For electroluminescent crystals, the application of a constant electric field 
during thermoluminescence generally increases the intensity of the emitted light over the sum of the in 
tensities due to the thermoluminescence and to the electroluminescence separately. A similar effect was 
observed during phosphorescence and during infrared stimulation. No such effects were observed on non 
electroluminescent crystals. It was also found that an electric field can fill electron traps, but field emptying 
of traps did not appear to be important. 

The current during the electroluminescence and during the thermoluminescence was measured simul 
taneously with the light emission. There was little correlation between current and thermoluminescence, 
but quite good correlation between current and the additional light resulting from a constant voltage during 
the thermoluminescence. These results suggest that some of the electrons released from traps contribute to 
the current and can cause impact excitation or ionization, but that others are not effective in this. Since both 
the current and the additional light are considerably higher during the high-temperature glow peak than 
during the low-temperature one, it appears that the electrons released from the deeper traps are more effective 


in these processes than those released from the shallower traps. 


I. INTRODUCTION 


LECTROLUMINESCENCE in ZnS is commonly 

attributed':? to impact ionization or excitation 
caused by high-energy conduction electrons. On the 
basis of this theory the electroluminescence intensity 
should depend on the number of conduction electrons 
available for starting the impact ionization, and one 
would except that an increase in the number of such 
electrons would increase the light emission. This effect 
has been reported on some phosphors for electrons 
generated by ultraviolet irradiation.’ We have observed 
that if one supplies conduction electrons to electro- 
luminescent ZnS crystals by release from traps, there 
also is such an effect. This work has already been 
briefly reported‘ for electrons freed during thermo- 
luminescence, and further work has shown that the 
same effect can take place during phosphorescence and 
infrared stimulation. Thus, the method of release of the 
trapped electrons seems immaterial. 

In the present work, the current during thermo- 
luminescence and that during electroluminescence 
(the “dark current’) were measured simultaneously 
with the light emission. On the basis of the impact 
excitation theory, one would expect a fairly close 
correlation between the light emission and the current, 
and this was indeed found for both the dec electro- 
luminescence and for the additional light caused by 
applying a constant voltage during the thermo- 


1G. Destriau and H. F. Ivey, Proc. Inst. Radio Engrs. 43, 1911 


(1955); D. Curie, J. phys. radium 13, 317 (1952); 14, 510 
(1953); L. Burns, J. Electrochem. Soc. 100, 572 (1953); W. W. 
Piper and F. E. Williams, Phys. Rev. 81, 151 (1952); W. W. Piper 
and F. E. Williams, British J. Appl. Phys. Suppl. 4, 539-49 
(1955); Zalm, Diemer, and Klasens, Philips Research Repts. 9, 
81 (1954). 

2D. R. Frankl, Phys. Rev. 100, 1105 (1955). 

3D. A. Cusano, Phys. Rev. 98, 546 (1955); F. E. Williams, 
Phys. Rev. 98, 547 (1955). 

4G. Neumark, Phys. Rev. 98, 1546 (1955). 
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luminescence. However, there was little correlation 
between the current during thermoluminescence and 
the intensity of the thermoluminescence itself. Similar 
lack of correlation has been reported by Bube,’ although 
in other cases there does appear to be fair correlation.® 


Il. EXPERIMENTAL METHOD 


The work was carried out on single ZnS crystals 
grown by Kremheller by sublimation of ZnS powder.’ 
In the main, three types of measurements were per- 
formed on the crystals: (1) the thermoluminescence, 
(2) the light and the current during thermoluminescence 
under an applied voltage, and (3) the temperature 
variation of the electroluminescence and of the dark 
current. These measurements were carried out between 
liquid nitrogen temperature (—196°C) and room 
temperature. The phosphorescence decay at —78°C 
and the infrared stimulation at —196°C with and 
without field were also investigated briefly. 

The apparatus used in this work was the one described 
by Frankl,’ except that a periscope arrangement was 
added in order to permit irradiation of the crystals. 
The crystal mounting and the method of taking 
measurements with half-wave voltages have also 
already been described.? For the measurements with 
constant voltages, the photomultiplier current was 
amplified and fed to a recorder, and the crystal current 
was measured by a microammeter. 

The temperature variation of the electroluminescence 
was measured while the crystal was being cooled. Once 
the crystal was cool, it was excited for several minutes 
with either ultraviolet (mainly 3650 A) from a BH4 


° R. H. Bube, Phys. Rev. 83, 393 (1951). 


6G. F. T. Garlick and A. F. Gibson, Proc. Roy. Soc. (London) 
A188, 485 (1947); J. J. Dropkin, Final Report on ONR Project 
No. NR-015-207, 1954 (unpublished) ; I. Broser and R. Broser 
Warminsky, British J. Appl. Phys. Suppl. 4, S90 (1955). 

7A. Kremheller, Sylvania Technologist 8, 11 (1955). 





GERTRUDE 


TABLE I. Crystals examined. 


Fluorescence Length between 


EF lectroluminescence* color electrodes (mm) 


Blue 
Blue 
Blue-green 
Green 
Blue-green 
Blue 
Blue 
Blue 
Blue 
Blue 
Blue 
Green 
Green 
Blue 
Green 
Blue 


Electroluminescent 
Electroluminescent 
Partly electroluminescent” 
Nonelectroluminescent 
Electroluminescent 
Electroluminescent 
Electroluminescent 
Electroluminescent 
Electroluminescent 
Electroluminescent 
Electroluminescent 
Nonelectroluminescent 
Nonelectroluminescent 
Electroluminescent 
Nonelectroluminescent 
Electroluminescent 
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® The color of the electroluminescence was blue in all cases. 
> Electroluminescent under half-wave excitation but not detectably so 
under dc (up to 2000 v). 


lamp or by an electric field. The excitation was then 
stopped, the phosphorescence allowed to decay, and 
the crystal then warmed.’ Without an applied field, 
this gives the thermoluminescence. With a field applied 
during the warming, one obtains what we shall refer 
to as “thermoluminescence with field.”’ 

A few measurements of fluorescence efficiency as a 
function of temperature were also taken. To prevent 
radiation from the BH4 lamp from reaching the photo- 
multiplier, a 3650 A transmitting filter (Corning 5860) 
was inserted between the lamp and the crystal, and an 
ultraviolet cutoff filter (Schott VG 10) was inserted 
between the crystal and the photomultiplier. 
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Fic. 1. Thermoluminescence with and without an applied voltage, 
and electroluminescence of a ZnS crystal; 800 v dc were applied. 

8 Since the apparatus was warmed only by the surroundings, 
the heating rate was not strictly linear; the average heating rate 
from —196° to —56°C (the region of thermoluminescence) was 
~7°/min. 
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III. EXPERIMENTAL RESULTS 


The thermoluminescence, the light and the current 
during thermoluminescence with constant applied 
voltage, and the temperature variation under constant 
voltage of the dark current and of what we shall here 
refer to as the dc electroluminescence, were examined 
on the sixteen ZnS crystals listed in Table I. Some of 
these crystals were from the same growth experiments 
and had generally similar characteristics to the crystals 
discussed by Frankl.” 

The light emission of a typical electroluminescent 
crystal is shown in Fig. 1, where Le=intensity of the 
thermoluminescence with dc field (i.e., light emission 
due to the combined effect of the thermoluminescence 
and of an applied voltage), Lr=intensity of the 
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Fic. 2. Thermoluminescence with various dc voltages, with the 
electroluminescence subtracted out. 


thermoluminescence, and Lyg=intensity of the dc 
electroluminescence. As in all thermoluminescence 
work, the instantaneous light emission (Le and Lr in 
our case) is a function of both the temperature and the 
heating rate. In the present work, the same heating 
schedule was always used. 

In order to emphasize the effect of the electrons 
released from the traps, Lx can be subtracted from Le. 
Figure 2 shows a series of such ‘“‘difference’”’ curves at 
various voltages. These curves clearly show that the 
electrons released from the traps cause much more 
light in the presence of a field than without one, i.e., 
there is an “enhancement”’. 

It should be emphasized that little or no enhance- 
ment was shown by any of the nonelectroluminescent 
crystals, or by crystal No. 3, which did not give dc 
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electroluminescence. However, out of the eleven 
electroluminescent crystals nine showed (Le—Lez) 
>2Lr, at least at higher applied voltages and higher 
temperatures. In this connection, it should be noted 
that the enhancement was generally higher at the 
higher temperatures. At the lower temperatures, below 
= — 150°C, (Le— Lez) was sometimes slightly less than 
Lr; however, any such ‘‘quenching” effect was always 
small in comparison to the changes obtained during 
good enhancement. Similar slight quenching was also 
sometimes obtained on the nonelectroluminescent 
crystals. 

To test for ultraviolet emission, an _ ultraviolet 
transmitting filter (Corning 9863) was inserted between 
some of the crystals and the photomultiplier during 
the electroluminescence and during the thermo- 
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Fic. 3. Thermoluminescence with 1000 v dc after the subtraction 
of the electroluminescence, with the measurements taken after 
various low-temperature excitations. 


luminescence with field. No signal was obtained under 
these conditions. The detailed spectral distribution of 
the half-wave electroluminescence of similar crystals 
has already been reported.’ 

Measurements of the fluorescence intensity as a 
function of temperature were taken on crystals No. 4 
and No. 20. The intensity was found to vary by not 
more than 40% in the region of thermoluminescence 
(—196°C to —56°C). 

In a few cases, the thermoluminescence with field 
was obtained by using field excitation instead of 
ultraviolet excitation. Either an ac or a dc electric field 
was applied for 10-20 minutes while the crystal was 
cool, and the crystal then warmed under a given field. 
Figure 3 shows the resultant difference curves for 
various excitation fields. 

The method of trap emptying was also varied. The 
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Fic. 4. The de electroluminescence (~O-) and the corresponding 
current (-C)—) at various voltages. 


phosphorescence decay at —78°C of crystal No. 17 
and the infrared stimulation at — 196°C of crystal No. 
20 were examined with and without field. In both cases, 
the emission intensity under the combined action of 
the field and of the trap emptying was considerably 
higher than the sum of the intensities due to the 
individual effects. 

The electroluminescence intensity and the dark 
current, Jz, of crystal No. 2 at various voltages are 
shown as functions of the reciprocal temperature on 
Fig. 4. It can be seen that both vary very similarly. 
For other crystals (Fig. 5), the correlation between the 
two is not always quite as good, but there nevertheless 
is still a fairly close correspondence. 

If one examines the current due to thermal trap 
emptying one finds that there is not much correlation 
with the intensity of the thermoluminescence, as 
shown on Fig. 6. Here /¢ stands for the current under 
the combined action of field and trap emptying, and 
corresponds to Le. Since we are again interested in the 
effect of the electrons released from traps, Lz and J, 
were subtracted for crystals No. 1 and No. 27; for 
crystals No. 3 and No. 4 both were insignificant. 

A few measurements with 60-cycle half-wave rectified 
sinusoidal voltage and full 60-cycle sinusoidal voltage 
were also taken. The behavior of the electroluminescence 
was rather complex, and will be discussed only briefly. 
With decreasing temperature, the maximum intensity 
of the electroluminescence peaks sometimes decreased 
monotonically, and sometimes showed maxima and 
minima. The detailed behavior depends on the crystal 
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Fic. 5. The de electroluminescence (~O-—) and the corresponding 
current (-C)-—) for various crystals; crystal No. 1 at 1500 v, and 
No. 5, 20, and 27 at 1000 v. 


and the voltage, as well as on the peak being examined ; 
for crystal No. 2, under half-wave excitation of 1.4-kv 
peak voltage, the 90° peak decreased monotonically, 
but the 150° did not. Another interesting feature, one 
that is in sharp contrast with the dc behavior, is that 
low temperature ultraviolet excitation frequently has 
relatively little effect on the light emission and current. 
For example, with crystal No. 22 under half-wave 
excitation of 1.4-kv peak voltage, the peak light 
emission and the peak current on warming after 
ultraviolet excitation did not differ by more than 20% 
from the corresponding values obtained on cooling. 


IV. DISCUSSION 
A. General Conclusions 


One of the main conclusions of this work is that in 
electroluminescent crystals at least some of the elec- 
trons released from traps frequently cause additional 
emission in the presence of a dc field. If one assumes 
impact excitation or ionization by these electrons, this 
result can easily be understood. The question of whether 
this excitation takes place at barriers or throughout 
the crystal was not examined. However, Frankl has 
found that the light distribution during electro- 
luminescence frequently seems to be quite uniform, 
which presumably means that macroscopic barriers 
are not essential for excitation’; this view tends to be 
confirmed by the observation that the potential 
distribution across at least some electroluminescent 
crystals appears to also be reasonably uniform.’ 


9A. Lempicki, J. Opt. Soc Am. (to be published). 
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It should further be noted that the nonelectro- 
luminescent crystals examined gave no enhancement, 
although there was a current during the thermo- 
luminescence. Thus, the absence of impact ionization 
or excitation is here due to something other than the 
absence of conduction electrons. 

The fact that a field-enhanced brightness is obtained 
during thermoluminescence, phosphorescence, and 
infrared stimulation shows that the method of release 
of the trapped electrons is relatively immaterial. Field 
release of trapped electrons, whether or not partially 
present, does not seem to play an important role in the 
present work; as clearly shown on Fig. 2, there is 
enhancement as long as there is regular thermo- 
luminescence, which indicates that at least some of the 
traps remain filled even in the presence of an applied 
voltage. Also, if field ionization of traps took place, 
one might expect a burst of light upon applying a field 
after the ultraviolet irradiation; however, it was 
found that there is either no such burst or only a very 
slight one. 

Further, as reported earlier,’ one can conclude that 
an electric field can fill traps, although not necessarily 
to the same extent as ultraviolet excitation (see Fig. 3). 
Johnson, Piper, and Williams have recently also 
reported such trap filling.!° Apparently, under half-wave 
and ac fields this filling of traps can proceed far enough 
so that low-temperature ultraviolet excitation some- 
times no longer greatly affects the electroluminescence 
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Fic. 6. Comparison of the “difference” curves (see Sec. III 
of text) of the light emission (-O-) and of the current (-CO-) for 
various crystals; crystal No. 1 at 1500 v, No. 3 at 2000 v, No. 4at 
300 v, and No. 27 at 1000 v. 


10 Johnson, Piper, and Williams, Abstracts of the Electrochemi- 
cal Society Spring Meeting, 1955 (unpublished). 
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or the current. On the other hand, the proportion of 
traps filled during dc electroluminescence seems very 
small; for crystal No. 2, the light emission due to trap 
filling by 1000 v dc, which was one of the higher 
voltages applied to crystals showing good enhancement, 
was less than 5% of that due to trap filling by the 
ultraviolet irradiation (see Fig. 3). 

Both the results showing the filling of traps during 
electroluminescence and those showing the enhance- 
ment of the electroluminescence by electrons released 
from traps are consistent with results reported by 
Gobrecht, Hahn, and Gumlich,"' who report obtaining 
pronounced differences in electroluminescence upon 
cooling and then upon rewarming their phosphors. 
However, they did not measure ultraviolet-excited 
thermoluminescence with field, nor did they measure 
current. 


B. Details of the Enhancement and of the Current 
Associated with the Thermoluminescence 


As mentioned in Sec. III, and as can be seen from 
Fig. 2, the enhancement is usually low at the lower 
temperatures, and increases with increasing tempera- 
ture. It is interesting to note that the ratio of the 
current to the light intensity during thermoluminescence 
behaves similarly ; as can be seen on Fig. 6, the current 
is very low during the low-temperature glow peak, 
and increases rapidly around the beginning of the 
high-temperature glow peak. 

The variation of the current with respect to the 
thermoluminescence intensity can be due either to a 
change in the effectiveness of the released electrons as 
current carriers, or to a change in the efficiency of the 
light emission process. The latter is unlikely for two 
reasons: (1) the temperature variation of the fluores- 
cence efficiency, where examined, was not nearly as 
pronounced as that of the current vs the light emission, 
and (2) relatively good correlation is found between 
the temperature variation of the electroluminescence 
and that of the dark current, and this would not be 
likely if there were pronounced changes in the efficiency 
of the emission process. 

It thus seems probable that there is a change in the 
effectiveness of the released electrons as current 
carriers. Such a change would also explain the tempera- 
ture dependence of the enhancement: if an electron is 
not effective as a current carrier it means that it is not 
appreciably displaced by the field and thus it cannot 
gain sufficient energy for impact excitation or ionization. 
If this is indeed the case, and if the temperature 
variation of factors such as electron scattering mecha- 
nisms and fluorescence efficiency is slight compared 
with that of the effectiveness of the electrons, then one 
would expect that the temperature dependence of the 
additional light produced by the effective electrons 
would be similar to that of the current. The light 


4 Gobrecht, Hahn, and Gumlich, Z. Physik 136, 623 (1954). 
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Fic. 7. Comparison of the additional light (-O-) due to the 
release of trapped electrons, (Lc—Lr—Le), with the current 
(-C—) due to the release of trapped electrons (Jc—J/g); crystal 
No. 2 at 800 v, No. 3 and 5 at 1000 v, and No. 20 at-400 v. 


caused by impact excitation due to such effective 
electrons is just Le—Lr—Lz, and this quantity is 
compared to the current for cases of high enhancement 
in Fig. 7. The correlation is seen to be excellent. Here, 
for crystals No. 20 and No. 24 Lz and /g were negligibly 
small, and therefore not subtracted. 

This still leaves open the question of the cause of the 
change in the effectiveness of the released electrons. 
One possibility is that the low temperature trap 
together with the activator forms a localized center so 
that the electrons for the most part do not reach the 
conduction band. Localized centers have recently been 
proposed by Frankl’ to explain the time dependence 
of the half-wave electroluminescence; however, the 
present centers cannot be of the same type since they 
release electrons also in the presence of a field, while 
in Frankl’s model the centers are stabilized by a field. 
It should be noted that even if the low-temperature 
traps are in localized centers some of the electrons 
nevertheless reach the conduction band, since there is 
both some current and some enhancement in the 
low-temperature thermoluminescence peak. 

However, localized centers are certainly not the only 
possibility. If, for example, the crystals had small 
regions of potential fluctuations, only those electrons 
which could get over the barriers caused by the fluctua- 
tions would contribute to the current” and thus to the 
enhancement. As the temperature is increased, the 


12 For a similar hypothesis for PbS, see Mahlman, Nottingham, 
and Slater, Proceedings of the Allantic City Photoconductivity 
Conference, 1954 (John Wiley and Sons, Inc., New York, 1955) 
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average electron energy would increase, and this would 
cause a larger fraction of the electrons to get over the 
barriers. It should be noted that models involving a 
series of barriers have already been postulated for 
ZnS crystals,?* as well as for diamond" and lead 
sulfide.'?:!® Or, the increase in current and enhancement 
could also be the results of an increase, with increasing 
temperature or increasing trap-emptying, of either the 
field strength in the regions of trap emptying, or of the 
electron lifetime. 


C. Temperature Variation of the 
Electroluminescence and of 
the Dark Current 


As can be seen from Figs. 4 and 5 the dc electro- 
luminescence and the dark current behave quite 
similarly with respect to temperature. Both increase 
rapidly with increasing temperature. This increase is 
not linear on a logl» and log/ ¢ vs reciprocal tempera- 
ture plot except for a very small temperature region. 
This is hardly surprising, however, since no account 
has been taken of the temperature variation of the 
mobility, and since the current and light were measured 
with a constant applied voltage which, in the presence 
of barriers, does not necessarily give a constant field 
in any given region. These two factors also make it 
difficult to interpret the cause of the linear portion that 
does exist. Two possibilities are that it is due either to 
electrons being released from impurities, or to electrons 
getting over barriers. If it is the latter, it would be 
relatively easy to understand both the variations from 
crystal to crystal (see Fig. 5), and a decrease in slope 
with increasing voltage observed for some of the 
crystals. Such a decrease might come about if the 
“activation” energy is due to barriers, and if these 
barriers are lowered by the presence of a larger amount 
of free charge. The most pronounced example of this 
decrease in slope occurs for crystal No. 2 (Fig. 4), 
where there is a decrease from 0.1 ev at 400 v to 0.04 ev 
at 1000 v. 

As mentioned in Sec. III, the temperature variation 
of the half-wave and ac electroluminescence is rather 
complex, and we will therefore not consider it in detail 
here. Since electron traps become filled during this 
electroluminescence, the trap filling and emptying 


13 FE, E. Loebner and H. Freund, Phys. Rev. 98, 1545 (1955); 

. E. Loebner, Abstracts of the Polytechnic Institute of Brookly n 
“< mposium, 1955 (unpublished). 

1G. H. Wannier, Phys. Rev. 76, 438 (1949). 

18H. M. James, Science 110, 254 (1949). 
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processes probably play a role; however, so may other 
factors. Various hypotheses have already been proposed 
to account for the temperature dependence of the ac 
electroluminescence. One, by Williams,!* assumes in- 
creased electroluminescence due to the release of 
trapped electrons, and thus is consistent with our dc 
results (although he assumes field ionization of traps 
which, as discussed in Sec. IV. A, does not seem domi- 
nant under dc voltages). Other hypotheses have been 
proposed by Johnson, Piper, and Williams in an earlier 
paper, as well as by Haake!’ and by Alfrey and 
Taylor'*; the effects proposed by them may be im- 
portant under certain conditions or for certain 
phosphors, but they do not seem necessary for explain- 
ing the main features of the present dc results. 


V. SUMMARY 


It has been shown that electrons released from traps 
will, in the presence of a dc field, cause an enhanced 
light emission in most of the electroluminescent 
crystals tested. This enhanced emission is closely 
related to the current and can be explained by assuming 
impact excitation or ionization caused by some of the 
electrons released from the traps. Despite the presence 
of a current, an enhanced emission was not found for 
the nonelectroluminescent crystals we tested. 

It was found that both the enhancement and the 
current due to the release of trapped electrons increased 
with increasing temperature. This increase may be 
associated with the presence of small, probably micro- 
scopic barriers in the crystals. Such barriers would 
also explain some of the characteristics of the tempera- 
ture dependence of the dc electroluminescence. It is 
thus noteworthy that both these phenomena can be 
explained by the same theory, although this of course 
does not exclude the possibility that the two are 
independent. 
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Elastic Moduli of Indium Antimonide* 


Roy F. Potrrer 
National Bureau of Standards, Washington, D. C. 
(Received March 26, 1956) 


By using the composite resonator technique, the elastic moduli of InSb have been measured as a function 
of temperature between 77°K and 700°K. The results give good agreement with Born-Smith dynamic 
lattice theory if nearest neighbor interactions alone are considered. The value of @p is found to be 208°K by 
using Sutton’s method. High-temperature behavior of the constants is discussed. 


INTRODUCTION 


HE elastic constants of crystalline materials and 

their behavior as a function of temperature pro- 
vide fundamental information of the mechanical and 
thermodynamical properties. There exists a great deal 
of interest in the intermetallic semiconductors formed 
from the elements of the IIIz and Vz columns of the 
periodic chart. Of these, indium antimonide is one that 
has received extensive attention to its optical, electrical, 
and thermal properties.' The elastic constants are the 
first results of a program at the National Bureau of 
Standards to study the mechanical properties of these 
materials. 


EXPERIMENTAL 


The experimental technique is largely the same that 
was reported by Hunter and Siegel.’ Standing waves of 
integral half-wavelengths are set up in the samples 
when they are excited in the appropriate resonant 
modes. One part of a composite 2-part resonator con- 
sists of a fused quartz rod whose frequency was matched 
very closely to that of a quartz piezoelectric crystal. 
This composite was constructed by cementing the 
quartz crystal onto the rod with a resin-type cement 
giving a permanent room temperature bond. The 
sample is cemented with a mixture suggested by Sutton,’ 
consisting, by weight, of two parts Na2SiF¢, one part 
BaSOx,, ground fine. The cementing process consists of 
clamping the 2-part resonator in a jig; a spring-loaded 
plunger butts the sample up against the fused silica 
rod. Between the sample and rod is placed a small 
amount of the cement mixed with sodium silicate which 
is allowed to set for 24 hours or more. This cement was 
used at all temperatures between 77°K and 673°K. 
Figure 1 shows the 3-part composite in its clamp with 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1 A partial list of references includes: H. Weiss, Z. Naturforsch. 
8A, 463 (1953); Harmon, Willardson, and Beer, Phys. Rev. 95, 
699 (1954); Breckenridge, Blunt, Hosler, Frederikse, Becker, and 
Oshinsky, Phys. Rev. 96, 571 (1954); H. P. R. Frederikse and 
E. V. Mielczarek, Phys. Rev. 99, 1889 (1955); H. P. R. Frederikse 
and R. F. Blunt, Proc. Inst. Radio Engrs. 43, 1828 (1955); 
Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 1672 
(1955). 

2 L. Hunter and S. Siegel, Phys. Rev. 61, 84 (1942). 

3P. M. Sutton, Phys. Rev. 91, 816 (1953). 


radiation shield in place. The clamp is at a displacement 
node on the quartz. 

The block diagram, Fig. 2, shows the essentials of 
the measuring circuit. The oscillator was tuned to the 
series resonance point of the resonator and the fre- 
quency and mechanical Q of the composite resonator 
determined. 

The quartz crystal and silica rod were matched such 
that the respective resonant frequencies differed less 
than 1% over the entire temperature range. The 3-part 
composite had about the same frequency variation with 
respect to the 2-part resonator. The following relation 
between the resonant frequency of the sample and the 
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Fic. 1. The experimental apparatus was designed to keep the 
quartz transducer at temperatures below 100°C. Above this 
temperature a large loss peak interferes with decrement measure- 
ments. A suitable refrigerant is placed in a Dewar about the 
lower part of the envelope for temperatures below room tempera- 
ture. An oven in the same position gives a range of temperatures 
up to 500°C. 
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Fic. 2. A schematic block diagram of the apparatus. With 
S-1 and S-2 in the appropriate positions the signal generator is 
tuned to the series resonant frequency of the crystal. The output 
pulse of the fifth decade of the scaler is used to turn the chrono- 
graph on and off. The lower circuit is for measuring the logarithmic 
decrement of the crystal. 


resonant frequency of the 2-part composite was used : 


; : ’ r e(e’—1)(fs— fr)? 
Vs = fste(fs—fe)— 3 - ees 


fi 


where f2=resonant frequency of 2-part composite, 
fs=resonant frequency of 3-part composite, {,=reso- 
nant frequency of sample, e=m2/m,, m2=mass of 2- 
part composite, and m,=mass of sample. This rela- 
tionship results from ignoring higher-order terms in an 
expansion’ of an expression due to Rose.‘ 

Two composite resonators were used; the first, which 
gave a longitudinal vibration mode, was a —18.5° 
X-cut crystal® cut into a square prism 0.5X0.5X5 cm, 
cemented onto fused silica rod.* This 2-part composite 
was known as ER2. The second was a quartz cylinder’ 
cut with length along X-axis, cemented onto a fused 
silica cylindrical rod. This 2-part composite was known 
as DR2 and gave a torsional vibration mode. ER2 
resonated at 49.874 kilocycles/second at room tempera- 

TABLE I. Data at 27°C pertinent to determining the 
elastic constant of InSb. 


fs (long.) fs (torsion.) Po ® Xo ' 
cycles/sec cycles/sec A 


- 50066.2 421469 5.7751 6.4782 
+0.0003 


lo 
Sample cm 


39 (100) 2.7238 
50 085.3 


Temperature 


No. 2 (111 
a®*—Average coeff. of linear 

range °( thermal expansion per °C 
—190 to —60 3.9X 107 
— 60 to —20 4.4 
— 20 to +20 4.7 
+ 20to 60 4.9 

60 to 100 

100 to 150 

150 to 200 

200 to 250 


*® Measured by C. T. Collett, Capacity, Density, and Fluid Meters Sec- 
tion, National Bureau of Standards, Washington, D. C. 

b Swanson, Fuyat, and Ugrinic, National Bureau of Standards Circular 
539, Vol. IV, 1955 (unpublished), p. 73. 

e P, Hidnert and R. K. Kirby, Length Section, National Bureau of 
Standards, Washington, D. C. 


4F. Rose, Phys. Rev. 49, 50 (1936). 

5 Supplied by F. Phelps, Quartz Section, Boulder Laboratories, 
National Bureau of Standards. 

6From Tube Department, General Electric Company, Nela 
Park, Ohio. 

7 August E. Miller Laboratories, North Bergen, New Jersey. 
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ture while DR2 resonated at 40.090 kilocycles/second 
at the same temperature. 

InSb cylinders of 5-mm diameter were prepared by 
cementing oriented square prisms onto brass dowels 
which could be placed in a small lathe. The crystals 
were turned down to cylinders of the proper diameter 
using the sand blast from an air-abrasive unit as the 
cutting tool. 

Temperature was measured by placing iron-con- 
stantan thermocouples at the end of a dummy 2-part 
composite resonator which was clamped near the real 
resonator. The thermocouples were commercial duplex 
type, taken from a roll out of which a segment was 
calibrated by the Thermometry Section of the National 
Bureau of Standards. The over-all accuracy of the tem- 
perature measurements is estimated to be better than 
a 

A thick copper radiation shield is placed about the 
lower end of the silica rod and the sample. This shield 
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Fic. 3. Young’s modulus for InSb for the (100) axis. The 
modulus is assumed to be free as measured. The misorientation of 
4° in the sample has been corrected for in the figure. 


is supported by lava rods. The entire assembly is placed 
in a Pyrex vacuum envelope. 

Elevated temperatures are maintained by placing 
an oven around the Pyrex envelope. The ambient tem- 
perature of the experimental environs varied by no 
more than 2°C. The reproducibility of resonant fre- 
quencies for heating and cooling cycles was very good 
(+2X10~-°). Temperatures below room temperature 
were attained by placing a flask of liquid N2 around the 
envelope. A pressure of one mm He gas around the 
sample served to lower the sample temperature to 
77°K. The exchange gas was removed and the system 
allowed to warm up for temperatures intermediate 
between 77°K and 300°K. 

This arrangement was not as satisfactory for low 
temperatures as for high temperatures, principally 
because silica has a large loss peak due to relaxation 
processes near 77°. An apparatus suitable for measure- 
ments down to liquid helium temperature has been 
constructed. 





ELASTIC 


Crystal orientations were determined by the Laue 
back reflection method. 

Both samples were cut from boules drawn from the 
melt by the Kyropoulos method. 


RESULTS 

Two InSb crystals were used during this investiga- 
tion. One had its length in the (111) direction within 
one degree. The other had its length along the (100) 
direction within four degrees. These samples were 
designated InSb No. 2 and C39, respectively. Table I 
has pertinent data on these crystals for room 
temperature. 

The Young’s modulus of a sample was determined 
from its resonant frequency f/f, when used with ER2. 
Similarly, the rigidity modulus was determined with 
DR2. 
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Fic. 4. “Free” rigidity modulus for InSb for the (100) axis. 
The measured modulus was assumed to be the “pure” modulus in 
the slight!y misoriented sample. Both the conversion to the “‘free”’ 
modulus and the orientation correction have been made in the 
figure. Whether the dip in the modulus below room temperature 
is real or due to the use of household cement as a bonding agent 
has not been determined. On subsequent runs the sample suffered 
a small chip fracture on the side which destroyed the cylindrical 
symmetry to a certain degree. The upper curve shows the modulus 
to be almost linear in this region. The dip was assumed to be 
transitory and values along the dotted line were used for C4 


These moduli are related to the frequency /, by 


T 
ad r), 
300 


where / is sample length, p is the density, T is the 
temperature, a the coefficient of linear expansion, and 
M is the proper modulus. Table I lists the values of a, 
lo, and po used. 

Using Voigt’s notation® we have the following rela- 
tions between the compliance moduli (S;;) and the 
Young’s (£) and rigidity (G) moduli: 


Su=1 Eo, Ssa= 1 G00, Sut Saat 2S12= 3, Ej\n1. 


M(T)=4P f2p=4le*pof2(T) / ( 1+ 


Figures 3, 4, and 5 show the experimental values of 
the moduli as functions of temperature. The S;; and 


8R. F. S. Hearman, Revs. Modern Phys. 18, 409 (1946). 
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Fic. 5. The Young’s modulus along the (111) axis. It was 
assumed to be the free modulus and no correction for orientation 
was made. 


S44 values were corrected for the four degrees the sample 
axis was off the true crystallographic (100) axis.’ This 
misorientation also necessitated converting the meas- 
ured rigidity modulus from the “pure” to the “free” 
modulus.*® 

Tables II and III list the elastic moduli and moduli 
of compliance, respectively, at 100° intervals. These 
values are several percent lower than those reported 
by McSkimin e/ al.'° at room temperature. 


DISCUSSION 
A. Lattice Theory 


A dynamic theory of the diamond lattice for nearest 
neighbor interaction has been worked out by Born! 
and developed further by Smith.” The diamond lattice 


TABLE II. Moduli of elasticity, in units of 10" dynes/cm? 


T (°K) C1 : Cu 


3.14 

3.137 
3.107 
3.071 
3.034 
2.998 
2.958 


0 6.66 
100 6.649 
200 6.607 
300 6.472 
400 6.312 
500 6.131 
600 5.906 


3.039 
2.888 


TABLE III. Moduli of compliance, in units of 10~'? cm?/dyne.* 


r (°R) Si S Ss 


3.18 

3.188 
3.218 
3.256 
3.296 
3.336 
3.381 


0 .26 0.76 
100 .268 0.760 
200 2.291 0.770 
300 2.335 0.783 
400 2.380 0.795 
500 2.432 0.806 
600 2.494 0.819 


* The values at 300°K are estimated to be within 4%. The error at other 
temperatures is probably somewhat larger, i.e., between 1 and 2%. The 
fourth significant figure is given in all cases, except the zero degree extra 
polated value, to indicate the temperature variation of the constants 


9W. G. Cady, Piezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946). 

 McSkimin, Bond, Pearson, 
Phys. Soc. Ser. II, 1, 111 (1956). 

1M. Born, Ann. Physik 44, 605 (1914). 

2H. M. J. Smith, Proc. Roy. Soc. (London) 241, 105 (1948) 


and Hrostowski, Bull. Am 





50 mOYy FP. 


TaBLe IV. A comparison of results of first neighbor forces 
lattice theory. 


4C11 (Cir —Caa) 
[' (Cu+Cn)? ] 
Si 0.998 
Ge 1.02 


InSb 0.94 
5 0.89¢ 


vy X107'2 sec™ 
calc. 
19.8 
11.6 
6.66 
11.76 


Ao(u) 
measured 


16.54 
294 
52¢. 
26! 








J. McSkimin, J. Appl. Phys. 24, 988 (1953). 


a 

H. 

bM. E, Fine, J. Appl. Phys. 26, 863 (1955). 

¢S. Bhagavantam, Proc. Indian Acad. Sci. 41, 72 (1955). 
4R. J. Collins and H. Y. Fan, Phys. Rev. 93, 676 (1954). 
eW. G. Spitzer and H. Y. Fan, Phys. Rev. 99, 1893 (1955). 
fH. Yoshinaga, Phys. Rev. 100, 753 (1955). 


is made up of two interpenetrating, identical, face- 
centered cubic lattices. The zinc blende structure is 
similar except the two face-centered cubic lattices have 
different atoms at the points of the respective sub- 
lattices. The Born-Smith theory should not be strictly 
applicable to zinc blende structures, and indeed does 
break down for the case for Smith’s extension to include 
central-force, next-nearest neighbor interactions. How- 
ever, if we consider nearest neighbors only, even the 
highly ionic ZnS crystal gives good agreement. 

In this theory, one relates the elastic constants 
(C;,) to the lattice force constants a and p: 


Cy=a da, Ci2= (28—a) da, C44= (a — B”) da, 


where a is the lattice constant and the elastic constants 
are related by the expression 


4C 13 (Cy— Cas) / (Cu tCw)?=1. 


When one calculates the highest optical mode of 
vibration, i.e., where the lattice wave vector q is zero, 
one gets 

v= (1/27) (8C,,a/m)}, 


where m is taken as the mean atomic mass and » is the 
frequency of vibration. 

Table IV shows for comparison purposes the results 
for Si, Ge, InSb, and ZnS using this theory. 


B. Debye Temperature 

The mean Debye characteristic teinperature @p of 
the InSb crystal can be easily calculated using a method 
due to Sutton. Using the 0°K values of elastic con- 
stants, one finds for the velocity of sound the mean 
value 

Um= 2.26X 10° cm/sec, 

and 6p=208°K. Keesom and Pearlman" report 6p 
= 200+5°K from the specific heat measurements on 
InSb. 


C. High-Temperature Behavior 


The behavior of the elastic constants at the higher 
temperatures is of interest. In Fig. 6 we have plotted 
the two shear moduli, Cy; and (Ci;—Cy)/2. These 


18 P, M. Sutton, Phys. Rev. 99, 1826 (1955). 
4 P. H. Keesom and N. Pearlman (private correspondence). 
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along with the bulk modulus (Ci:+2C12)/3, which is 
shown divided by 2, must each be positive if the lattice 
is to be stable. The ratios 2C44/(Cu—Ci2) and 
2(Cyr+2C12)/3(Cu— Cy) are also shown. It can be 
seen that the bulk modulus is decreasing most rapidly 
over the observed temperature range, where the upper 
temperature is approximately 100° below the melting 
point. The behavior of these moduli between 700°K 
and 800°K should be most interesting. If (C1:—Ci2)/2 
goes to zero before C4s, the compound then goes into 
what Born'® calls the gel state where a hydrostatic 
stress exists as in a liquid, but an elastic resistance 
against shearing remains. The fact that the bulk 
modulus is decreasing the most rapidly indicates an 
instability condition where cohesion of the lattice is 
decreasing. 


SUMMARY 


The elastic constants for the semiconductor indium 
antimonide have been measured as a function of tem- 


2(C,,+2C,2 ~ 
3(C,,-C,) 


Cy + 2G, 
2 Cag 


Cy -Ci2 
a 


earseeeee ee — 





700 





i 1 
100 200 300 400 500 600 
TX 
Fic. 6. The fundamental moduli, Cys, (Ci:—Ci2)/2, and 
$[ (Ci: +2Ci2)/3], and their ratios are shown. The moduli are in 


units of 10" dynes/cm?. The bulk modulus is decreasing the most 
rapidly over the observed temperature range. 


perature using the composite resonator technique. 
Those constants have been compared with other semi- 
conductors of the diamond and zinc blende structure. 
The Born-Smith nearest neighbor theory has been found 
to give varying degrees of agreement with all the types 
in Table ITV. That agreement varies from excellent in 
the case of highly homopolar bonds (Si and Ge) to 
fair in the case of ZnS which has some ionic character. 
Finally a value for 6p was determined to compare with 
specific heat data. 
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In this paper, we attempt to establish the idea of impurity 
band conduction on a firmer theoretical basis for germanium and 
silicon. Calculations by Baltensperger of energy bands arising 
from the impurities are adapted for these materials by replacing 
wave functions of impurity states with suitable hydrogenic 
approximations. These are used to estimate the concentration 
for which the impurity band substantially merges with the 
remainder of the conduction band, and this estimate is found to 
agree reasonably well with experiment. An estimate is also made 
of the range of concentrations for which the usual band type of 
theory might be applicable to electrons in the impurity band. 
It is found that approximately within this range the simple band 
theory does well for the impurity band. This, incidentally, high- 


I. INTRODUCTION 


HE idea of impurity band conduction was ad- 
vanced by Hung! to explain the flattening of the 
resistivity and occurrenke of a maximum in the Hall 
constant at low temperature in germanium samples.’ 
Additional work by Fritzsche and Lark-Horovitz’ and 
Fritzsche* put this idea on a firmer basis experimentally 
by elimination of a number of other possible explana- 
tions for these phenomena. It remains still to establish 
this explanation on a firmer theoretical footing and that 
is one of the purposes of the present paper. A major 
problem here is accounting for conduction in impurity 
states at the low concentrations involved; it is felt that 
sufficient information on the details of band structure 
and impurity states is now available to make real 
progress in this direction possible. A second purpose of 
this paper is to emphasize the fact that conduction in 
impurity states must be taken into account in the 
analysis of bulk properties in concentration and tem- 
perature ranges where this has not generally been done. 
Part II and the first section of part IV will be con- 
cerned mainly with highly impure samples. It will be 
shown in part II just where the usual one-carrier theory 
is inadequate to explain the variation of Hall constant 
and Hall mobility with concentration and temperature. 
Part III deals with the energy level structure of impure 
material. A theoretical calculation of impurity band- 
width as a function of spacing between impurities has 
been carried out by Baltensperger assuming hydrogen- 
like impurities and distribution in a regular lattice. 
Neither of these assumptions is satisfied here, and the 
modifications which arise from dropping them will be 


* Some of this material was presented at the New York meeting 
of the American Physical Society, 1955 [see Phys. Rev. 98, 
1178(A) (1955). 

1C. S. Hung, Phys. Rev. 79, 727 (1950). 

2C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950) ; 
96, 1226 (1954). 

3H. Fritzsche and K. Lark-Horovitz, Physica 20, 834 (1955). 

‘H. Fritzsche, Phys. Rev. 99, 406 (1955). 


lights the necessity of taking into account conduction in impurity 
states for degenerate and near-degenerate samples even at rela- 
tively high temperatures. For concentrations lower than these a 
crude treatment of conduction is described which can account for 
the sharp increase in impurity band resistivity with decreasing 
impurity concentration, the importance of compensation in these 
samples, and even the order of magnitude of the resistivity. It 
does not, however, predict the correct temperature dependence 
for the resistivity, and a possible origin for this is suggested. 
The question of the sign of carriers in the impurity band is dis 
cussed, and it is shown that the sign reversal of thermoelectric 
power observed for the impurity band need not imply a change in 
sign of the effective mass. 


discussed. Estimates will be made of the concentrations 
in germanium and silicon above which: (1) the impurity 
band is merged with the conduction band, (2) the usual 
band picture might provide a fair approximation for 
electrons in the impurity band. 

Conduction in impure samples will be taken up in 
part IV. The first section will deal with samples which 
lie in the concentration range selected by the two criteria 
of the preceding paragraph. It will be shown that the 
usual simple band treatment is capable of accounting 
in detail for the observations made on such samples. 
The last section of part IV will attempt to deal with 
some of the phenomena found at lower impurity con- 
centrations. A crude theory of conduction, suggested 
by the importance of compensation in these samples, 
will be shown capable of explaining some of the experi- 
mental results for this concentration range. The inter- 
pretation of thermoelectric power measurements of 
Geballe and Hull and the sign of impurity band carriers 
will be discussed. 


II. DISCUSSION OF EXPERIMENTAL RESULTS® 


In this section, we shall analyze experimental Hall 
and Hall mobility data for fairly impure samples on 
the basis of a one-carrier theory. This is equivalent to 
assuming that all electrons are in the conduction band, 
or that the impurity band electrons have properties 
identical with those of the conduction band electrons.°® 
It will be shown where this is inadequate. This has been 
done to some extent by Hung and Gliessman, but the 
case they make can be strengthened. 

It should be remarked first that for p-type germanium 
and silicon, even when all holes are in “the valence 
band,” we must deal with two types with different 


5 The notation used throughout will be that of P. P. Debye and 
E. M. Conwell, Phys. Rev. 93, 693 (1954). 

® It is convenient to speak specifically in terms of electrons in 
much of what follows. The results are expected to apply to holes, 
mutatis mutandis. 
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Fic. 1. (a) Reciprocal of product of Hall constant and charge 
on the electron vs reciprocal of absolute temperature for some 
n-type germanium samples. (b) Reciprocal of product of Hall 
constant and charge on the electron vs reciprocal of absolute 
temperature for some p-type germanium samples. Magnetic field 
intensity was about 3000 oersteds. The data were taken by 
P. P. Debye. 


masses and mobilities. Since the constant energy sur- 
faces of both holes have been shown to be approximately 
spherical near the band edge, it should be accurate 
enough for present purposes to take the low-field Hall 
constant as given by 


1 MypinpitNopeonpes \MuM 1 
R= =— ae) 
é (yp41+-Nop2)* (pu)? (my; +no)e 
and the Hall mobility as: 


MypinbitNopenbs (une) 
oz - eee 
Nyy +Nope ou 


(2) 


Such information as there is on the two types of holes’:* 
indicates that (u#mu)/(u)® is no larger than perhaps 3. 


7 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953); 
R. N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954). 
8 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
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It is then sufficiently accurate for our purposes to say 
that R~1/(n,-+n2)e, and Ro represents the average 
mobility. The accuracy of these relations should im- 
prove as one goes beyond the low-field range, and they 
become exact in the limiting case of high fields. In 
what follows, therefore, we shall make no explicit 
distinction between the two types of valence band 
holes. 

In the case of electrons in the conduction band there 
is evidence that the simple one-carrier theory for Hall 
effect is reasonably valid.° 

We shall consider now experimental data for highly 
impure samples. Figures 1(a) and 1(b), 2(a) and 2(b) 
show some typical data for this range. The n- and p-type 
samples involved were made from germanium which 
had been carefully purified and then doped with arsenic 
or gallium, respectively." Extensive study of other 
similarly prepared samples leads to the belief that these 
are to a high degree free of imperfections and impurities 
other than the ones intentionally added. 

According to a theory based on one type of carrier 
then (i.e., electrons in the conduction band or holes in 
the valence band), the curves of Figs. 1(a) and 1(b) 
represent within a small factor the variation in carrier 
concentration with temperature. This factor can be 
expected to be a function of impurity concentration 
and temperature, and has not as yet been calculated in 
detail for the actual band structures involved. In prin- 
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Fic. 2. (a) Hall mobility vs absolute temperature for the n-type 
germanium samples of Fig. 1(a). (b) Hall mobility vs absolute 
temperature for the p-type germanium samples of Fig. 1(b). 
Magnetic field intensity was about 3000 oersteds. The data were 
taken by P. P. Debye. 


® See, for example, Debye and Conwell, reference 5. 

1 For a detailed description of sample preparation and experi- 
mental procedure see Debye and Conwell, reference 5. The 
samples were prepared and data taken at Bell Laboratories. 





IMPURITY BAND 
ciple, its inclusion could modify the shape of these 
curves, and such information as is available indicates 
that it does indeed make some minor changes. (See 
part IV.) Over-all, however, the variations in shape 
which accompany fairly small changes in temperature 
and concentration, particularly for the p-type case, are 
so large as to make it difficult to believe that its inclu- 
sion everywhere would have a significant effect. It is 
then necessary to explain peculiarities such as the 
existence of a low-temperature plateau at a concen- 
tration approximately one-tenth the room temperature 
value, or an apparent increase in carrier concentration 
with decreasing temperature. The presence of a large 
amount of another impurity of much lower activation 
energy might be invoked to explain the first, and 
perhaps a suitable temperature coefficient for the activa- 
tion energy to explain the latter, but these are unlikely 
and artificial explanations. Similar data have been 
obtained for silicon.!!:” 

In Figs. 2(a) and 2(b) are Hall mobility vs tempera- 
ture data for the same set of samples. The behavior of 
the Hall mobility at temperatures above about 100°K 
appears reasonable, qualitatively speaking, for samples 
with a mixture of lattice and impurity scattering. The 
relative flatness of the curves for the most heavily 
doped samples is presumably explained by the fact 
that they are in a transition region between Maxwell- 
Boltzmann statistics and Fermi-Dirac statistics. 

Below about 30°K only impurity scattering need be 
considered in these samples. At the lowest temperatures 
obtained here, uy of all the samples but 74 goes into a 
temperature-independent region indicating the onset of 
Fermi-Dirac statistics, where the impurity mobility is 
temperature-independent. It is notable that the curves 
for the different samples have crossed, so that in this 
region the samples with higher impurity content have 
higher mobility. This trend has been found also for 
silicon samples.!!:* 

As expected theoretically, the temperature of the 
transition to Fermi-Dirac statistics is lower the lower 
the impurity content of the sample. Sample 74, least 
heavily doped of the group, is still going down sharply 
at the lowest temperatures, showing no tendency yet 
to flatten. In the neighborhood of 11.5°K, the Hall 
mobility of this sample is changing with temperature 
as T**.5, Unfortunately, there was no -type sample in 
this set with the proper concentration to show this 
steep slope. (Presumably one with concentration a little 
less than that of sample 59 would be suitable.) How- 
ever, such a slope can be seen in some of the highly 
doped n-type silicon samples (as well as p-type), for 
example Pearson and Bardeen’s sample B, Morin and 
Maita’s sample 126. It is noteworthy that in all cases 
this slope is associated with samples having curves of 


1G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 

12 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

13 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 283. 


CONDUCTION IN Ge 


AND Si 53 


1/Re vs 1/T similar to that of 74. Further, for each 
sample the steep slope occurs in the neighborhood of 
the temperature associated with the minimum in 1/Re, 
or what would presumably be part of a minimum if 
lower temperature data were taken. Samples with still 
higher impurity concentration do not show this steep 
a slope. However, it is also the case for these samples 
that the steepest slope of uy vs T occurs in the tem- 
perature region of the minimum in 1/Re for the par- 
ticular sample. 

Consider how these experimental results compare 
with the predictions of a one-carrier theory. On theo- 
retical grounds the temperature dependence anticipated 
for impurity mobility is 7+!-°. Experimental indications 
are that this predicted temperature dependence is, if 
anything, steeper than the. actual value.’ There is no 
known scattering process for elemental semiconductors 
which leads to a temperature dependence as steep 
as". 

The dependence on concentration of the mobility in 
the Fermi-Dirac region also cannot be explained by 
the usual theory. A formula for the impurity mobility 
valid in this region was derived by Mott some years 
ago. This is: 


3a hx? 
ur =— los 1+ (a) 
m*¢3 
(24m?n) 5d? 


l 
- 2 4) 
1+ (249?n)!d? 


where X is the screening length for the ion potential, 
which Mott evaluates in an approximate fashion, and 
the other symbols have the usual meaning. This result 
is identical with that obtained by extending the Brooks- 
Herring formula’ into the Fermi-Dirac range. In the 
latter case the screening distance was taken as the 
Debye length. This can be generalized for the present 
case as follows: 


Lx«m*{v?)}2 359? 
A= = Kay*n* 1, (4) 
3 4rne? - 20 : 


where ay* is the radius of the first Bohr orbit for an 
electron of mass m*. The screening length employed by 
Mott is essentially of the same form, involving the 
same dependence on carrier concentration. It can be 
shown simply that Eqs. (3) and (4) predict an impurity 
mobility which decreases with impurity concentration,'® 
contrary to the experimental results. 

As seen in the data of Hung and Gliessman,' less 
impure samples show many of the features which have 
been remarked on for the highly impure ones. Curves 


4N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 

15 Extension of the Conwell-Weisskopf formula into this range, 
carried out by V. A, Johnson and K. Lark-Horovitz, Phys. Rev. 
71, 374 (1947), also gives a mobility which decreases with im 
purity concentration. For discussion see W. Shockley, reference 13, 
p. 281. 
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Fic. 3. Baltensperger’s results for energy levels of impurities 
vs impurity spacing. The lower abscissa scale, representing im- 
purity concentration for a dielectric constant of 16 and effective 
mass of mo/4, has been added for illustrative purposes. At the top 
are indicated the radii of the atomic cell for which the edges of 
some further bands cross the value E=0. 


of Ro vs T resemble that of 74 in that below a high- 
temperature region in which behavior is explainable by 
the usual theory they go into a region of steeper slope. 
This occurs at lower temperature than it does for 74, 
and the slopes are steeper.'® Again, this steep slope 
occurs in the same temperature region as the minimum 
of 1/Re. 


Ill. ENERGY LEVELS IN IMPURE MATERIAL 


As a first step in a theoretical explanation of the 
results of the preceding section, we shall discuss the 
energy levels of a disordered substitutional alloy of 
germanium or silicon with one of the usual column III 
or column V impurities. Since a rigorous solution of this 
problem is not available, we shall begin by reviewing 
Baltensperger’s solution for the case where the im- 
purities are assumed to be on a regular lattice.'” 

To obtain the energy bands of the impurity lattice 
Baltensperger uses a cellular method. The atomic 
polyhedra surrounding each impurity are approximated 
by spheres of radius r, such that (4/3)ar,3=1/N7, where 
Ny is the number of impurities per cm*. Within each 
sphere the bound electron wave function and energy 
are assumed to satisfy the Wannier or effective mass 
equation for the simple model of the band structure.'*:" 
The potential in the cell is taken as —e/xr, which is, 
of course, not correct very close to the ion. It is assumed 
that the bottom and top of the bands are characterized 
by periodic and antiperiodic wave functions, respec- 

16 This is not shown in Fig. 9 of Hung and Gliessman, reference 1, 
because Re is not plotted to low enough temperatures for samples 
purer than SB-3. 

17 W. Baltensperger, Phil. Mag. 44, 1355 (1953). 

18 See, for example, J. M. Luttinger and W. Kohn, Phys. Rev. 
97, 869 (1955). 

1% More correctly, according to the formulation of effective 
mass theory by Luttinger and Kohn, the bound electron wave 
function for the simple model is of the form F(r)y-(r), where F(r) 
is the solution of the Wannier equation and y,(r) is the Bloch 
function at the band edge. 
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tively. The energy values satisfying the resulting 
boundary conditions, and thus presumably representing 
the band edges, are plotted as a function of r, (measured 
in units of xay*) in Fig. 3. The results are qualitatively 
as expected for such a calculation. At infinitely large 
distance between impurities there is the complete set 
of hydrogenic levels. As the distance between impurities 
decreases, the wave functions of successively lower 
excited levels overlap and form bands. The ground 
state spreads visibly on this scale, forming what is 
usually called the impurity band, at r,~5xay*. 

This calculation does not explicitly mention the con- 
duction band of the underlying medium. As discussed 
by Slater, for example, the effect of the Coulomb 
potential arising from the donor ions is to perturb all 
the conduction band states, the lowest ones most.”” The 
levels of Fig. 3 have presumably been pulied down from 
the conduction band. At low impurity concentration, 
on the right side of Fig. 3, say, we should be able to 
neglect the effect of the impurities on the conduction 
band in the usual sense that we describe the levels as 
constituting an unaffected conduction band starting at 
E=0 (at least approximately), with some discrete levels 
and perhaps bands below. As the impurity concentra- 
tion increases, more levels are pulled down and pre- 
sumably the remaining conduction band levels are more 
perturbed. In any case, it appears that the impurity 
band remains separated from the other levels at least 
down to r, of the order of 2xay*. At r,~xay* the separa- 
tion has evidently vanished and this group of levels 
has merged with the remainder. 

In view of the use of a hydrogenic potential and the 
neglect of randomness, the effort involved in obtaining 
results analogous to those of Fig. 3 for the actual band 
structures is difficult to justify. It appears practical 
therefore to make use of Baltensperger’s results, and 
this will be done in the following way. Hydrogenic 
approximations valid for the ground state at large r, 
will be set up. Excited states will not be considered 
explicitly since they mostly remain very close to the 
conduction band or overlap it. For x and p germanium 
and » silicon, wave functions for the ground state 
obtained by variation method are available as a guide. 
The hydrogenic approximations supply a value of xay* 
which will be used with Baltensperger’s results to trace 
the behavior of the energy to smaller r,. Errors due to 
neglecting the deviation from the hydrogenic potential, 
and to randomness, will then be examined. 

The variational wave functions for the ground state 
consist of a sum of terms which, apart from periodic 
modulating factors, decrease approximately exponen- 
tially with distance. In the case of electrons bound to 
donors, this decrease is essentially given by 


exp{ —[a?z?+-6?(«?+ y*) }!/xan}, 
* J. C. Slater, Technical Report No. 5, Solid-State and Molecu- 
lar Theory Group, Massachusetts Institute of Technology, De- 
cember 15, 1953 (unpublished). 
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where a is between 2 and 3 times as large as 8, and 
x and y are transverse directions.”! It appears reasonable 
to replace this with the hydrogenic function having an 
effective mass ratio m*/m)=6. This of course, over- 
estimates somewhat the extent in directions other than 
the transverse ones. It should lead, therefore, to a 
somewhat low estimate of the desired concentrations 
but this error should not be large. In the case of bound 
holes in germanium the factors giving the decrease with 
distance are of the form?’ e~”/" and r°f(0,¢)e-""?, where 
r. is about 0.87;. Very crudely we shall approximate 
this wave function by the hydrogenic function with 
m*/my=kay/ry~0.2. It is interesting to note that this 
is very close to the mass for which the hydrogen model 
gives the observed activation energy. Actually, the 
e~"'"2 terms in the wave function are comparable in size 
to the e~’/" terms out to r greater than 57; because of 
the r? factor in the former. Thus the bound hole wave 
function falls off less rapidly with distance than the 
hydrogenic approximation, and this should cause esti- 
mates of the desired concentrations to be somewhat 
high. 

Since solutions are not yet available for bound holes 
in silicon, for purposes of a crude estimate we shall use 
the hydrogenic function with the m*/mp value required 
to give the observed activation energy for acceptors in 
silicon. The germanium experience suggests that this 
should not be too bad. Unfortunately, there is con- 
siderable variation in activation energy among the 
column III acceptors. Since the measurements available 
are on boron-doped silicon we choose the m*/mp value 
appropriate to boron, 0.5. This is also equal to the 
heavy hole mass. 

The masses which have been selected for the hydro- 
genic approximations to the bound wave functions are 
listed in Table I. We shall now use these, in conjunction 
with Baltensperger’s results, to estimate the concentra- 
tion for which the impurity band merges with the 
conduction band. According to the discussion earlier in 
this section this should occur around r,=xay*. The 
concentrations which satisfy the condition r,=xay* are 
listed in the third column of Table I. The > and < 


TABLE I. Estimated impurity concentrations, for “formation 
of an impurity band,” and for its overlap with the conduction 
band. 





N1 for “band 
formation”’ 
cms 


m*/mo of 
hydrogenic N1 for overlap 


Case approximation cm73 





>1xX 10" 
<5X 10% 
>1x10" 
<1X 108 


0.13 >9x 10" 
0.2 <3 10" 
0.27 >2x 109 
0.5 <1 10” 


n-Ge 
p-Ge 
n-Si 


2 C, Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954); 
M. A. Lampert, Phys. Rev. 97, 352 (1955). 

22W. Kohn and D. Schechter, Phys. Rev. 99, 1903 (1955). 
The author is indebted to Dr. Kohn for making these results 
available before publication. 
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signs indicate where it is thought that these concentra- 
tions have been under- or overestimated because of 
the choice of the approximating function. These errors 
should, however, not be large. 

Another quantity of interest is the lowest concentra- 
tion at which a band picture along the usual lines 
might provide a good description for electrons in the 
impurity band. This could be called, very loosely, the 
concentration for “formation of an impurity band.” 
As a rough guide here, and probably in the nature of a 
lower limit, we have listed in Table I the concentrations 
for which the width of the impurity band, as calculated 
by Baltensperger, is of the order of kT at 10°K. (This 
is in the temperature range where conduction in im- 
purity states is generally predominant.) This corre- 
sponds to r, around 4 or 5xay*. 

Discussion so far has been confined to the case of a 
regular arrangement of impurities. No calculation of 
energy vs r, is available for a random arrangement, but 
there are some good qualitative guides to the results. 
Let us consider these for the case of the lowest impurity 
level. For either a regular or random arrangement of 
N, impurities there are, for very large r,, 2’; localized 
levels, all of the same energy.” When r, is small enough 
so that there is appreciable overlapping of electron 
wave functions on adjacent impurities the 2 energy 
levels split. The resulting “band” cannot be expected 
to have well defined edges in the random case because 
these are characteristic of a periodic arrangement. For 
small overlapping or interaction, however, it is to be 
expected that most of the levels would be close to the 
original energy. These features have been found by 
James and Ginzbarg in calculations for a comparable 
one-dimensional random case.”*> They find that the 
density-of-states curve still shows a narrow maximum 
around the original energy, but there are long tails to 
both low and high energy, the latter overlapping the 
conduction band. Thus, as compared with the density 
of states for a regular distribution, the curve for the 
random arrangement of the same impurities should be 


3 For values of r, greater than this, in the case of uncompensated 
material it would be reasonable to consider the electrons localized 
and use Heitler-London wave functions. (See N. F. Mott, in 
“Semi-Conducting Materials,’’ Butterworths Scientific Publica 
tions, London, 1951). This is not necessarily the case, however, 
for compensated material, because there the existence of empty 
sites should permit motion of the electrons from one ion to another 
even at much larger values of r,. Thus the feature of extended 
rather than localized wave functions would be valid at much 
lower concentrations than those “for band formation” in com- 
pensated material. It is nevertheless not likely that other features 
of the usual band picture would apply. Specifically, at low tem- 
perature one would not expect more than one electron at a time 
on a donor ion, which, of course, is permitted by the usual band 
picture. From this point of view one may consider the figures in 
the last column of Table I as rough measure of the concentration 
below which electron correlations are important enough to 
prevent the accumulation of excess negative charge on the donor 
“atoms.” 

*4 More generally, the number of levels is N; times the de- 
generacy of the ground state. This may be greater than 2. 

2H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953). 
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more diffuse—broader, flatter, and without distinct 
edges. It will nevertheless be convenient to speak of 
the group of states arising from the lowest discrete 
state as the impurity band. 

Consider now the effect of randomness of the arrange- 
ment on the concentrations listed in Table I. It has 
been pointed out by Baltensperger that disorder will 
increase the average interaction between electrons on 
different impurities over what it would be for a regular 
arrangement. This suggests that both the concentrations 
calculated should be lower for a random arrangement.*® 
The amount of this lowering is difficult to estimate. 
As will be seen in part IV, there is no reason to believe 
that it is more than an order of magnitude. It should be 
noted also that the implications of the concentration 
“for band formation” must necessaril, be somewhat 
modified for a random arrangement. Not all features of 
the usual band picture can be expected to apply in a 
random case. For example, the one-electron wave func- 
tions cannot correctly be taken in the Bloch form. It is 
therefore more suitable for this case to consider this 
concentration as indicating the lower limit for validity 
of such band features as extended rather than localized 
wave functions for uncompensated materia!* and the 
relative unimportance of electron correlations. 

There is another effect, so far neglected, which gives 
a systematic error in the other direction. This is the 
deviation of the potential from the hydrogenic one at 
small r, which causes an additional concentration at 
small r with consequent diminution of the wave func- 
tion at large r. Thus the hydrogenic approximations 
which have been set up overestimate the correct wave 
functions at large r, and thus the overlapping. From 
this point of view the concentrations listed in Table I 
are too low. 

It is possible to get an idea of the importance of this 
effect from the difference between the variational energy 
for the ground state (calculated for the hydrogenic 
potential) and the activation energy obtained, for 
example, from Hall data.*’ In the case of germanium 
these differences are fairly small for the column III 
acceptors and for Sb. They are considerable for P 
and As, of the order of 30%. For column V donors in 
silicon the differences are also considerable, being least 
for Sb. Although the variation energy has not yet been 
calculated for acceptors in silicon, it is to be anticipated 
from the observed large variations in activation energy 
that the differences will be considerable here also. We 
conclude that the underestimate of the concentrations 
in Table I from this effect should not be large for Sb 
and column III acceptors in germanium, but may be 
considerable for the other cases. Presumably the dis- 
crepancy will be larger the larger the binding energy 
for the particular impurity. We have here then a source 


26 Tt has also been pointed out by P. Aigrain, Physica 20, 978 
(1954), that the concentration at which extended wave functions 
are valid should be lower for a random arrangement. 

27 T. H. Geballe and F. J. Morin, Phys. Rev. 95, 1085 (1954). 


CONWELL 


of systematic differences in impurity band conduction 
for different impurities. 

From all of the foregoing, it is clearly not possible to 
tell whether the concentrations of Table I are systemati- 
cally under- or overestimated. In fact, they may con- 
ceivably be too high for some impurities, and too low 
for others. However, it does seem reasonable to expect 
that these concentrations will serve fairly well as guides 
in understanding the experimental results. This is the 
more true since the criteria of merging of the bands or 
“impurity band formation” are of course loose enough 
so that they do not single out particular concentrations, 
but rather a range of concentrations in the neighborhood 
of those chosen for Table I. 


IV. CONDUCTION IN IMPURE MATERIAL 


A good deal has been done in the past to show! 
that a simple two-band theory will go far in explaining 
the type of Hall and resistivity results we have been 
discussing. Applicability of band theory to carriers in 
the impurity band at the concentrations involved had 
not, however, been established. From the results of the 
last section it appears reasonable to apply band theory 
to carriers in the impurity band down to concentrations 
of the order of those listed in the last column of Table I. 
Of course, the detailed predictions of a band theory 
should depend on the distribution-in-energy of the 
states in the band, etc., and this has not been worked 
out. It seems reasonable, therefore, to compare experi- 
mental results with the predictions of band theory for 
the simplest case—that of spherical constant energy 
surfaces—and this will be done in the first part of this 
section. In this, two-band theory will be applied to the 
study of R and wy of samples with impurity concentra- 
tion greater than those for “impurity band formation.” 
The germanium samples discussed in part II all fall 
in this range, although sample 74 is close to the 
lower limit. This study will also serve to highlight the 
necessity for taking into account impurity band conduc- 
tion in discussing bulk properties of highly impure 
samples. 

The last part of this section will be concerned with 
some aspects of conduction in impurity states at lower 
impurity concentrations, where we have reason to 
believe we are dealing with a narrow impurity band. 
Thermoelectric power measurements of Geballe and 
Hull and their implications for the sign of the carriers 
in the impurity states will be discussed. It will be 
shown that some of the observations in such samples 
can be understood on the basis of a simple and crude 
model of conduction. Possible explanations for some of 
the peculiarities in temperature dependence of the Hall 
constant and resistivity will be presented. 


Properties of Heavily Doped Samples 


We shall present now an explanation in terms of a 
two-band theory of the apparently anomalous results 
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discussed in part II. Consider the curves of Hall 
mobility vs temperature. Where uy is independent of 
temperature, or Fermi statistics are valid, the electrons 
have more or less sunk into the impurity levels and we 
are observing the Hall mobility characteristic of these 
levels. At the higher temperatures the data should 
essentially represent the Hall mobility of the conduction 
band. The flatness of the uy vs T curves for samples 75 
and 58 means that the distinction between impurity 
levels and conduction band levels has more or less 
vanished. The concentration for which these approxi- 
mately flat curves are obtained is 10'*/cm* in both 
nand p germanium, around 10'/cm* in both types of 
silicon. These figures agree quite well with the theo- 
retical predictions in Table I giving the concentrations 
for merging of the bands. Sample 74, on the other hand, 
corresponds to the case of a narrow impurity band 
according to the figures of Table I. 

Additional support for this characterization of the 
impurity bands in the different samples comes from 
the spin resonance experiments of Fletcher et al.”* 
Absorption lines corresponding to transitions among 
hyperfine levels of electrons bound to donors are seen 
in Si samples up to concentrations of about 10!8/cm’. 
At higher concentration these hyperfine lines disappear, 
being replaced by a single line which has been attributed 
to conduction electrons. Observation of the hyperfine 
lines requires that electrons be fairly well localized 
around the donors, not moving too rapidly from one 
to another.” It is to be expected then that the highest 
concentration for which they are observed be approxi- 
mately equal to the concentration “for impurity band 
formation.”’ Comparison with Table I shows that this 
is indeed the case for donors in silicon. In germanium 
the hyperfine lines are not observed at 10'*/cm*, which 
also would be expected from the previous discussion. 
To obtain electrons sufficiently localized for hyperfine 
lines to be observed should require a concentration 
below 10!7/cm* in the case of germanium. 

This characterization makes it possible to explain the 
observation of increasing low temperature Hall mobility 
with increasing impurity concentration below 10'*/cm* 
in germanium as due to increasing overlap of electron 
wave functions on adjacent impurities. (This corre- 
sponds to the decrease in m* of a conventional narrow 
band with increasing band width.) Of course this will 
be affected, and perhaps enhanced, by the changing 

28 Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1954); Fletcher, Yager, Pearson, and Merritt, 
Phys. Rev. 95, 844 (1954). 

2 More quantitatively, the hyperfine lines should be wiped 
out when the jump frequency is of the order of the energy interval 
between hyperfine levels divided by 4. For As-doped silicon this 
condition leads to a jump frequency of 108 sec~!. It is of interest 
to compare this with the value calculated from the theory of 
part IV. For a concentration of 10'%/cm* and the m* yalue of 
Table I this theory predicts a jump frequency of 10°°N4/Np sec. 
To obtain agreement N4 must be 10'/cm', which seems low for 
these samples. However, as discussed elsewhere, it is likely that 
use of the m* value of Table I leads to an overestimate of the 
overlapping and of the jump frequency for As donors in Si. 


CONDUCTION IN Ge 


AND Si 


character of the wave functions with increasing overlap 
of conduction band and impurity band. 

For the cases where overlapping is sufficiently small 
that conduction band and impurity band are more or 
less distinguishable, we shall apply the simple two-band 
formulas of part II. The subscript 1 will now denote 
carriers in the conduction band, and 2 carriers in the 
impurity band. The fact that the general shape of the 
R vs 1/T curves is given by (1) has been discussed 
elsewhere. It is worth pointing out that (1) can account 
for further details of the shape also. Consider samples 
p-78 and n-59. At 300°K, both are in the temperature 
range for which (1) gives 1/Re~(ui/uin)|Np—Na 
Below about 20°K, they show a plateau for which, 
according to (1), 1/Re= (u2/Hen7)| Np—Na|. The values 
of ux/u appropriate for these samples at 300°K have 
been obtained, at least approximately, by Prince.* For 
p-type material at this concentration the factor is 
about 2. For n-type material it is a little less than 1. At 
the low-temperature end when the carriers are in im- 
purity levels and degeneracy has set in, theory based 
on spherical constant energy surfaces predicts that 
un/u=1. Thus if this theory is valid for the impurity 
band and we are indeed dealing with a constant total 
number of carriers, 1/Re at 300°K for p-type samples 
should be about 3 its value at the low-temperature end, 
and for n-type samples a little greater than its value at 
the low-temperature end. This is in fact what is seen 
experimentally. There is additional and more direct 
evidence in the case of the p-type sample, 78, that 
un/u for the impurity band is unity. This sample is in 
the concentration range for which a value of the drift 
mobility is available, and the number of carriers com- 
puted from o/eua is approximately equal to 1/Re at the 
low-temperature ead. 

Some simple relationships between the depth and 
position of the minima in 1/Re vs T and impurity 


concentration (or, more accurately, |. Vp—N.|) can be 


*® This factor is plotted as a function of impurity concentration 


in Fig. 11 of the paper by M. Prince, Phys. Rev. 92, 681 (1953). 
It has been obtained by dividing the experimental values of Ro 
by the drift mobility calculated for majerity carriers from that 
measured for minority carriers. Unfortunately, this latter calcu 
lation is to some extent uncertain because it involves a correction 
for impurity scattering which has been made on the basis of the 
simple model of the band structure. Within this limitation, it is 
clear in the case of electrons that uy obtained in this way should 
equal conductivity mobility, soc that Ro/ua represents the desired 
R(ne), or wu/u. In the case of holes this is not immediately clear 
because of the complication of the two types of holes. From the 
evidence cited previously for approximately equal relaxation 
times of the two holes and failure to detect any effect of two holes 
in drift experiments [J. Harrick, Phys. Rev. 98, 1131 (1955) ], it 
is reasonable to conclude that interband transitions take place in 
a time very short compared to the time of drift in a drift mobility 
measurement. In that case the measured yu¢ should represent 
(mipr+nopue)/(mi+ne). Then o/eua should again equal total hole 
concentration, and Ro/ya should equal R(ni+n2)e, or the desired 
uu/p for this case. This is still subject, of course, to the uncer 
tainty mentioned previously. Note also that, although the hole 
mobilities are probably small enough in these samples so that 
there is little magnetic field dependence of R or wz, the values of 
R for Prince’s results were taken at the same magnetic field 
strength as that used for Debye’s results. 
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derived from (1) if we make the assumptions that 
1/2, to be denoted by 8, is independent of temperature, 
and yuyz/u=1. We find then that the minimum occurs 
at the temperature for which , has dropped to 1/(6+1) 
of the exhaustion value for the sample, or when my, 
=nye. The ratio of 1/Re at the minimum to its value 
at exhaustion (~|Np—WN4!) is given by 4b/(b+1)*. 
Since 6 increases as impurity content decreases, it is 
evident that these relationships predict the deepening 
and shift of the minima to lower temperatures as the 
samples grow purer. It might be noted that it is reason- 
able to expect some features of this behavior even when 
this sort of band treatment is not good for the impurity 
states. It should in any case be true if there is any 
conduction in impurity states that eventually, as one 
goes down in temperature, 1/Re stops decreasing, 
having at least a local minimum. Further, the smaller 
the conductivity in impurity states, the more electrons 
must fall out of the conduction band before the im- 
purity band conduction takes over. This will ensure 
deepening and shifts of the minima with decreasing im- 
purity band conductivity for lower concentrations also. 

From the minimum and exhaustion values of 1/Re 
one obtains, using the relationships of the last para- 
graph, b~5 for samples 59 and 78. This appears con- 
sistent with the observed uz. For sample 74 one obtains 
b~25. 

The behavior of uy vs T in this simple two-carrier 
model is given by (2). In the region where myu1~722, 
Ro represents more or less a weighted average of the 
two mobilities, and its temperature variation reflects 
the rate at which carriers fall out of the conduction 
band as well as the temperature dependence of the 
individual mobilities. It is apparent that this tempera- 
ture variation could be much steeper than that of the 
individual mobilities in a case where 41>. This then 
provides an explanation for the steep slopes in wy vs T 
remarked on in part II. These were observed to coincide 
with the region of the minimum in 1/Re vs T, which is 
just the region where myyy~Mopr. 

Because of the many variables it is difficult to extract 
quantitative information from uy vs T in this region. 
With the same simplifications mentioned previously it 
can be shown that at the temperature for which 1/Re 
has its minimum, wy=[(6+1)/(2b) jui=[(6+1)/2 Jur. 
Thus, in the case of a sample with large 6, such as 74, 
at the temperature of the minimum yy has fallen only 
to half of wu: and is still many times po. 

Below the concentration range considered in this 
section (in fact, possibly even at the concentration of 
sample 74) there is evidence that the predictions of the 
simple band picture do not hold for the impurity levels. 
Fritzsche* has found that at about 6X10!*/cm* and 
below, in both Ga- and Sb-doped Ge, R and oa of the 
impurity band do not go to constant, temperature- 
independent values but continue to increase with de- 
creasing temperature. 

More will be said about conduction at these lower 
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concentrations in the next section. We conclude here 
that: (1) the predictions of Table I are reasonably well 
borne out; (2) a simple band treatment of conduction 
in impurity states does very well qualitatively and even 
to some extent quantitatively in roughly the concen- 
tration range indicated in Table I. More precisely, this 
range is about 8X 10!*/cm’ to 10!8/cm# in Ge. For Si an 
upper limit of 10'°/cm* is indicated, but not enough data 
are available to establish the lower limit clearly. It is 
likely that the Table I estimate of this lower limit is 
low for Si, probably more so than for Ge, because the 
concentrating effects of the deeper well at r=0 seem 
generally Jarger for Si. This, of course, would be ex- 
pected from the smaller value of dielectric constant and 
the larger effective masses. 


Properties of Less Impure Samples 


Geballe and Hull have investigated*! the thermo- 
electric power, to be denoted by Q, of a set of silicon 
samples in the range 15°K to 350°K. They find that 
samples with about 10 impurities per cm* have the 
same sign of Q throughout this temperature range. In 
both an m- and a p-type sample, with about 10'* 
impurities per cm*, they find a change in the sign of Q 
at low temperature. The sign reversal occurs at a tem- 
perature for which 1/Re of these samples has stopped 
decreasing and is approaching a minimum, thus a 
temperature for which the conductivity of the impurity 
band is comparable to that of the conduction band. 
For one of these samples Hall data are available to as 
low a temperature as the thermoelectric data and they 
show no sign change. It is, of course, conceivable that 
this could occur at a lower temperature. However, Hall 
data on Ge samples over a wide range of impurity 
concentrations and temperatures have never shown a 
sign reversal. Another interesting finding of this work 
is that addition of sufficient minority impurity to pro- 
duce a very highly compensated sample seems to 
eliminate the sign change. 

The product QT is equal to the energy transmitted 
per second per unit current when the energy zero is 
taken as the Fermi level, to be denoted by Er. In order 
to understand the above results, we shall consider the 
iocation of the Fermi level in these samples in the tem- 
perature range concerned. 

At a concentration of 10'5/cm* in Si, according to 
the evidence of the observation of hyperfine structure 
and the depth of the dips in 1/Re vs 1/T, we should be 
dealing with a narrow impurity band and fairly well 
localized electrons. In that case it is not correct, as 
pointed out by Slater,** to say that in the limit of low 
temperatures the lowest .V; of the 2N; states in the 
band will be occupied. Rather, it is necessary to use all 
of the states in the band in making up a wave function. 

To obtain the location of the Fermi level, at least 


8 J. C. Slater, Revs. Modern Phys. 25, 199 (1953). 
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approximately, we shall neglect the width of the donor 
band and use the usual expression for localized elec- 
trons: mp/Np=[1+gp~' exp(Ep—Er)/kT}"', where 
Np is the number of electrons bound to donors, gp 
and Ep the degeneracy and energy of the donors, respec- 
tively. (As before, we shall assume gp=2 in what 
follows.) For the n-type sample which showed the 
reversal, sample 126, .\Vp~10'*/cm’ and it is quite un- 
likely that 4 is greater than 10'*/cm*. For the latter 
value of V4, at temperatures low enough so that few 
electrons are left in the conduction band, the equation 
above leads to Er~Ep+4kT for sample 126. For the 
highly compensated n-type sample, 563, which did not 
show the reversal, .Vp—.V 4=1.25X10'"/cm? and Geballe 
and Hull estimate V,=1X10'*/cm*. This leads to 
Er~Ep—3kT at low temperatures for sample 563. 

At 15°K in sample 126, even if we allow for an im- 
purity band width of a few k7, the Fermi level should 
be above the impurity band, or at least above most of 
the electrons in it. As the temperature goes up the 
Fermi level in this sample rises, probably not as high 
as the edge of the conduction band, and then goes down 
again. Thus at high temperature when the carriers are 
in the conduction band Ey should lie below them, and 
we expect the usual negative sign of thermoelectric 
power. When the carriers are in the impurity band Er 
should lie above them, producing a sign reversal of Q. 
In the highly compensated sample, 563, the Fermi level 
should be below the impurity band at all temperatures 
so no sign reversal is expected. 

If this is the correct explanation, the thermoelectric 
results do not imply a change of sign of the effective 
mass of carriers within the impurity band, and there is 
no inconsistency between thermoelectric and Hall data. 
It then seems unlikely that such a sign change occurs, 
but details of the transport process for impurity band 
carriers should be better understood before this is 
concluded definitively. It should be said that currently 
there is no reason to believe that such a sign change will 
occur for a completely disordered array. The usual 
proof of its occurrence is based very directly on the 
periodicity of the atomic arrangement and the resulting 
existence of forbidden energy regions. Still, perfect 
periodicity is not a necessary condition since hole con- 
duction has been found in some liquids. Thus local order 
of some degree is apparently a sufficient condition. 
That it is also a necessary condition seems likely, but 
still remains to be proved.* 

In looking over 1/Re vs 1/T of Ge samples doped 
with different impurities, one finds some characteristic 
differences. For example, in the case of n-type material, 
As- doped samples show larger dips than Sb-doped 


% The case of Te is an interesting one here. Just above the 
melting point R and Q remain positive [A. Epstein and H. 
Fritzsche, Phys. Rev. 94, 1426 (1954) ], and conductivity varies 
exponentially ‘with 1/7, the slope corresponding to the forbidden 
band width of solid Te [V. A. Johnson, Phys. Rev. 98, 1567 
(1955) ]. With increasing temperature R and Q decrease until 
they become negative and the conductivity becomes metallic. 
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samples of the same Vp—N4. This can be seen by 
comparing As-doped sample 61 of P. P. Debye and 
sample Sb-19-2 of Fritzsche.‘ Similar differences can be 
seen for p-type Ge. Ga-doped samples show character- 
istically deeper dips than In-doped samples.‘ As dis- 
cussed in the last section, deeper dips should indicate 
less conductivity in the impurity band. A reason for 
such differences was suggested in part I1I—namely, 
differences in overlapping of wave functions of electrons 
bound to neighboring impurities as a result of different 
potential wells at the various impurities. It would be 
expected that such differences would be correlated with 
differences in binding energy. The As and Sb differences 
might be an example of this effect, since the binding 
energy of electrons to As donors is 30% higher than 
that for Sb donors. It is most unlikely, however, that 
the difference between Ga and In arises from this 
source. The difference in binding energy is very small, 
and furthermore in the wrong direction. It has been 
suggested by Fritzsche and Lark-Horovitz that it 
results from the greater degree of compensation, i.e. 
the greater minority impurity content, of In-doped 
samples compared with Ga-doped samples of the same 
| Np—N«|. This may well be a factor in the difference 
between As- and Sb-doped samples also. The segrega- 
tion coefficient of Sb in Ge is about one-tenth that of As 
in Ge, making it likely that Sb-doped samples will 
have a higher impurity background than As-doped ones. 

Electron correlations should be important in these 
samples since we are dealing with narrow impurity 
bands. It is not surprising then that compensation 
should greatly enhance conduction. A crude treatment 
of impurity band conduction suggested by this is 
described in the following paragraphs.** 

Consider that as a result of compensation there are 
Nimin donors out of a total of Ninaj without a bound 
electron. We shall assume that NVmin<Nmaj/2. An 
electron bound to one donor ion can tunnel over to an 
adjacent empty one. This process can also be thought 
of as diffusion of the ionized donors. To obtain the 
jump frequency, the system of the two neighboring 
donor ions and an electron was treated like a hydrogen 
molecule-ion. For this system the rate at which the 
electron oscillates between the ions is given by 1/h 
times the energy difference, AZ, between the symmetric 
and antisymmetric combination of y’s localized on 
each ion. The diffusion constant for the process is then 
4r,°AE/h. Using the Einstein relation, we obtain a 
conductivity 
V min (e?/RT) (472A E/h). (5) 


C= i 


In this form the expression is valid for either n- or 
p-type material. For the large r, values of interest 


4 See J. A. Burton, Physica 20, 845 (1954), for references. 


35 A similar treatment was used by C. Zener, Phys. Rev. 82, 


403 (1951), for a somewhat different case. 
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TABLE II. Calculated degree of compensation for 
some germanium samples. 


pat 4°K 
ohm-cm 
1x 10° 
3X 10 
1X10" 


Namin/N maj 
from (8) 


2% 
10% 


25% 


Fritzsche 





1X 10% 


here*® ; 


AE~8(r,/xay*) Enct exp(—2r, Kay"), (6) 


where Ex denotes the activation energy. If we neglect 
the volume occupied by the minority impurities, and a 
constant factor not very different from 1, we obtain 
the following for the impurity band resistivity: 


om (N maj N min) (ART 16k E act”) exp(2r, Kay"). (7) 


For Ge, at 4°K this gives a resistivity in ohm-cm: 
(8) 


Equation (7) shows directly the importance of com- 
pensation in the factor Vinaj/.Vmin. It predicts an addi- 
tional effect of compensation through the dependence 
on r,. From the derivation of (7), r, refers to the distance 
between majority impurities. Thus, for two samples of 
the same | Vp—.V,4!, r, and p will be smaller for the 
more compensated one. It seems apparent, however, 
that this would overestimate the conductivity in highly 
compensated samples because it neglects the repulsive 
effect of the additional charged minority impurities. 

Crude as it is, the theory does not do badly in pre- 
dicting the magnitude of the impurity band resistivity. 
This must be ascertained rather indirectly since we are 
not given Vinaj and Vmin, but only their difference. 
Even this difference, obtained from the room tempera- 
ture Hall constant, is somewhat in doubt because of 
the uncertainty in uyz/pz. In the calculations to be 
described yu /“ was taken as 2. The observed p at 4°K 
was used in (8), along with the | Vp—N4| value, to 
obtain values for NV maj and \Vmin. The results for their 
ratio are shown in Table II for some of Fritzsche’s 
samples. In the last column of Table II are shown the 
values calculated by Fritzsche from the temperature 
dependence of mobility and Hall constant in the tem- 
perature range where the carriers are in the conduction 
band. Since, as stated by Fritzsche, the values of the 
last column can only be considered as giving order of 
magnitude, the agreement between the two sets of 
values looks reasonably good. 

Although the theory does well in the respects de- 
scribed, the temperature dependence predicted by (7) 
is incorrect. It has been found experimentally‘ that o in 
the lowest temperature range is given by C3e~**/*? for 
Ga-, In-, and Sb-doped samples. A possible origin for 
such temperature dependence is in the conduction 


p&5 X 10-8 (.N naj/ NV min) exp(2r./Kan*). 


% LT. C. Pauling and E. B. Wilson, Jntroduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 327. 
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process involving an excited state or band which is 
higher in energy by £; than the ground state. Although 
there is some variation of £; with concentration 
(attributable, on this mechanism, to narrowing of the 
band gaps with increasing concentration) its value is 
approximately 10-* ev. In the case of Sb-doped Ge 
there is evidence for an excited state or band this close 
to the ground state.*” The extent of the electron wave 
function in this state should be somewhat larger than 
that in the ground state. An electron excited into this 
state could therefore have a considerably larger jump 
frequency than one in the ground state. Conduction 
through this excited state should lead to the p of (7) 
modified in only two respects: (1) the replacement of 
AE by the value appropriate to this state, presumably 
larger, (2) multiplication by a factor e~#*/*? times the 
ratio of the statistical weights of the two states. Thus 
with this mechanism one would retain the desirable 
feature of being able to explain the defendence of p, 
or more specifically C;, on majority and minority im- 
purity concentration. There is one major difficulty with 
this mechanism, however: it does not seem applicable 
to any case but that of Sb-doped material. There is no 
reason to believe that there is an excited state so close 
to the ground state in Ga- or In-doped Ge. A careful 
investigation of excited states of acceptors, similar to 
that carried out for donors, has, however, not yet been 
published. 

It might be mentioned that it is very unlikely that 
this excited band is the one corresponding in position 
(more or less) to the hydrogenic n=2 band. If this 
extended down so far it would be a fairly wide band, 
overlapping the conduction band, and it would then 
be difficult to explain the strong dependence of C3 on 
impurity concentration. On just this basis, in fact, one 
might speculate that the term Ce” *" found by 
Fritzsche‘ in the o of some Ga-doped samples represents 
conduction in an m=2 band. It is not unreasonable 
that, in the concentration range for which this term 
appears in o, the n=2 band is both wide enough to 
support this type of conduction and more or less 
separated from other bands. Further, the existence of a 
fairly well defined group of electrons with mobility 
different from those of the conduction band and lower 
impurity bands might also account for the additional 
hump observed in the Hall curves of the samples which 
show this term in o. It is apparent that to test this 
hypothesis and others more must be known about 
excited bands and their behavior with changing im- 
purity concentration. 

We conclude that, although one must have reserva- 
tions about the crude theory of the last section, it does 
indicate that prospects are good for accounting for 
impurity band conduction down to about 10'*/cm? in 
germanium and perhaps lower in more highly com- 
pensated samples than those discussed here. In the 


37 E, M. Conwell, Phys. Rev. 99, 1195 (1955). 
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case of silicon, the lowest concentration for which signs 
of impurity band conduction of the type discussed in 
part II have been observed is about 10!7/cm*. This is 
not far below the concentration listed in the last 
column of Table I, and the germanium results suggest 
that it will not be difficult to account for this. 
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For constant scattering time 7 and ellipsoidal energy surfaces, the Boltzmann transport equation reduces 
to a phenomenological equation of motion for electrons from which a conductivity tensor is derived. The 
calculations for germanium and silicon differ in the orientation of the ellipsoids. The resistivity tensor is 
evaluated in the saturation limit, and explicit expressions for the angular dependence of the magneto- 
resistance are elaborated for certain high-symmetry combinations. The theoretical findings are in qualitative 
agreement with experiment, thus providing confirmation of the 4- or 8-ellipsoid [111] and the 3- or 6 
ellipsoid [100] models of the energy surfaces in » germanium and 1 silicon, respectively. Essential agree 
ment with energy-dependent 7 theory is also established. 


INTRODUCTION 


NDEPENDENT reports by Abeles and Meiboom! 

and by Shibuya? have demonstrated that the gal- 
vanomagnetic behavior of m germanium is successfully 
accounted fer by the application of Boltzmann trans- 
port theory using the model of eight ellipsoidal energy 
surfaces located along the [111] axis in the Brillouin 
zone. Their analyses were formulated in terms of an 
energy-dependent scattering time 7 which, in particular, 
represented lattice scattering. 

This paper describes a different approach to the 
problem which was a natural outgrowth of the theo- 
retical interpretation of the cyclotron resonance experi- 
ments of Lax, Zeiger, and Dexter* in which a constant 
7 was found adequate. It was thought that a constant-7 
theory might adequately describe the observations of 
Pearson and Suhl,‘ although such a restrictive assump- 
tion is not truly justified over all temperatures. The 
advantage of this approach is that the Boltzmann 
theory reduces to a relatively simple phenomenological 
description. We also by-pass the difficulties involved in 
carrying through a precise treatment of the scattering 
processes. It is known that there are uncertainties in 
the temperature variation of the mass ratio K, the 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with Massachu- 
setts Institute of Technology. 
¢ Now at Harvard University, Cambridge, Massachusetts. 
1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
2M. Shibuya, Phys. Rev. 95, 1385 (1954). 

3 Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 
4G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 


validity of neglecting intervalley and interband scat- 
tering,® and the anisotropy of 7. Thus, one may not be 
much worse off in working with a constant r. 

In this light, our theory, while not generally physi- 
cally realistic, has the virtue of being the simplest 
possible approach. This is not to say that it is entirely 
rid of cumbersome algebra; but at least the results can 
be more clearly expressed and explicitly evaluated. 
While we will initially follow a course which is appli- 
cable over all ranges of magnetic field, we will specialize 
to the high-field saturation limit when taking the in- 
verse of the conductivity tensor, and leave the more 
complicated intermediate field case for a separate 
report. This permits us to concentrate on the magneto- 
resistance in this paper, since for H— ~ the Hall 
coefficient Ry is simply (ngc)~'. 


PHENOMENOLOGICAL CALCULATION OF THE 
EFFECTIVE CONDUCTIVITY TENSOR FOR 
COMBINATIONS OF ELLIPSOIDAL 
ENERGY SURFACES 


Use of the constant 7 in the Boltzmann transport 
equation leads to the phenomenological equation of 
motion first proposed by Shockley®: 


[ (v+jw)m+qBx v= gE, 


The relation describes the forced, damped oscillation 
of an electron in a single ellipsoidal energy surface 
characterized by the mass tensor m, which is given in 


(1) 


v=1/r. 


5 C. Herring, Bell System Tech. J. 34, 237 (1955). 
6 W. Shockley, Phys. Rev. 90, 491 (1953). 
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the ellipsoidal system by 


m, O 0 
m’= r m, 0O|. (2) 


The impressed electric field is periodic, E(#)= Ee*'; 
the de case simply has w= 0. 

The conductivity tensor o for the single surface can 
be derived by introducing the unit tensor % so that 


Eq. (1) may be written as 


[(m/m:)+bx3]v=———E, 
(v+jw)me 


where 
gB 
my(v-+ jw) 
0 -—bs de 
bx3 = bs 0 —b; 
—be b; 0 
Thus, from J= gv it follows that 


o 3K ad : 
; bx 3] 
* 2K +1Lm is 


K=m,/mo, (6) 


where 


ng 
a (7) 
m* (v4 je) 


is the ordinary conductivity, and m* is the average 
) , £ 


effective mass given by 
3/m*= (2/me)+ (1/m,). (8) 


We must now refer the separate conductivity con- 
tributions from the various ellipsoids to a common 
reference frame so that they may be summed. 


A. 4 or 8 [111 | Ellipsoids for Germanium 


The ellipsoidal axes for the four sets of energy sur- 
faces are given in the Appendix, along with the matrices 
©‘ which transform from these axes to the cubic axes. 
With b specified in relation to the cubic axes, and the 
mass tensors given by 


m= (S')"'m,’ -Si, 
where m,’ is given by Eq. (2), we average Eq. (6) over 


the four sets of ellipsoids. The result can be put in the 
form 


—ds ae itd, 
Cotde ci—d, a3 


ay C3td3 cd 


AND 


Bs!) Ms Ret 


ie 3 
(1+ 49), 
7 2K+1 


13 3 Si')K-1 
—|— bar-[pe | -, 
d2K+1 i A; J2K+1 


A 
17 K+2 K—1 
Cpe ae ne te 
i AJ2ZK+1 2K+1 


with 


a,=|4 








ia 
A. , 


_ 


a= ae ™ -+bxX g]-14— pe 


*(S1'b) +S2'bot+S3'b3)’, (10) 


the remaining tensor components coming from cyclic 
permutation of Eq. (10). The S;'‘, etc., are given in the 


appendix. 
B. 3 or 6 [100] Ellipsoids for Silicon 


The mass tensor m, for the ellipsoids along the k, 
axis is given by Eq. (2), with mz and ms; given by cyclic 
permutations. The conductivity tensor is again given 
by Eq. (9), where now 


1 toy. Gee 4 1 
=— ( -+—+—+5 —- 
2K+1\A, A: As = A, 

1 1 


«=C — bb, — 
A; 2K+1 


b, mits 
d,=— ( +--+ J, ete 
2K+1 Ai Az A; 


K-1 
=~ ae{™ +bx3]=145 B+ be, (11) 
Mo 


SATURATION LIMIT FOR THE RESISTIVITY TENSOR 


In passing to the high-field limit, we expand the 
conductivity tensor in inverse powers of H, and the 
following form results: 

1 
=A99— (DX3)+ ae (12) 


a/o* 


where A, D, and € take on different values for Ge and 
Si, and § is the unit vector in the direction of the mag- 
netic field. We expand o~"', treating the last term as 
small: 


p o\- 1 =" 
(6) mio) 
p* o* b 
1 6 (4 D ¥ * 13) 
-}1--G€-( 4gg--Dx3) |. (13 
| b? id b ) | ' 
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We find 


( . ND . = 1 
Agg——Dx< ) = 
b A(§-D)? 
<x[DD+A6(8-D)(6xS)]. (14) 
If we make use of the fact that for both cases [Eqs. 
(23) and (25) below ], 
$6-D=3K/(2K+1), 
then Eq. (13) becomes 
p 3K+1\7DD | . 
~(— ) ‘ ~(0x3)-6-(x9)| 
3K A 


(15) 


3K+1 
+(= )ocoxa). (16) 
3K 


Note that the last term yields a Hall coefficient 
Ry=1/nge. 

Finally, if @ is the unit current vector, we have for 
the resistance p and the magnetoresistance Ap/p*: ; 


3K+1\’f (a: D)? - 
seni yi +(9Xe)-6-(6x«)| (17) 
3K A 


A. Saturation Magnetoresistance A o/* for 
Germanium 


In the tensor ©, Eq. (17), 


K—1 
—), J=1,2,3, 
2K+1 


1 
A,’ =limA,/b? =—+——(S1'81+S2'B2+ S3'83)". 
b—00 K 3K 


Then in the other expressions we have 
1 3 
A=tE —(—_), 
i A/\2K+1 


; 1 /K+2 
d=}1)>) —( - 
rY A; 2K+1 


(21) 


ey EOS Lae ee 
+-( —)¥ — ($2'83+S3'B2), 


4\2K+1 


with dz and d; formed from d, by cyclic permutations. 
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B. Saturation Magnetoresistance for Silicon 


Here the components of the tensor © in Eq. (22) 
are the diagonal elements 


1 : £2 
a,=— (. ee ), ete:, 
2K+1\A/ A,’ A; 


with ¢,=.=¢@,;=0. The A,’ are given by 


(22) 


Ay: 4 
A,’ =lim —=—[1+(K—1)8?]. (23) 
b-00 ig K 


Then, for the remaining quantities, 
1 1 
=— . a: — . 
2K+1 é A; 
: By Pt ata 
elas aha 
Ay’ A,’ A,’ 


ANGULAR DEPENDENCE OF Ao/o IN GERMANIUM 


A 


(24) 


The directional effects that have been experimentally 
observed may be checked with Eq. (17) by considera- 
tion of two special cases, 


A. Special Cases B;=0 
The expression for p/p* reduces to 
(2K+1)/9K(K+2) 
(K+2)?—4(K—1)6:°B:? 
x ({L(K+2)?—2(K—1)78? Jani 
+[(K+2)?—2(K—1)'8;"]ox82} 
+3(2K+1)(K+2)*[1— (a181+a282)" } 
“age 12(K— 1)?(K+2)B1°B2"a;*). 
Then for the following particular current directions the 
angular dependence of the magnetoresistance may be 
determined. 
P J 100, a2=a3=0, ai=1: 


p 2K+1 


o* 9K(K+2) 
i! K+2)?—2(K—1)*8.? #6°+3(2K+1)(K+2)%?2 
(K+2)*—4(K—1)36782 


(25) 


(26) 


For numerical evaluation, we employ the cyclotron 
resonance value of the longitudinal and transverse 
masses’ 

m2=0.083 mo, K=16.8. (27) 


m= 1.4 mo, 


In Fig. 1(a) the behavior of Ap/p is depicted as the 


magnetic vector is rotated in the (001) plane. The 
expected + symmetry is evidenced and the longitudinal 


magnetoresistance exceeds the transverse in agreement 
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with experiment. The expression for the ratio of longitudinal to transverse Ap/p* is given by 


o/G 


in particular, for K=16 it has a value of 12. 


which is greater than unity for K>1; 
2. Jiro, ai=a.= 1 v2, a3;=0: 
p 2K+1 [(K+2)?—2(K 

p* 18K(K+2) 
The required 7 symmetry occurs as shown in Fig. 1(b). 
Also this arrangement exhibits a transverse magneto- 


resistance greater than the longitudinal alignment— 
again in agreement with observation‘; 


RD- 


which is always less than unity for K>1, 
K=16 is 0.26. 
3: Joo1, a;=ao=0, a3= 1 : 


(K—1)? 
, (30) 
3K (K+2) 


and for 


p 2K+1 (K+2)(2K+1)— —1)*8,°6-? 
= . Si 
p* 3K (K+2)?—4(K—1)*8;°8.? 


This properly shows the 7/2 symmetry as may be seen 
from Fig. 1(c), having a maximum value of Bj, with 
the minimum at the transverse position Bjoo. 


B. Special Case B, = B, 


This corresponds to the magnetic vector in the (110) 
plane with 8;=8.=8/v2. Now Eq. (21) reduces to 





AZ 


6 \ceqrees) 


Fic. 1. Variation of Ap/p* for the 4- or 8-ellipsoid model of 
n Ge in the saturation limit, as the magnetic field is rotated 
through the angle 6. Current directions are as shown, and the 
cardinal directions for B are indicated. 


) =3(K+2), 
. 


1)*8:82 (Bi +82 2)" +3(2K +1) (K+2)? (B1— Bs)" 
(K+ 2)? —4(K—1)388? 








p K+ (a; +a) - 
ie a) 
p* 3K A v2 
(a1+a2) . . 
+a) -_ ( —™ #:) - 2BB3(a1—a2)? 
V 


— @;(Ba3—V2B3a3) (Ba3—V28 301) ; (32) 
where 


3K+1 3K | 
— eae Fat (K—1)(K+2)6? 
—4(K—1)'6°8#], 

¢ 3K(K—-1) 
—[K+2—(K—1)#*], 
V2 D(2K+1) 


3K(K—1) 
¢;=—_—_—_—_[2K+1-—5(K—1)6#}, 
D(2K+1) 


€)=Co= 


d,\=do= 


ad K+41 (- 


a e368, 


————— 
a 2K+1 v2 


_ K+2 c 
Me 
~OK+1 v2 


D=[K+2—(K—1)6"] 


x {([K+2+ (K—1)6° P—8(K—1)*6°83"}. (33) 


Here the special current directions of interest may be 
introduced : 
L. Jiy0, a3 =a2= 1 V2, — 


p 2K +1 
Cf 
p* 3K J 


The angular dependence of Ap/p exhibits r/2 sym- 
metry with a maximum at 6=45° and equivalent 
minima at Bjyo and Boo;. [See Fig. 1(d). ] 

z Ji10, a= —a:;= —1, ‘v2, a3=0: 


p 2K+1 
-( apne *) Ca—20881+0082) 
p* 3K 


(34) 


(35) 


The behavior of Ap/p* may be seen in Fig. 1(e). The x 
symmetry is characterized by a maximum at Bio and 
a minimum at Boo. 





GALVANOMAGNETIC THEORY 


FOR 


ELECTRONS IN Ge AND Si 


ANGULAR DEPENDENCE OF Ao/o* IN SILICON 
A. Special Case B;=0 


The expression for p/p* is 


p* OK 


&; J100: 
p (K+2)(2K+1) 


o* OK 
(K—1)2(2K+1)[2+(K—1)82182 


OK[2K+1+(K—1)%°8."] 


(37) 


The over-all behavior of the Ap/p* is illustrated in 
Fig. 2(a) which should be contrasted with the result 
for germanium contained in Fig. 1; the longitudinal 
magnetoresistance is zero, in agreement with Herring 
and Pearson’ as is the symmetry. The curve is 
plotted for the data derived from cyclotron resonance®: 


m,=0.98m0, m2=0.19m, K=5.2. (38) 


a Joo: 
For this current direction the magnetoresistance is 
constant as the magnetic vector is rotated in the or- 


thogonal plane: 
p (K+2)(2K+1) 


(39) 


p* 9K 
Zz Jino: 
p (K+2)(2K+1) 


p* 9K 
(K—1)?(2K+1)[1—6182+ (K—1)81°8:? |] 


acne (40) 
9K[2K+1+(K—1)*8,°8," ] 


Q (degrees) 


Fic. 2. Variation of Ap/p* for the 3- or 6-ellipsoid model of 
n-Si in the saturation limit, as the magnetic field is rotated 
through the angle @. Current directions are as shown, and the 
cardinal directions for B are indicated. 


7G. L. Pearson and C. Herring, Physica 20, 975 (1954). 
8 R. N. Dexter and B. Lax, Phys. Rev. 96, 233 (1954). 


p (K+2)(2K+1) (K—1)*(2K+1)[2aye28182—2(ax*B:?-+0:%8:°) — (K—1)8:°82(1—a?)] 
= 
OK[2K-+1+ (K—1)'8,%32"] 


(36) 


Ap/p* shows the striking behavior depicted in Fig. 
2(b). While + symmetry is manifested, the appearance 
of an intermediate peak adds an interesting aspect not 
encountered in the experimental work; unfortunately 
Herring and Pearson’ did not study this situation. The 
maximum occurs at about 35° for K~5 and the upper 
minimum is at By with the lower one at Byypo. 


B. Special Case B,= B; 
For this case 
p (K+2)(2K+1) 


p* 9K 


K-1 aitae B* faytar\? 
(ae CS) 
2 v2 FR ME 


(K—1)?(2K+1) 
9K[2K+1+(K—1)%62(1—36%) ] 


9 Q 


Q@1—ae\° p- 
-(= ) SCex+1)—-1(K-0) 


2 


v2 
—aias(2+8(K-1)]}, (41) 


and we consider the following current directions: 
1. Jin: 
p (K+2)(2K+1) 
p* - 9K 
(K—1)?(2K+1)6?(1+K — 36") 


a . (42) 
18K[2K+1+(K—1)%8°(1—36°)] 


Ap/p* shows the angular dependence of Fig. 2(c). The 
features of symmetry, minimum at Bio, maximum 
at Boo: are precisely those observed.’ 
‘4 Jno: 
p (K+2)(2K+1) 
ox 9K 
(K—1)?(2K+1)@°[2K+1—3(K—1)67] 
_ . (43) 
18K[2K+1+ (K—1)°6?(1— 38°) ] 


As Fig. 2(d) shows, this reflects symmetry with a 
minimum at By,o and a maximum at Boo). 


SUMMARY OF RESULTS 


In Table I are summarized the saturation magneto- 
resistance for high-symmetry longitudinal and trans- 
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TaBLeE I. Comparison of our results (G-R) with those of 
Abeles and Meiboom and Shibuya (A-M-S). The constant 
C=32/9m for A-M-S and 1 for G-R. The K values are those 
taken from cyclotron resonance*; these have been somewhat 
revised.» 





4- or 8-ellipsoid model 3- or 6-ellipsoid model 
Ap/p for 
K=5.2 


Ap/p for 

K =16.9 

(n-germanium) (n-silicon) 
p/p*=1+(Ap/p) A-M-S G-R_ p/p*=14+(Ap/p) A-M-S G-R 


(2K +1) (K +2) 
. 9K 
(2K +1)2 
3K (K +2) 
(2K +1)? 


Jand B 


vectors 





[100] 3.3 3.3 1 0 0 


100) (2K +1) (K +2) 
9K 
(2K +1) (K +1) 
~ K(K+45) 
c(2K +1) (SK +1) 
9K(K +1) 


0.43 0.26 C 0.98 0.75 


0.26 0.33 0.33 


cK +1) (K +2) 


i « 2 
OK 3.9 3.3 0.20 


0.061 





® See reference 5. 
> Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


verse arrangements of the current and magnetic vectors ; 
direct comparison with the Abeles and Meiboom! and 
Shibuya? results is also made both for general K and 
specifically for K= 16.9 in Ge and K=5.2 in Si. 

It is evident that the longitudinal magnetoresistance 
in the saturation limit is identical in the constant and 
energy-dependent 7 theories. The transverse values 
differ by a factor of 32/9x, brought in by the &~' r- 
dependence.’ Unfortunately, the experimental data 
are not adequate to determine which transverse values 


are appropriate for germanium. The experimental 


® For a general energy-dependent 7 this factor becomes 7(1/7), 
where the average is taken over energy as in the conductivity.” 
This can be seen by averaging 6* in Eq. (12) over energy, noting 
that 7 appears in o* and b. 

1 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand and Company, New York, 1950), p. 276, replacing 
$mv? by &. 


L. M. ROTH 
saturation values for silicon have not been reported, so 


little can be said as yet about the theoretical values. 
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APPENDIX. [111] ELLIPSOIDAL AXES 


The 4 sets of energy surfaces have the following 
ellipsoidal axes: 


, , , 
x y z 


I 111 110 112 
II 111 110 112 
ul 111 110 112 
IV 111 110 112 


Hence, the transformation matrix referring these to 
the cubic axes reference frame is 


Sot v3 Si' v3 
— §;' v2 Set v2 
(— S24 4/6 — §;' Vv 6 


1/v3 
0 
2//6. 


, » (A-1) 


where S;', etc., take on the following values: 


I II Ill IV 
1 1 —{ —! 
1 —1 —i 1 
1 1 —1 


31° 
Soi 
3 s'== S1'So* 
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Electrical Conduction in Magnesium Stannide at Low Temperatures* 
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Measurements of conductivity, Hall effect, and magnetoresistance of magnesium stannide at tempera- 
tures between 2 and 80°K indicate that this compound shows an “anomalous” behavior similar to that 
observed in germanium and other semiconductors. Results in the helium range suggest that the conduction 
takes place in a surface layer rather than in the bulk of the sample (impurity band conduction). Values of 
the density of surface carriers and their mobility are consistent with this theory. 


INTRODUCTION 


N 1950, Hung and Gliessman! discovered an anoma- 
lous behavior of germanium at low temperatures. 
Measurements of the Hall coefficient R below 78°K 
indicated that this quantity does not increase indefi- 
nitely with decreasing temperature; instead, the curve 
of InR vs 1/T shows a maximum in the range between 
5 and 80°K depending on the impurity content. The 
conductivity decreases between 80°K and the tempera- 
ture of the Hall maximum with a constant slope (which 
is related to the activation energy of the inherent 
impurity) ; however, at a temperature corresponding to 
the Hall maximum, p flattens off and increases with a 
much smaller slope towards lower temperatures. 

Hung’ suggested an explanation which is based on 
the concept of impurity band conduction; the assump- 
tion is that the wave functions of neighboring impurities 
show enough overlap to form an impurity band. The 
carriers would then have the possibility of moving in 
this band although with a much smaller mobility than 
in the conduction or valence bands. 

In recent years several workers’ have tried to put a 
theoretical foundation under Hung’s hypothesis, but 
the details of this conduction mechanism are still 
poorly understood. Also, the amount of experimental 
data on the resistivity and Hall effect of germanium at 
low temperatures has been considerably extended.‘ 
Samples of Ge containing a wide range of impurities 
have been investigated systematically, the impurities 
being Ga, In, and Sb. Measurements on other semi- 
conductors (InSb, TiO2)® indicate that the behavior 
described above is not a specific property of germanium. 
These studies, however, far from clarifying the mecha- 
nism, have added new features which are difficult to 
explain. : 


* Research supported by the Office of Naval Research. 

1C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950) ; 
96, 1226 (1954). 

2C. S. Hung, Phys. Rev. 79, 727 (1950). 

8G. W. Castellan and F. Seitz in Semiconducting Materials 
(Butterworths Scientific Publications, London, 1951), p. 8; H. M. 
James and A. S. Ginzburg, J. Chem. Phys. 57, 840 (1953); 
C. Erginsoy, Phys. Rev. 80, 1104 (1950); X. Baltensperger, Phil. 
Mag. 44, 1355 (1953). 

4H. Fritzsche, Phys. Rev. 99, 406 (1955). 

5H. Fritzsche and K. Lark-Horovitz, Phys. Rev. 99, 400 
(1955). 
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In the hope that an investigation of yet another 
semiconductor might shed some light on this anomalous 
effect, the present work was undertaken. This paper 
presents measurements of conductivity, Hall effect and 
magnetoresistance of Mg2Sn at temperatures between 
2 and 78°K. (The properties of this semiconductor at 
higher temperatures have been discussed in a previous 
paper.®) 

It appears that the behavior of Mg2Sn in the helium 
range can be explained on the basis of surface conduc- 
tion. At the temperature of 4.2°K the bulk conductivity 
becomes much smaller than the conductivity of the 
surface. This makes it possible to evaluate such quan- 
tities as the number of surface carriers and the surface 
mobility. These values are consistent with the proposed 
picture. 

Even though this paper does not contribute greatly 
to a better insight in the theory of impurity band con- 
duction, it opens new possibilities in the study of 
surface phenomena. It may also help to clarify a number 
of observations on other semiconductors at low tem- 
peratures, where surface conduction and impurity 
band conduction are competing processes. 


EXPERIMENTAL 


Crystals of Mg2Sn were grown by the Kyropoulos 
technique. Ingots prepared from commercial Mg and 
Sn were always n type. Addition of Sb made the 
crystals more u type. Adding small amounts of Ag, 
Au, and Cu produced p-type Mg2Sn. It was impossible 
to influence the properties of the crystal by addition 
of Mg or Sn, indicating a very high degree of stoichi- 
ometry. In order to obtain samples of higher purity a 
number of crystals were zone-melted. Results show that 
the impurity content is not decreased by this process. 
It is possible that the magnesium reacts with the 
Vycor envelope and introduces new impurities in the 
melt. Spectroscopic analysis showed that several ele- 
ments were present in very small amounts, but it is 
difficult to decide which of these is the dominant 
impurity. 

The size of the samples used was about 10X2X1 
mm*; surfaces were ground with 600-carborundum. One 
sample was cut to size by cleaving. (Etching with the 


6 Blunt, Frederikse, and Hosler, Phys. Rev. 100, 663 (1955). 
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Fic. 1. Conductivity of p-type Mg2Sn. 


usual aqueous solutions was impossible due to the fact 
that Mg2Sn corrodes rather easily.®) 

For electrical measurements specimens are mounted 
on a copper block, insulated from the copper by means 
of a thin mica sheet. This block is surrounded by a 
radiation shield and suspended by a nylon rod. The 
whole assembly is enclosed in a brass can, which can be 
either evacuated or filled with a low pressure of helium 
gas. For low temperature measurements the apparatus 
is immersed in liquid helium. A heater wound on the 
copper block enables one to cover the temperature 
range between 4.2°K and about 80°K. Conductivities, 
Hall coefficients, and magnetoresistive effects are 
measured by using a conventional dc method. The 
sample holder can be rotated through 360°, which makes 
it possible to investigate both transverse and longi- 
tudinal magnetoresistance. 


RESULTS 


Results of measurements of conductivity and Hall 
coefficient are shown in Figs. 1-4. Most of the Hall 
effect data were obtained in a field of 5000 oersteds. 
Sample Z3-A was also measured in a magnetic field of 
360 oersteds; no appreciable difference in the Hall 
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Fic, 2. Hall coefficient of p-type Mg2Sn, 
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coefficient was found. The dependence on primary 
current was investigated; the behavior was strictly 
ohmic for all currents used. Sample Z3—B was measured 
twice; first with cleaved and then with ground surfaces. 
The results for these two cases are shown in Fig. 5. 

The magnetoresistance of several samples was deter- 
mined as a function of magnetic field at 78°K and at 
4°K. Some results of these measurements are given in 
Figs. 6 and 7. 

Some of the important values deduced from the 
Hall and conductivity data are summarized in Table I. 
Column 4 gives the net concentration of impurities 
Np—Na (Np=donor concentration, N4=acceptor 
concentration), calculated from the Hall coefficient in 
the extrinsic range. We have attempted to calculate 
the absolute number of m- and p-type impurities using 
the law of mass action (for ” type)’: 


(n+N,4)(n+K.)=Nok,, (1) 


where n= electron concentration and K.= (2rm,kT/h’)! 
Xexp(— Ep/kT)=equilibrium constant. (A similar law 
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Fic. 3. Conductivity of n-type Mg2Sn. 


holds for holes.) The results of this calculation, however, 
appeared to be unreasonable. 

There are indications that two or more impurity 
levels are involved, which makes the application of 
Eq. (1) questionable. Also, the results will become very 
inaccurate when NV, (or Np)>|Np—Na|. Calculation 
of the absolute concentrations Np and N,« from the 
Brooks-Herring formula® for impurity scattering were 
not successful either. 

The impurity activation energies in column 6 were 
deduced from the slope of In(R7!) vs 1/T. 


DISCUSSION 
Conductivity and Hall Effect 


It is clear from Figs. 1-4 that the temperature de- 
pendence of Mg)Sn is very similar to that of germanium 


7G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 

8 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 

®W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 472, : 
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Fic. 4. Hall coefficient of n-type Mg.Sn. 


and p-type InSb. There are, however, some additional 
features: 

(1) All n-type samples (except C10)!° show a low- 
temperature reversal in the Hall coefficient. 

(2) The Hall coefficients of all samples (except Z1—A) 
approach a value between 4000 and 8000 cm*/coul at 
very low temperatures (<4.2°K) independent of their 
extrinsic Hall values (200-5000 cm*/coul). 

(3) The mobility Ro of all samples (except Z1-A) 
attains comparable values (12-36 cm*/volt-sec) in the 
helium range. 

It is difficult to reconcile these characteristics with 
the mechanism of conduction in impurity levels. Ac- 
cording to the principle of acceptor-donor compensa- 
tion, all acceptor levels would always be filled in an 
n-type sample and vice versa for p-type specimens. 
On the other hand, the three points mentioned above 
would seem to indicate that one particular p-type im- 
purity, which is present in all ground samples in about 
the same amount, is responsible for the low-temperature 
behavior. 

The reported observations become understandable, 
however, if we assume that the p-type conduction is 
due to holes at the surface. The formation of such a 
p-type layer can easily be explained. The surface of an 
Mg2Sn sample will be covered by a chemically or 


” Unfortunately, sample C10 broke before measurements below 
4.2°K were taken. 


physically adsorbed oxygen film. This film is negatively 
ionized and will give rise to a positive space charge at 
the surface of the Mg2Sn crystal. Such a situation has 
been described earlier by several workers for the cases 
of Ge and Si" and a few other materials.’* However, 
these effects were observed at higher temperatures 
TINK 
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Fic. 5. Hall coefficient and conductivity of sample Z3-B (n type). 


—— ground surfaces; -—--—-— cleaved surfaces. 


1 J. Bardeen, Phys. Rev. 71, 717 (1947); J. Bardeen and S. R. 
Morrison, Physica 20, 873 (1954); W. H. Brattain and C. G. B. 
Garrett, Physica 20, 885 (1954); W. L. Brown, Phys. Rev. 91, 
518 (1953). 

2 T). J. M. Bevan and J. S. Anderson, Discussions Faraday Soc. 
8, 238 (1950), (ZnO) ; Garner, Gray, and Stone, Discussions Fara- 
day Soc. 8, 246 (1950), (Cuz0). 
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where the surface conductivity is small compared with 
the conductivity of the bulk material. 

The formation of a p-type layer at the surface of an 
n-type crystal can be represented by a raising of the 
energy levels as indicated in Fig. 8(a). If the surface 
charge density is high (or the donor density low) a 
degenerate situation will occur [ Fig. 8(b) ]. The energy 
level diagram in the case of a p-type surface layer on a 
p-type crystal is given in Fig. 8(c). 

Several workers" have shown that the rise of the 
energy bands at the surface (Vg) can easily be as much 
as a few tenths of an electron volt. This gives rise to 
appreciable effects, especially in small energy gap 
materials like Mg»Sn. 

That these assumptions are in agreement with the 
observations can be seen from a comparison with Figs. 2 
and 4. The Hall coefficients of the purer -type samples, 
C32 and Z3-A, and the p-type samples C35, C28, and 
C30-A, are practically flat in the helium range, while 
the n-type samples with larger impurity content show 
a small but definite slope of the Hall coefficient at low 
temperatures. It is possible that sample Z1-A is so 
impure that impurity band conduction predominates 
over surface conduction. 

The strongest argument for the existence of surface 
conduction is the large difference in Hall coefficients 
measured with cleaved or ground surfaces (sample 
Z3-B, Fig. 5). The experience is that the ground surface 
oxidizes faster than the cleaved surface. Besides that, 
the surface area of the ground sample might be con- 
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siderably higher than that of the cleaved specimen." 
One would therefore expect a higher surface charge on 
the ground surface and consequently a smaller Hall 
coefficient. Small differences between ground samples 
might be due to different surface areas or slightly 
different surface conditions. 

From the Hall coefficient and the conductivity one 
can—under certain assumptions—calculate the density 
of the surface carriers and their mobility. The results 
appear to strengthen the picture developed previously. 

For this purpose we define a surface Hall coefficient 
R, (cm?/coul)—corresponding to a surface density 
(cm™)-—and a surface conductivity o, (coul/volt-sec). 
For the sake of simplicity we will‘assume that the 
surface conduction takes place mainly on the top and 
bottom surface implying that the thickness is small 
compared with the width of the sample. The Hall-emf 
is then given by Ey=R,X1,XH, and R, is obtained by 
dividing the conventional R by ¢ (see Fig. 9). The sur- 
face mobility u, appears to have the same value as u: 
us=Ro,=Ro. 


TABLE I. Properties of Migiin ssmples at low ¥ Compennianen. 





No-Na 
cm7 


Doping Re 
Sample agent cm?/coul 


(Ro) cm?/ 


Raa € 
cm?/coul (ev) volt-sec 





n-type samples 


3400 

1900 

6400 

6000 17 
{ 700(4°K) { 
4700(2°K) 


p-type samples 
5x10'* 4500 
4xX10'6 270 
5 X10'5 
0 Xx1015 


0.0035 
0.015 


3. 
3. 
ie 
7. 





Applying this to our data, we find, e.g., for sample 
C32: R,=6000/0.114=54000 cm?/coul and n,=1.5 
X10" cm. This indicates that the p-type surface 
layer is only one atom thick as can be shown by the 
following calculation. The average distance between 
atoms in an Mg,Sn lattice is about 5 A. This corre- 
sponds to 4X10" atoms per cm’, which is of the same 
order of magnitude as ,. This result is quite plausible, 
considering that the adsorbed oxygen layer is probably 
a monolayer. 

On this basis one expects the mean free path of the 
carriers to be constant and of the order of 5 A. In this 
case 

r=1/d 


18The question if the adsorption is chemical or physical is 
difficult to answer. On the one hand, it has been observed that 
Mg)2Sn is attacked by oxygen if water or water vapor is present. 
Considering the short time of handling and the mounting in 
vacuum, it is possible that this process has not advanced beyond 
1 or 2 layers. On the other hand, one should not exclude the 
possibility of mere physical adsorption. In this case, one would 
expect that the samples in vacuum are covered only by a 
monolayer. 
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and 
u=er/m*=4el/3(2rm*kT)}. 


For T=4.2°K, m*=m.,® this yields a value for u of 56 
cm?/volt-sec, which is of the same order of magnitude 
as the values of (Ro) quoted in the last column of 
Table I. 

We can estimate the mobility also in the following 
way. The Hall coefficient is given by* 


Lr Mehe—T Mes” 
Re eer 
€ (Mectngpus)* 


where , and m, are, respectively, the absolute number 
of carriers in the conduction band and at the surface, 
ae and uw, their mobilities, and r, and r, factors of the 
order of unity. One can easily show that at the maxi- 
mum of the Hall coefficient, 


Nelke=Nebte (if cue). 


Calculating the surface mobility from this equation, one 


ADSORBED,4 
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vel 
Fic. 8. Energy level dia- 
grams at the surface of an ia 
Mg)Sn sample. ‘ | 
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finds for sample C32: u,= 15 cm*/volt-sec in good agree- 
ment with the value of Ro (17 cm?/volt-sec ; see Table I). 


Magnetoresistance 


Figures 6 and 7 show two important features: 

(1) The magnetoresistivity at 4.2°K is of the same 
order of magnitude as at 78°K. 

(2) Ap/po is certainly not proportional to H’ at 4.2°K; 
for most samples the dependence on H is much closer 
to linear (above 1500 oersted). 

The mobility calculated on the basis of the conven- 
tional semiconductor theory" yields values of the order 
of several thousands (cm?/volt-sec). This is obviously 
in disagreement with the results from Hall and con- 
ductivity measurements. Even assuming mobilities of 
this order of magnitude, one would not expect to ob- 
serve deviations from the H? behavior at fields as low 
as 1000 oersted. 

Considering the conclusions reached in the previous 
section, it seems logical that the magnetoresistive effects 
at low temperatures are also related to the surface 


4 F, Seitz, Phys. Rev. 79, 372 (1950). 
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Fic. 9. Sample geometry for Hall measurement. 














conduction. Therefore the question to be answered is: 
How will a magnetic field influence the conduction of 
degenerate carriers in a layer of several A thickness? A 
treatment of this problem is virtually nonexistent in the 
literature. Some help might be obtained from a paper 
by Sondheimer! who has treated magnetic effects (both 
longitudinal and transversal) in thin conductors (wires 
and films). The result of his calculation for the trans- 
verse magnetoresistance (H 1 J and | plane of film) is 
rather complicated. The expression for 09/04 contains 
three parameters: x=a/l/ (a being the thickness of the 
film and / the mean free path in bulk), 8=a/ro (where 
ro=mic/eH), and p (a parameter describing the scatter- 
ing mechanism of the electrons at the boundaries of the 
film). According to this expression, oo/a increases very 
slowly for small H, then rises more rapidly and shows 
an oscillatory behavior for large magnetic fields. The 
first maximum is reached when § is approximately 
unity. The prediction for thin wires is that the resistance 
will decrease with H. (Such a behavior has been ob- 
served by MacDonald" in the case of sodium wires.) 
This theory also indicates that the magnetoresistive 
effects are considerably larger than in the bulk material. 

We have discussed Sondheimer’s treatment here to 
show that there is some analogy between his theoretical 
conclusions (partly confirmed by measurements'*) and 
our observations. Similar experimental results have 
been obtained recently on InSb.° 

This discussion of the magnetoresistive effects of 
Mg)Sn is hardly more than an exposé of the problem. 
It is clear that a much deeper investigation, both 
experimental and theoretical, is urgently needed. 


CONCLUSIONS 


The galvanomagnetic effects of Mg2Sn between 78°K 
and 10°K show a temperature dependence similar to 
that of germanium and InSb. The behavior in the 
helium range, however, can be explained on the basis 
of surface conduction rather than conduction in im- 
purity levels. The results indicate that the carriers 
conduct in a monoatomic layer with a mobility about 
50-100 times smaller than that of a bulk crystal. Such 
a layer is easily produced due to adsorption of oxygen 
on the surface. These measurements have shown that an 

15 E. H. Sondheimer, Advances in Phys. 1, 1 (1952). 

1D. K. C. MacDonald, Nature (London) 163, 637 (1950); 


Proc. Phys. Soc. (London) A63, 290 (1950). D. K. C. MacDonald 
and K. Sarginson, Proc. Roy. Soc. (London) A203, 223 (1950). 
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investigation of the galvanomagnetic effects at very 
low temperatures provides a powerful tool to obtain 
information about surface properties of semiconductors. 
For very thin specimens or films, surface conduction 
may already be important at much higher temperatures. 
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Study of 1/f Noise in Semiconductor Filaments* 
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A theory is devised for the generation of 1// noise in semiconductor filaments, involving the diffusion of 
impurity atoms along the surface of the sample and along edge dislocations within the bulk. A set of six 
experiments is described which tends to corroborate this theory. 


I, INTRODUCTION 


SSUMING that 1/f noise in semiconductor fila- 

ments is a result of a fluctuation in the sample 
resistance, it has been possible to construct a logically 
consistent theory which can explain at least the more 
obvious empirical features of the noise generating 
process. Moreover, a set of six experiments (most of 
which had been suggested from an inspection of the 
theory) were performed and produced data which, 
when analyzed, tended to corroborate the theory. 

It is felt by the author, that the combined theoretical 
and experimental study has now developed to the point 
where a detailed description is justified. This description 
will, therefore, be presented in the following sections. 


Il. THEORY 
1. Preliminary Considerations 


Before the presentation of a specific theory, a general 
requirement for any 1/f noise mechanism will be 
pointed out. This will be used later to restrict the 
number of possible noise models. The observed 1// 
spectrum in semiconductor noise can most probably 
be accounted for by a process which consists of a large 
number of independent events. For a constant im- 
pressed voltage, the occurrence of each event produces 
a small change in the flow of current, whose endurance 
will be the same as the lifetime of the event. The events 
must then have a very wide range of lifetimes, some 
extending as long as several hours. One test, therefore, 
of any suggested noise-generating mechanism is its 
ability to produce single events causing current changes 
of very long duration (of the order of hours). Two 


*The research in this document was supported jointly by 
the Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

t Now at Philco Corporation, Tioga and C Street ; Philadelphia, 
Pennsylvania. 


possible noise models proposed in the past appear to 
fail this test. 

The first is a simple trapping process under the con- 
dition of quasi-equilibrium (i.e., where the Fermi levels 
for holes and electrons are equal) such as considered by 
van der Ziel.! Here a single mobile carrier (either hole 
or electron) is trapped, for a time depending on the 
energy depth of the trap involved, and then released. 
A wide range of trapping times, 7, is implicit in the 
assumption of a spectrum (or band) or energy depths. 
This type of mechanism, however, cannot give rise to 
a 1/f spectrum, since no single trapping event can cause 
a current change of long duration. If T is assumed to 
be a very long time, it would be necessary for the 
current to be decreased as long as the mobile carrier is 
trapped. This situation is illustrated in Fig. 1(a). 
Actually, however, the current alteration caused by 
the trapping event will be as shown in Fig. 1(b). The 
reason for this is that a mobile carrier can give rise to 
current for only as long as it is free. Moreover, when a 
carrier is trapped for a time 7, it can have been in ex- 
istence only for a time r (the lifetime of the carrier) 
before it was trapped, and live only a time 7 after it 
has been released. Since in actual semiconductors rT, 
the contribution to the current from the single carrier 
as a result of being trapped must be as shown in 
Fig. 1(b). There will effectively be two short positive 
pulses of duration r instead of one long negative one 
of duration 7. Thus, in this process, a single event is not 
capable of producing a conductivity change of long 
duration and is, as a result, insufficient to account for 
the shape of the low-frequency end of the 1/f spectrum. 
Apparently, then, a simple trapping process cannot 
produce 1/f noise. 

The second type of noise mechanism is a simple 
modulation of the generation of decay rate of either 


1A. van der Ziel, Physica 16, 359 (1950). 
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type of mobile carrier. If the quantities are averaged 
over a time long compared to +, a relation that is 
always valid is 

n= gr, (1) 


where is the mobile carrier volume density, g the 
generation rate per unit volume, and 7 the lifetime. 
In semiconductors in quasi-equilibrium, the mean 
value of m is known to be a function only of the doping 
and the temperature. Thus, with a sudden change of 
the generation or decay rate (i.e., g or r) there may be 
a time period (of the order of 7) during which Eq. (1) 
is violated. In a period long compared to 7, however, 
g and 7 must adjust themselves so that m returns to 
its value before the change. Since neither the doping 
(or Fermi level) nor the temperature has been assumed 
to change in the foregoing process, the long-time average 
of n cannot change. It follows that simple modulation 
of the generation or decay rate alone cannot account 
for the observed spectrum shape of 1/f noise. 

As noted in the aforementioned, the carrier concen- 
trations when averaged over times long compared to 1, 
depend on the relative positions of the Fermi level and 
the band edges. A noise mechanism in which a single 
event can cause a slight relative shift of these levels 
produces long lasting changes in carrier concentration 
(or in current at constant voltage) and is thus able to 
produce 1/f noise. 

There are two plausible ways in which the above 
process may occur. In the first, the Fermi level would 
be stationary, and a portion of the band edges (corre- 
sponding to a limited physical volume) would be 
shifted by the single noise event. This type of process 
has been considered briefly elsewhere.?* In the second 
way, the band edges do not change but the Fermi level 


























bral eral 


t———_+ 
(b) 


Fic. 1. (a) A long trapping event of a very long lifetime carrier. 
(b) A long trapping event of a short lifetime carrier. 
2H. C. Montgomery, Bell System Tech. J. 31, 950 (1952). 
3, W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, New York, 1950), pp. 342-346. 
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on the whole sample is shifted by a single noise event. 
This latter way will be assumed to occur on 1/f noise 
in the theory that follows. 


2. General Physical Model 


Before consideration of any specific physical model 
for noise generation, a general model will be constructed 
to satisfy three sets of empirical data connected with 
1/f noise: (a) the observed shape of the noise spectrum, 
which has a 1/f behavior over the order of eight and 
one-half decades; (b) the observed noise level; and 
(c) the connection between noise and surface conditions. 

The model assumes that “emission centers’ are 
scattered at random over the surface of a germanium 
filament. They can emit and absorb large numbers of 
impurity atoms. As long as they remain on the surface, 
these impurity atoms act as trapping centers for holes 
and electrons. A typical noise event is the emission of 
an impurity atom from an emission center and diffusion 
along the surface in a quasi-Brownian motion about the 
center. This event will endure until the impurity atom 
captured either by its own emission center or by a 
neighboring center. During the time, 7, that it diffuses 
over the surface, the impurity atom immobilizes by 
virtue of its trapping action nearly one hole or electron 
which would otherwise have been free to wander in the 
bulk. This action would cause a change in sample con- 
ductance, and a consequent change in the current 
through the sample for a constant impressed voltage. 
A random time sequence of these events produces 
1 f noise. 

From the foregoing, it is apparent that there must 
be a wide distribution of trapping times, 7. The distri- 
bution function, g(7), of these times essentially deter- 
mines the shape of the noise spectrum. In this model 
g(7T) turns out to produce a spectrum with a 1/f™ 
behavior (where m can be nearly, but not necessarily 
equal to unity) over a very wide range of frequencies. 

The detailed treatment of the spectrum shape can 
be found in a previous work‘ which described, however, 
a somewhat different model. In making the connection 
between the two models, one must note that the 
“vacancies” of the model of (I) play the role of “‘emis- 
sion centers” here, and p(/) is now the probability of 
survival of an impurity atom. Summarized, the two 
most important results derived from (I) are: (a) the 
spectral exponent, m, is determined by the atomic 
lattice spacing @ and the capture length \, of an im- 
purity atom by an emission center [ the exact relation is 
m= 2—}./ (ma) |, and (b) the frequency range of the 1/f 
behavior is determined by the surface density of 
emission centers, M,. The exact relationship between 
the upper radian frequency, w,, and the lower radian 
frequency, w,, beyond both of which the spectrum 


* Leon Bess, Phys. Rev. 91, 1569 (1953). This will hereafter be 
referred to as (I). 
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departs significantly from the 1/f™ form is® 
Wh w= [a4(2—m)a*M, | - (2) 


To account for the observed spectrum behavior 
(w,/w3X 108), M. cannot exceed about 10°/cm?. On 
the other hand (see Sec. II.4), to account for the 
observed noise level, the mean surface density, M 7, of 
trapping centers (i.e., the mean number of impurity 
atoms wandering on a square centimeter of the surface) 
must be at least of the order of 10''/cm?. This means 
that there must be of the order of 10° impurity atoms 
associated with each emission center. The exact relation- 
ship between M7 and M, is given by 


Mr=Megds, (3) 


where t, (= /o*g(T)TdT) is the mean lifetime of an 
impurity atom on the surface and g, is the average rate 
of emission of impurity atoms per emission center. é, is 
determined by g(T), the lifetime distribution function, 
and by using the results of (I) can be shown to be about 
5X10~ second. Thus, using the previously stated 
values of M, and Mr (10®/cm? and 10''/cm?, respec- 
tively) it is possible to calculate g. from Eq. (3) and 
its value turns out to be about 2X10*/second. It is 
therefore essential that any physical model for an 
emission center must be able to account for an emission 
rate of the order of 10° impurity atoms/second. 

In order that the spectral exponent, m, be near 
unity, the capture length, \., must have a value of 
about wa. Furthermore, it is probable that \,? will have 
a magnitude about equal to the area of extension of an 
emission center. Therefore the average area of extension 
of an emission center must be somewhere between 
about 4a? and 10a”. 


3. Emission Center Model 


There are several possible physical models of an 
emission center which can satisfy the requirements of 
Sec. (II.2).° The particular model described and treated 
in detail in the remaining sections of this paper seems 
by far the most plausible on the basis of the following 
criteria: (a) predicted behavior of noise with tempera- 
ture variation conforms to observed experimental results 
and (b) the ability of a single noise event to produce a 
conductivity change of long duration, a necessary 
attribute of any 1/f noise process (Sec. II.1). 

The model assumes that emission centers are con- 
nected with edge dislocation singularity lines. These 

5 In deriving w,(=1/t) from (1), this will follow from Eq. (1) of 
(I) if it is assumed that (r?)=a? when ¢=0. 

Instead of using the exact spectrum, G(w), developed in (I), 
the following simplified approximation will be used in the calcu- 
lations that follow: 

G(@) =Cw,""/w1" for w<w1 
=Cw," 1 /wo™ for w1>w>w 
=Cw,/w? for w>wi, 


where C is a constant. 
6 Leon Bess, Technical Memorandum No. 59 of Massachusetts 


Institute of Technology (unpublished). 
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are quite common in metals and have been reported in 
germanium by Kulin and Kurtz,’ by Vogel et al. and 
by S. G. Eliis.® Figure 2(a) illustrates the atom con- 
figurations in an edge-dislocation and Fig. 2(b) shows 
a cross section of an edge-dislocation singularity line or 
“pipe” (represented by the heavily shaded region). 

Using an etching treatment, investigators’ have 
measured the density of points at which the “pipes” 
come to the surface and have found them to be of the 
order of 10°/cm*. This is the order of density value 
required of emission centers in the noise model. Thus it 
may be assumed that an emission center occurs where 
an edge dislocation singularity meets the surface. The 
dotted curve of Fig. 2(a) can be considered to enclose 
the area of extension (roughly equal to 5a?) of the 
emission center. 

The 1/f noise generation action can now be described 
in greater detail. An n-type sample will be assumed, 





\ 


MV) /}/}}/ J} 

Y y YY ///// /// 
Hy iH} HH) 

/ i} / : 


}// tH] 


7 Tf Hh 

Hf Ij Hy / 7 

Hy] Hy Hy) Hi} //, /}// HH} / 
!]) / 

~\ 


Fic. 2. (a) Atom configurations in an edge-dislocation. (b) Cross 
section of an edge-dislocation singularity line or “pipe.” 
*%. A. Kulin and A. D. Kurtz, Acta Metallurgica 2, 354 (1954). 
8 Vogel, Pfann, Corey, and Thomas, Phys. Rev. 90, 489 (1953). 
°S. G. Ellis, j. Appl. Phys. 26, 1140 (1955). 
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although an analogous argument holds for a p-type 
sample. It has been proposed’ that donor impurities 
will tend to cluster about edge dislocations and form a 
Cottrell atmosphere.'® It will be postulated here, in 
addition, that the impurity atoms will diffuse up and 
down the edge dislocations with a diffusion constant, D). 
[This action is indicated in Fig. 2(b) by the arrows 
going up and down along the “pipe.” | Those impurity 
atoms going in the upward direction [ Fig. 2(b) ] will 
emerge on the surface and diffuse out (with a diffusion 
constant, D,) in the manner described in (I). These 
atoms can be considered to be ‘“‘emitted” from a center 
as described previously. It would also follow that im- 
purity atoms already present on the surface migrate 
into a “pipe” dislocation and then diffuse downward 
into the bulk. This is equivalent to the “capture” by 
a center of a surface diffusing atom. Thus, after a time, 
there must be an equilibrium condition in which the 
average rate of atoms emitted fromia “pipe” must 
equal the average rate captured. In this condition the 
relationship of Eq. (3) will be valid. 

That impurity atoms can diffuse from the surface 
into dislocations and vice versa has been found experi- 
mentally by Hendrickson and Machlin" using radio- 
active impurities in silver. 

The next question to be considered is just how the 
impurity atoms coming to the surface will affect the 
concentrations of mobile carriers. It has been shown 
above that 1/f noise may be caused by a shifting Fermi 
level. This means that the Fermi level must change 
slightly whenever an impurity atom (here assumed to 
be an ordinary donor atom) is moved from the bulk 
to the surface. This shift would result if the ionization 
energy (Z.—£,) of the donor atoms in the bulk were 
small and the ionization energy (/.—Fu,) of these 
atoms on the surface were large as is illustrated in Fig. 3. 
The energy level, Zu, of the bulk donors would then be 
far enough above the Fermi level, Ey, so that their 
state of occupation, pr={1+exp[(Li—Er)/kT ]}~', 
would be very nearly zero and they would be nearly 
completely ionized. The energy level, Ez,, of the donor 
atoms on the surface, however, would be far enough 
below the Fermi level, Zr, so that their state of occupa- 
tion, pr, is very nearly unity and these atoms would be 
nearly neutral. Since the Fermi level depends principally 
on the temperature and the number of empty (or 
ionized) donors, it is apparent that it would undergo 
the required shift whenever a donor atom migrated 
from the bulk to the surface. When an atom diffused 
from the surface to the bulk, the shift of the Fermi 
level would, of course, be in the opposite direction. 

The assumption that the ionization energy of a donor 
atom on the surface is much greater than such an atom 
in the bulk appears to be a very plausible one. This can 


10 A. H. Cottrell and B. A. Bilby, Proc. Roy. Soc. (London) 


A62, 49 (1949). 
uA. A. Hendrickson and E. S. Machlin, J. Metals 6, 1035 
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Fic. 3. Bulk and surface energy levels for donor atoms. 


be supported by the following rough, simplified analysis 
(a reasonably exact treatment would probably be very 
complicated). The conventional model for a donor will 
be assumed here. That is, a donor can trap an electron 
in a hydrogen-like orbit whose ionization energy is the 
Rydberg constant with the nuclear charge, Z, replaced 
by 1/e, where e is the dielectric constant of the semi- 
conductor. Since the ionization energy of the donor 
would then vary as 1/e*, it would be much greater on 
the surface than in the bulk if the effective « were 
significantly less on the surface than in the bulk. This 
would be reasonable to expect since, first, there would 
be incomplete shielding at the surface and, secondly, 
the surface oxide layer on which the atom would rest 
would very likely have a smaller dielectric constant 
than the pure bulk material. 

Incidentally, shifting the Fermi level will affect not 
only the electron concentration but also the hole 
(minority carrier) concentration. This can be seen from 
the following relation: 


np=n?. (4) 


The quantities here must be considered to be long-time 
averages, and the relationship is valid for all Fermi level 
shifts. Differentiating Eq. (4) results in the following 
relationship: 


dp= — (p/n)éon. (S) 


Thus Eq. (5) shows that with every change of electron 
concentration, 6m, there will be an opposite change in 
holes, 6p, which will be smaller since (p/m) is less 
than unity. 


4. Noise Output Level 


If M7 is known, the noise output level can be deter- 
mined. The fluctuation (or variance) ((AN?))! in the 
number of trapping atoms from the mean value must 
first be calculated. This can be obtained from simple 
probability theory if it is noted that the probability at 
any time that a given atom is on the surface is ¢,/(é,+-41), 
while the probability that it is in a “pipe” dislocation is 
t,/(t,+t,). (t; is the mean lifetime of an impurity atom 
along a “pipe.”) Thus from the standard binomial 
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distribution of probability theory 
(AN?)=M rAb, (i, +2), (6) 


where A is the total surface area of the filament. 

If 1/f noise is assumed due to a fluctuation of 
resistance caused by a fluctuation of surface traps as 
described in Sec. (II.3), the noise in any filament may 
be given by: 


[en?(t)) }! Vo=prl (AN?) }! Vo, (7) 


where ey(¢) is the noise voltage, Vo is the dc bias im- 
pressed on the filament and .V» is the total number of 
mobile carriers in the filament bulk. In general, pr=1 
and ¢,>t,. Thus, with the aid of Eq. (6), Eq. (7) 
simplifies to 


[(en?(t)) }8/Vo= (M7A)*/No. (8) 


If ¢; is the observed noise figure of 1/f noise at a fre- 
quency /;, the rms noise voltage can be shown to be 
given by: 


(en?(t))=4kTR(f1b1)Q( 2a fi/on)” 
Q=[m/(m—1) | (wr/wr)™ + 1—2/m]. 


On the basis of known experimental data,” a typical 
n-type filament of resistivity 20 ohm-cm can be ex- 
pected to have a noise figure, ¢1, of about 10 at 1000 cps, 
with 10 volts/cm bias and dimensions of 0.05X0.05 
0.7 cm. Noting that the sample resistance, R, is 
about 6000 ohms, m&1.1, and w,2X10® sec~!, the 
rms noise voltage can be calculated from Eq. (9a) and 
is found to be about 10~ volt. A straightforward calcu- 
lation will show that Vp of the filament is about 6X 10". 

Thus, using the above values of (ey?(t)), No, and Vo, 
in Eq. (8), it appears that Mr must be about 10'!/cm? 
to account for the observed noise levels. 


(9a) 


(9b) 


5. Variation of Noise with Temperature 


In the past, one of the principal arguments against 
a diffusion mechanism for 1/f noise has been that it 
would necessitate a very rapid variation of noise with 
temperature ranging from 300°K to 100°K, whereas 
experimentally’ no such variation is observed. In the 
following section it will be shown that, at least for the 
physical model considered here, a diffusion mechanism 
need not cause a rapid variation of noise with tem- 
perature. 

First, Eqs. (2) and (6) must be studied in greater 
detail. It can be shown that the quantities g. and é, will 
have the following dependence on various physical 
parameters : 


t= (a?/4D,)Q, 
g=(2D,/a)(Ni/L), 


(10) 
(11) 


where N,(=gd,) is the average number of atoms 
diffusing along a ‘“‘pipe.’’ From Eqs. (3), (10), and (11), 
the following explicit expression for Myr can be ob- 
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tained: 
Mr=[M.Nw]L1+F exp((E:i—E,)/kT)}', (12a) 
F=2L/aQ. (12b) 


Nl. =ge(t. +t.) ] is the average maximum number of 
atoms clustering about a “pipe” and is assumed to be 
a constant. 

From Eqs. (6), (7), and (12a), the rms noise voltage 
takes on the following form: 


(en?(t))= (Vo/No)?(MrA)[1—Mr/(M-Nm)]. (13) 


The behavior of (ey?(¢)) with temperature may be 
deduced roughly from Eq. (13). It will be assumed that 
the variation of No and Vo with temperature is small 
compared to the variation in Mr. Since the values of 
g- and w, are known to be approximately 2X 10°/sec 
and 2X 10*/sec, respectively, D, and D, can be calcu- 
lated from Eqs. (11) and (14). The results of this 
calculation are that D,=5X10~-' cm?/sec and D;= 1077 
cm*/sec. Knowing D, and D; and assuming a diffusion 
coefficient of 10~" sec~!, one may calculate the activa- 
tion energies, E, and E;. The results are E,=0.385 ev 
and £,=0.271 ev. Thus £,—#,=—0.114 ev. Some 
rough representative values for the parameters F, Nm, 
and L can be estimated to be F= 10*, V,,=3X 10°, and 
L=10~ cm. 

From the above set of values in Eqs. (12a) and (13), 
rough plots were made in Fig. 4 of M7/M, and (ey*(t)) vs 
temperature in the range of 100°K to 300°K. The 
dashed line illustrates the variation of Mr with tem- 
perature. At room temperature (300°K), M7/M, is 
about 10°, and it increases to its maximum value, 
Nm(=3X 10°) as the temperature decreases to 100°K. 
This means that all the impurity atoms associated with 
the “pipe” dislocations migrate to the surface as the 
temperature decreases. 
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Fic. 4. Theoretical temperature dependence of noise power 
and surface trap density. 
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The solid line in Fig. 4 illustrates the behavior of 
the noise power with temperature; the length, L, of 
all the “pipes’’ is assumed constant. Actually, it seems 
reasonable to suppose that the L’s for different “pipes”’ 
vary according to a distribution of lengths. Now, it 
should be noted that for a given L, the noise vs tem- 
perature characteristic will be a maximum when 
Mr=}3M.N,. The temperature at which this is so will 
depend on L. Thus, if the length of the “pipes” varied 
over a wide range (say, from 10~! to 10-* cm), the 
variation of noise power with temperature would 
probably resemble that shown by the dotted line in 
Fig. 4. Although the detailed shape of the characteristic 
would depend on the distribution function of the L’s, 
the general effect of a variation in the “pipe” lengths 
may be said to reduce the variation of noise power with 
temperature in the low-temperature region. 

It can be seen here that (ey?(¢)), the noise over the 
total frequency band, was plotted in Fig. 4, whereas 
experimentally only the noise in a narrow frequency 
band is measured. In attempting to compare Fig. 4 
with the experiment, it should be noted that the noise in 
any narrow frequency band will nearly be proportional 
to (ey*(t)) as long as the frequency about which the 
band is centered is less than the upper turnover fre- 
quency, w,. The proportionality factor will actually be 
slightly temperature-dependent, but this can be neg- 
lected in this rough treatment. 

For sake of simplicity, the above development has 
omitted one phenomenon which probably affects the 
behavior of noise power with temperature variation. 
This effect will be described qualitatively here. There is 
good reason to believe that the activation energy, &,, 
for the surface diffusion constant, D,, will decrease with 
decreasing temperature. This is because £, is a function 
of the concentration'® of surface diffusing atoms, de- 
creasing its value with increasing concentration. For 
concentrations of the order of 10'%/cm?, the decrease 
can be as much as 10%. In the diffusion situation here, 
the atom concentration will vary inversely with the 
distance to an emission center. The variation in con- 
centration in going from a region immediately sur- 
rounding an emission center to a region in between 
centers will be of the order of 20 to 1. Thus, if the 
average concentration is of the order of 10'!/cm?, the 
concentration right next to an emission center (where 
D, is mostly determined) will be about 2X10!*/cm?. 
As the temperature decreases, the concentration as 
determined from Eq. (12a) will tend to go up (by a 
factor of about 30 in the case of Fig. 4). Thus at 100°K 
the concentration right next to an emission center 
(where D, is mostly determined) can be expected to be 
of the order of 10'*/cm?. It is therefore possible for E, 
to have undergone a sizable decrease (perhaps of the 
order of 50%). The decrease in E, tends to oppose the 
increase in concentration, as an inspection of Eq. (12a) 


Zz. R. M. Barrer, Diffusion in and Through Solids (The Mac- 
millan Company, New York, 1941), p. 373. 
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will show, and will consequent!y affect the variation of 
concentration with temperature. 

The variation of E, with temperature, besides being 
noticeable in the temperature variation of noise, will 
have an even more marked influence on the variation 
of the upper turnover frequency, w,, with temperature. 
Instead of having an exp(E/kT) type of dependence on 
temperature, as might be expected from an inspection 
of Eq. (14), the variation of w, with temperature will 
be much slower, although still sizable. 

The result of all of the above discussion is to show 
that, although an exact analysis of noise variation with 
temperature is very complicated, it is possible to obtain 
a rough, first-approximation solution which admits of 
the following statements. First, the variation of 1// 
noise power with temperature (in the range of 100°K 
to 300°K) need not be very great (certainly within a 
range of 20 db). Second, the general shape of the 
characteristic curve will be as shown by the dotted 
line in Fig. 4 (assuming that the variation of No with T 
is small). These results seem to agree reasonably well 
with experiment.” 


III. EXPERIMENTAL CORROBORATION 
1. List of Experiments 


The following experiments provide information re- 
lated to the validity of the noise theory described above. 


Experiment No. 1 


With regard to the theory of Sec. II, one of the most 
important findings by experimental investigators’ is 
that the spectral exponent m (i.e., the slope of the 
spectrum on a log log plot) is not exactly equal to 
unity but can vary between samples from about 0.95 
to about 1.33 at room temperatures. At lower tempera- 
tures, m has been observed to go as low as 0.80. To 
the present time, only the theory of Sec. II seems to 
explain in the simplest way the variation of m. As 
has been shown above, m is a function of two physical 
parameters, a and X,. It seems reasonable that the 
capture length \,, in particular, vary from sample to 
sample and probably be dependent on temperature. 

Experiment No. 2 

Figure 5° shows the spectra of a germanium filament 
at lower temperatures. It will first be noted by referring 
to (I) that the upper turnover frequency w,(=1/to) can 
be brought into the following form: 


w,r=4D,/a’. (14) 


Thus, from an inspection of Eq. (14) it would be ex- 


18 B. F. Rollin and I. M. Templeton, Proc. Phys. Soc. (London) 
B66, 259 (1953). 

4K. M. van Vliet ef al., Physica 20, 481 (1954). 

16 The data for Fig. 5 was obtained by H. A. Gebbie and 
appeared in the Group 35 Lincoln Laboratory Quarterly Progress 
Report of February 1, 1955 (unpublished). 
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Fic. 5. Noise spectra of an etched n-type (about 20 ohm-cm) 
germanium filament at lower temperatures. 


pected that w, should vary rapidly with temperature, 
decreasing as the temperature decreased, since D, has 
this kind of behavior and a is insensitive to tempera- 
ture. However, as pointed out in Sec. (II-5), the 
variation of w, with temperature need not be as rapid 
as that expected from an exp(E/kT) behavior. 

The two curves in Fig. 5 both have straight portions 
(whose extensions are shown by the dotted lines) at 
the low end of the spectrum. Going toward the upper 
end of the spectrum, the curves start bending below 
the dotted extensions with a curvature that is always 
concave downward. One should note that this type of 
shape cannot be obtained by adding a shot-noise type 
of spectrum (or a finite number of shot-noise types of 
spectra) to a 1/f type of curve. Here, in deviating 
from the 1/f form, the resultant curve would first have 
a concave upward portion rising above the straight- 
line extension followed by a concave downward portion 
falling below the straight-line extension. (There would 
be a number of such portions if more than one shot- 
noise spectrum were added.) 

The most plausible explanation of the shape of the 
curves of Fig. 5 seems to be that the deviation from the 
1/f form (i.e., the deviation of the solid curves from 
the dotted lines) is due to the fact that the upper turn- 
over frequency, wa», has been exceeded. A study of the 
spectrum form as developed in (I) reveals that in the 
frequency region above w,, the spectral curve would 
always be concave downward and fall below the straight 
line as shown in Fig. 5. 

The upper turnover frequencies will be taken as the 
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point where the actual curve falls 3 db below its straight 
line extension and are indicated in Fig. 5, by the double 
arrows. 

Thus, Fig. 5 reveals that at 135°K the upper turn- 
over frequency is about 1.8 kc/sec, and at 104°K it is 
about 250 cps. An indication of what the upper turn- 
over frequency is at room temperature can be obtained 
by referring to Fig. 1 and Fig. 5 of reference 2, where 
curves are exhibited with the characteristic concave 
downward shapes at their upper ends. These figures 
seem to show that at room temperature upper turnover 
frequency is about 300 kc/sec. 

The data of Fig. 5 thus seems to indicate that in 
going from about 300°K to 135°K and 104°K the 
upper turnover frequency has continuously decreased 
by a large amount (a factor of about 1000 for the case 
of 104°K). Moreover, there is a substantial decrease 
(a factor of 7.2) in going from 135°K to 104°K. 

As already stated previously, this is the kind of be- 
havior with temperature that would be expected of w» 
in the form given by Eq. (14) which has been derived 
from the theory of Part II. 


Experiment No. 3 


The information pertinent to this experiment is all 
shown in Fig. 6.'° Here the solid lines represent the 
spectra of a germanium filament in two different 
ambients. As can be seen, the noise spectrum of the 
filament changed greatly not only in level but also in 
shape when the ambient was changed from dry nitrogen 
gas to liquid carbon tetrachloride. The temperature in 
both cases was about 300°K. 

The spectral curve for the dry Nz ambient can be 
explained fairly readily as a resultant of the addition 
of a shot-noise spectrum to a 1/f spectrum. In order to 
explain the spectral curve for the CCl, ambient, it 
must first be noted that shot-noise component of the 
total noise will not change very greatly with the change 
in ambient. This is because a change in ambient can 
only be expected to affect the surface of the filament. 
According to van der Ziel’s'’ theory of shot noise, the 
only physical parameter depending on surface condi- 
tions and influencing shot noise was the minority carrier 
lifetime. This was measured with the changing of 
ambients and was found to vary only about 30%. Thus, 
for the purposes here, it can be said that the shot-noise 
component in the CCl, curve was the same as that of 
the Nz curve. The shot noise of the N2 curve can readily 
be evaluated and subtracted from the CCl, curve to 
give a resultant curve shown by the heavy dashed line. 
It is this resultant curve of the heavy dashed line which 
represents the spectrum connected with the 1/f noise 
process. 

An inspection of this resultant curve shows that it 
has a much higher level than the 1/f component of 

16 The data for Fig. 6 were taken from Maple, Bess, and Gebbie, 


J. Appl. Phys. 26, 490 (1955). 
17 A, van der Ziel, J. Appl. Phys. 24, 1063 (1953). 
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the N» curve and that it has the characteristic concave 
downward shape at the upper end of the spectrum 
which was described in Experiment No. 2. The dotted 
line is the extension of the straight line portion at the 
lower end. The explanation of the CCl, curve, therefore, 
appears to be that in immersing the filament in liquid 
CCl, the level of the 1/f component was greatly raised 
while at the same time the upper turnover frequency 
was greatly decreased. The double arrow marking the 
3 db point below the dotted extension indicated an 
upper turnover frequency of about 700 cps. An inspec- 
tion of the curves show that the noise power level has 
been raised by a factor of about 200 at 10 cps. Assuming 
again that the upper turnover frequency at room tem- 
perature (and an ambient of gaseous N2) is about 
300 kc/sec, it appears that the upper turnover fre- 
quency has been decreased by a factor of about 400. 

A study of Eqs. (14), (2), and (10) reveals that the 
theory of Sec. II predicts that, if all other parameters 
are constant, w, should vary directly as D,, while Mr 
should vary inversely as D,. Moreover, Eq. (8) shows 
that the noise power should be roughly proportional 
to M T. 

Thus, the CCl, curve of Fig. 6 can be explained if it 
is assumed that in immersing the germanium filament 
in liquid CCl, its surface diffusion constant, D,, was 
lowered by a factor of the order of several hundred. 
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Fic. 6. Noise spectra of an etched n-type (roughly 30 ohm-cm) 
germanium filament for different ambients. 
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This should then cause the noise level to be raised by 
this factor while the lower turnover frequency would be 
decreased by the same factor. In the actual measure- 
ment the increase in noise level was reasonably close 
(considering the roughness of the measurements) to 
being the same as the decrease in turnover frequency 
(a factor of 200 as compared to 400). The fact that 
immersing a germanium filament should greatly de- 
crease its surface diffusion constant is very reasonable 
on other physical grounds.!® 


Experiment No. 4 


An experiment was devised'® to show relative in- 
fluence of the fluctuations of minority and majority 
carrier concentrations on excess noise in semiconductors. 
The experiment consisted of noise voltages being meas- 
ured along various directions in a germanium ribbon 
carrying a current parallel to the direction of the ribbon. 
The ribbon was placed in a strong magnetic field whose 
lines of force are perpendicular to its face. A plot was 
made of the noise voltage vs the angular position of the 
line connecting the two measuring probes. The noise 
measurements were performed at the low frequency of 
80 cps where 1/f noise predominated in the excess 
noise and at 10 kc/sec where the shot noise pre- 
dominated. 

When the germanium ribbon was inserted in the 
magnetic field, the Hall effect took place and the 
directions of the electron current, the hole current, the 
total current, and the resultant electric vector were all 
different. By observing the angular position for which 
the noise voltage is a minimum, in the plot of noise 
voltage vs angular probe line position, and by knowing 
the directions of the four vectors listed previously, it was 
possible to calculate the relative proportions of minority 
and majority carrier fluctuations in the total noise. 
It can be shown, for example, that when the noise is 
mostly majority carrier fluctuation the noise voltage 
will be a minimum when the probe line direction is 
perpendicular to the resultant electric field vector. As 
the influence of minority carrier fluctuation begins to 
be felt more in the total noise, the angular position of 
the noise voltage minimum shifts toward the direction 
of minority carrier current. 

When the foregoing experiment was performed, it was 
found that at 80 cps, where 1/f noise predominated, 
the total noise was due almost entirely to majority 
carrier concentration, while at 10 kc/sec it was due 
partly to majority carrier fluctuation and partly to 
minority carrier fluctuation as would be expected from 
van der Ziel’s'® theory. The fact that 1/f noise was 
caused mostly by majority carrier fluctuation is con- 
sistent with the theory of Sec. II which predicts this in 
Eq. (5). 

18 This was revealed in a private discussion with Professor C. 
W. Wagner of Massachusetts Institute of Technology. 

9 L. Bess, J. Appl. Phys. 26, 1377 (1955). 
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Fic. 7. Geometry and wiring arrangement of a germanium sample. 


Experiment No. 5 


In this experiment, an n-type germanium slab 10 mm 
<3 mm X0.25 mm had four contacts soldered to it as 
shown in Fig. 7. Current was sent through contacts 
number 2 and 3, and the noise voltage at 80 cps was to 
be measured between contacts number 1 and 4. The 
object of, the experiment was to see if 1/f noise varied 
with mechanical stress on the sample. A special vise 
was constructed so that a uniformly distributed com- 
pressive force could be applied to the long thin faces 
of the sample (as shown by the heavy arrows in Fig. 7). 
When pressure was applied, the stress in the sample was 
about 800 Ib/sq in. 

In performing the experiment, noise voltage was 
measured first with no pressure and then with pressure 
applied. This procedure was repeated over about seven 
cycles. To insure the fact that pressure on the solder 
contacts was not causing a significant part of the effect, 
a test was devised where noise measurements were 
made between the contact pairs 1 and 2 and also be- 
‘tween 3 and 4 both with the pressure on and with the 
pressure off. The noise voltage between both of these 
contact pairs was to be negligible to that between 
contacts number 1 and 4 before the measurement was 
accepted. 

The experiment was performed for four different 
samples. In each case there was a change of noise 
voltage with mechanical stress along with a change of 
resistance. Before the measurement was accepted, the 
change of sample resistance with mechanical stress 
must have been less than 1%. (All of the four samples 
mentioned above met this test. In general the change 
of sample resistance with mechanical stress was greater 
than 1%, being sometimes as high as 10%.) The sample 
resistance would always increase with applied pressure, 
whereas the noise voltage could either increase or 
decrease. The change in noise power was, on the 
average, about 20%. This value was about 5 times too 
great to be accounted for by just a resistance change 
even when sign of the change was in the right direction. 

In going from cycle to cycle, the change of noise 
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power with pressure was about the same for three 
samples, whereas in the other it decreased to less than 
the accuracy of the measurement (which is about 5% 
by the time the seventh cycle was reached. In two 
samples there was a progressive change in noise power 
(at no pressure) from cycle to cycle so that at the 
seventh cycle a change of about 25% had taken place. 
In the other two samples there was no significant change 
of noise power from cycle to cycle. 

Table I shows the data for sample number 512 which, 
as can be seen, was.a sample where the noise change 
with pressure was about constant from cycle to cycle 
and where there was no significant progressive change 
of noise power from cycle to cycle. 

In analyzing the foregoing data, it would seem safe to 
conclude the mechanical stress can produce a change in 
1/f noise which cannot be accounted for by just a 
change in resistance. Moreover, it is almost certain 
that the noise change is due to some bulk effect, since 
the fact that no pressure is ever applied to the large 
sample surfaces and also the fact that the applied 
stress is relatively so small makes the existence of a 
surface effect very improbable. 

It is suggested here that the main effect of the 
mechanical stress is to change the length and con- 
figuration of the edge dislocations in the sample. An 
examination of Eqs. (8), (12a), and (12b) in the theory 
of Part II will reveal that the noise level is dependent 
on the length of the edge dislocations and thus any 
effect which causes their length to change will also 
change the noise level. 

However, it is to be emphasized that the most im- 
portant result that is claimed for this experiment is 
that it shows that a bulk effect in the sample (other 
than a simple conductivity change) can influence 1/f 
noise. 


Experiment No. 6 


In this experiment, an attempt was made to find a 
direct connection between edge dislocation density and 
1/f noise level. In the first phase of the experiment, an 
n-type sample of the shape shown in Fig. 7 had its two 
large surfaces freshly ground and then connected to 
four leads by solder contacts (also as shown in Fig. 7). 


TABLE I. Data for the variation of noise with mechanical pressure 
in an n-type germanium filament. 


Pressure =800 Ib/in.? 


Sample No. 512. J =10.5 ma 
Cycle No. j 5 6 7 
Noise voltage 

(in 10-7 volt) A ‘ . ; ‘ 1.16 


Percent change 
of noise power 
with applied 
pressure 


Percent change 
of resistance 
with applied 
pressure 
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TABLE II. Data for the variation of noise with heating and plastic deformation in germanium filaments. 


Sample No. 520 
I =10.5 ma 
Noise de 
Phase voltage voltage 
No. (1077 volt) 


I 13 7.8 
II 650°C 1.03 8.3 
Il’ 

Ill 800°C 1.48 


Heating 
temp. 


A given value of de current, 7, was sent through the 
probes 2 and 3. Noise voltage and dc voltage measure- 
ments are then made between the probes 1 and 4. 
The noise voltage is measured at 80 cycles where 1/f 
noise dominates in the excess noise. To ensure that no 
significant part of the measured noise arose from the 
contacts, the contact test described in Experiment 
No. 5 was performed. 

In the second phase of the experiment, the sample 
was heated for about 30 minutes in an oven at a tem- 
perature between 600°C and 700°C and then rapidly 
cooled. After the large surfaces had been freshly ground, 
measurements of noise voltage and dc voltage were 
taken on the sample in exactly the same way as in the 
first phase. 

The third phase of the experiment consisted of heating 
the sample to a temperature between 700°C and 800°C 
and at the same time subjecting it to a bending stress. 
The bending stress was created by supporting the 
sample at its two ends and applying a weight of about 
3 ounces in the middle. Three forces would then be 
acting on the sample as shown by the heavy arrows in 
Fig. 7. The sample was heated for about 30 minutes 
and then rapidly cooled and should at this time have 
been plastically deformed. The large surfaces were then 
again freshly ground and measurements were made of 
noise voltage and dc voltage just as in the two previous 
phases. 

The preceding procedure was performed on two 
samples and the results are summarized in Table II. The 
phase II’ in Table II is where the sample was heated 
again without plastic deformation being produced. In 
order to obtain a meaningful physical parameter for 
comparison, M7, the trap density on the surface, was 
calculated from Eq. (15) below which in turn was 
derived from Eq. (8). 


M r=[T*(en?(#))/20V 08 [mins PLP/w 14 (1+1/6) }, (15) 


where 


O= (Aw/w) (w/w) 1/0; (16) 


land w are the length and width of the sample; ; and p* 
are the carrier concentration and resistivity for intrinsic 
germanium; ( is the factor introduced because the 
measurement occurs over a limited band width, Aw/2x 
(4 cycles), instead of the whole frequency range; b is 
the usual mobility ratio. 


(volts) Mr 


3.8 10" 
1.9K 10" 


1.7 10” 


Sample No. 537 
7 =10.5 ma 


Noise de 
voltage voltage 
(1077 volt) (volts) Mr 


0.33 8.0 10% 
0.30 3.7X 10% 
0.25 1.9X 10” 
1.39 1.3 10" 


Heating 
temp. 


600°C 
650°C 
700°C 


In studying Table II, it can be seen that heating the 
samples without deforming them seemed to lower the 
effective My about a factor of 2. On the other hand, 
heating the samples and producing a plastic deforma- 
tion seemed to increase the effective My enormously 
(a factor of about 9 for sample No. 520 and about 50 
for sample No. 537). 

This behavior can be understood in light of the theory 
of Sec. Il. Heating the samples without deformation 
would, in general, introduce no new dislocations but 
would tend to drive away some of the impurities from 
the Cottrell atmospheres of the dislocations already 
present. The critical temperature at which this happens 
is about 500°C in germanium, and the samples in this 
case were always heated beyond this point. The cooling 
was so rapid (less than 3 minutes) that the impurities 
driven away had no chance to diffuse back. Thus, at 
the end of the heating cycle, the density of the Cottrell 
atmospheres were decreased. This would cause a lower- 
ing of the quantity g. in Eq. (2) which would then 
cause Mr (and consequently the noise power) to be 
lowered. When the samples were heated and caused to 
undergo plastic deformation, a great many new dis- 
locations were introduced [thus increasing M, in 
Eq. (2) |. The density of the Cottrell atmosphere would 
not have changed much here since it had already been 
depleted in the previous phase; thus g. would be about 
the same as for the previous phase. The net effect of 
this is to cause a marked increase of Mr (which should 
be about the same as the increase in dislocation density). 

A rough measurement was made of the radius of 
curvature of the bends associated with the plastic 
deformations of the samples. These radii turned out to 
be about 3 cm for sample No. 520 and about}7 cm for 
sample No. 537 (which had buckled and bent on an 
axis parallel to the large faces instead of perpendicular 
to them). 

It has been pointed out that heating a sample and 
causing it to undergo plastic deformation could intro- 
duce a polygonization process where the dislocations 
meet the surface in an orderly line of points instead of 
points scattered at random. This should not change 
any of the results described above. The main result of 
this sort of an effect would be to make the lower turn- 
over frequency, w), higher than would otherwise be the 
case since the average distance between points of 
emergence would be less. 
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Although a formula for calculating the dislocation 
density introduced in a plastic bend has been developed 
by Cottrell,” it would not be too meaningful here to 
try to calculate the dislocation density increase and 
correlate it to the noise increase. In the first place, 
Cottrell’s formula only gives the increase in dislocation 
density so that the initial dislocation density would 
have to be known. Secondly, the ratio M7/M, is a 
complicated function of many factors and is thus very 
difficult to estimate accurately. 

However, assuming the ratio, M7/M,, to be of the 
order of 10° (as developed in Part II) the Myr’s as 
calculated from Cottrell’s formula are certainly within 
a factor of 2 or 3 in magnitude of the M7y’s obtained 
from Table II. 

The most important result?! claimed for Experiment 
No. 6 is the qualitative fact that a plastic deformation 
in a sample will markedly increase 1//f noise. 


2. Discussion of Results 


In assessing the merit of the list of experiments de- 
scribed above, a few qualifying remarks need to be 
made. It is realized that some of the experiments con- 
sidered by themselves are somewhat incomplete either 
because their data are just from one sample (such as 
Experiment Nos. 3) or because they are more or less 
qualitative in nature (such as Experiments No. 5 and 6). 
It is hoped that these experiments may prove to be an 
inspiration for further work by other investigators. 
Moreover, the author is aware of the fact that any one 
experiment may have alternative explanations other 


* A. H. Cottrell, Dislocation and Plastic Flow in Crystals 
(Oxford University Press, Oxford, 1953), p. 29. 

*1 This result has also been obtained by J. J. Brophy [Phys. 
Rev. 100, 1261 (1955) ]. 
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than those supplied by the theory of Part II. However, 
the alternatives for one experiment will probably not be 
the same as the alternatives for another; and, in all of 
the six experiments, some consideration on the matter 
has shown that it will be at least unlikely that there 
will be an alternative explanation which is common to 
the set. Thus the omission of alternative explanations 
is felt justified. 

The set of experiments must be considered as a unit. 
Each of six diverse experiments pointing in the same 
direction should have a cumulative effect in which a 
number of single evidences adds up to a strong total 
evidence. 

In summary, Experiments Nos. 1, 2, and 3 tend to 
confirm the validity of the surface diffusion action 
described in the general physical model of Part II. 
Experiment No. 4 tends to verify the assumption that 
1/f noise is caused by a shifting of the Fermi level. 
Experiments Nos. 5 and 6 would seem to lend weight 
to the view that 1/f noise has a direct connection with 
the edge dislocation densities within the bulk. 

Taken together, the conclusion seems warranted that 
the six experiments provide evidence for the validity 
of the essential features of the 1/f noise theory described 
in Part IT. 
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If a dilute alloy of a transition metal in a noble metal becomes ferromagnetic, the spin degeneracy of the 
ground state of the impurity atom is removed by the local field. Scattering of the conduction electrons by 
the impurity atoms can then take place by inelastic as well as elastic collisions. Assuming the scattering cross 
section for elastic scattering is larger for the lower lying nondegenerate states, one gets the following results: 
(1) There is a maximum in the temperature dependent resistivity. (2) The temperature at which the maxi- 
mum occurs varies rapidly with concentration of the transition metal. (3) The magnetoresistance is negative 
up to some temperature higher than the temperature at which the maximum in resistivity occurs. The 
experimental observations of Gerritsen and Linde and of Gerritsen on the resistivity of these alloys are, 
for the most part, in qualitative agreement with these consequences. This model does not require the ex- 
istence of localized electronic states with energy near the Fermi energy as does the model presented by 


Korringa and Gerritsen. 


INTRODUCTION 


HE anomalous behavior of the low-temperature 
resistance of manganese in copper, silver, or gold 
and of chromium in gold was reported several years ago 
by Gerritsen and Linde.! They found a maximum in the 
dependence of resistivity on temperature of sufficiently 
dilute alloys and, moreover, found that the temperature 
of the maximum varied rapidly with concentration of 
the transition metal. They'” also discovered that the 
magnetoresistance of most of these alloys was anoma- 
lous; the resistance decreased in a magnetic field at 
temperatures below 7,. The temperature 7; was some- 
what higher than 7,,, at which the maximum occurred. 
Korringa and Gerritsen* succeeded in fitting the 
resistance curves of these dilute alloys with a simple 
equation. This equation was derived by assuming an 
anomalous dependence on energy of the collision time, 
7, for electrons near the Fermi level. This result sug- 
gested that a cooperative electron phenomenon was 
involved and, expressed in terms of a one-electron 
picture, their hypothesis was that extra localized states 
existed at the Fermi level. The consequences of their 
hypothesis were in qualitative agreement with the 
experimental observations. In some cases semiquan- 
titative agreement was obtained and, at very least, 
their work provided a phenomenological framework. 
Unfortunately, however, the existence of the extra 
electronic states has not yet been established theo- 
retically. For this reason it is interesting to look for 
other explanations and phenomenologies of the peculiar 
behavior of these alloys. It is the purpose of this paper 
to indicate another possible direction for finding an 
explanation of the low-temperature resistance maxi- 


1A. N. Gerritsen and J. O. Linde, Physica 17, 573, 584 (1951); 
18, 877 (1952). 

2A. N. Gerritsen, Physica 19, 61 (1953). 

3 J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 
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Ferromagnetism of the Dilute Alloys 


It is not difficult to find ways in which a resistance 
maximum can arise. For example, if the ground state 
of the impurity ion is split and the scattering cross 
sections of the resultant levels are different (with lower 
levels having higher cross sections), then a resistance 
maximum is possible. J. C. Fisher, of this Laboratory, 
pointed out that one possible way of removing the 
ground-state degeneracy is for the dilute alloy to become 
ferromagnetic. He also suggested that indirect exchange 
via the conduction electrons, recently emphasized by 
Zener,*> is one way in which ferromagnetism could 
arise in such alloys. 

Unfortunately, no experiments have yet been made 
to relate anomalous magnetic properties with resistance 
maxima in the very dilute alloys where the latter effects 
are observed. Recently, however, ferromagnetism has 
been reported in some noble metal alloys containing 
above 10 atomic percent Mn.* Paramagnetism in such 
alloys has been investigated earlier by several people,” 
but none of these investigations were at temperatures 
or concentrations where ferromagnetic behavior was 
observed. Experiments at this Laboratory by I. S. 
Jacobs and C. P. Bean indicate that a sample of about 
2% Mn in Cu does exhibit a small remanent magnetiza- 
tion at 4.2°K and that this remanence disappears in the 
liquid hydrogen temperature region. This same sample 
has a large anomalous temperature-dependent resis- 
tivity at temperatures below that of liquid hydrogen, 
but there is no maximum in the resistivity (see Fig. 1). 
Further experiments to elucidate the relation between 


*C. Zener, Phys. Rev. 81, 440 (1951) ; 83, 299 (1951). 

5C. Zener and R. R. Heikes, Revs. Modern Phys. 25, 191 
(1953). 

® Otter, Flanders, and Klokholm, Phys. Rev. 99, 599 (1955). 

7L. Neel, J. phys. radium 3, 160 (1932). 

8S. Valentiner and G. Becker, Z. Physik 80, 735 (1933). 

9G. Gustafson, Ann. Physik 25, 545 (1936). 

 E. Kronqvist, Arkiv. mat. astron. fysik 34B, No. 7 (1947). 

4 FE, Kronqvist and A, Giansoldati, Arkiv. fysik 7, No. 26, 343 
(1954). 
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Fic. 1. Resistivity versus temperature of a 1.8 atomic percent 
manganese in copper alloy. 


magnetic and resistance behavior of these alloys are 
underway.” 

In spite of the present lack of experimental evidence, 
it will be assumed that even very dilute alloys of a 
paramagnetic ion in a noble metal may be ferro- 
magnetic and that the Curie temperature varies linearly 
with concentration.” 

For simplicity, consider the case where the impurity 
atoms have a d shell with net spin 3 in units of #. The 
case of spin >} is outlined in the appendix. It will be 
assumed that orbital contributions to the moment are 
quenched. At temperatures below the Curie temperature 
the spin degeneracy is removed by the local field and 
the splitting of the states is given by 


A= gual, (1) 


12 Experiments directed to elucidating the magnetic behavior 
of such alloys have also been conducted at Berkeley, where similar 
ideas regarding the possible ferromagnetism of these alloys were 
arrived at independently by C. Kittel. I am indebted to Professor 
Kittel and to Dr. John Owen for informing me of this work prior 
to publication. Note added in proof —J. Owen, M. Browne, W. D. 
Knight, and C. Kittel [Phys. Rev. (to be published) ] suggest that 
susceptibility and spin resonance data on these alloys indicate an 
“antiferromagnetic”’ state to be present below a certain transition 
temperature, but with a ferromagnetic interaction also present. 
Resistance anomalies could arise from an antiferromagnetic transi- 
tion in the same way as that described in this paper. Necessary 
modifications of the present model will become clear as we under- 
stand the precise nature of the magnetic ordering. 

18 J. C. Fisher obtained this result in his calculation of the ferro- 
magnetism of these alloys via the indirect exchange mechanism. 


where, in the present case, g=2, uz is the Bohr magne- 
ton and H, is the local field. The local field is given by 


H,=H+M, (2) 


where H is the externally applied field, M the magne- 
tization, and ) a constant. Under these circumstances! 
the magnetization versus temperature is given para- 
metrically by 
M =4Ncgup tanhx= M,, tanhx 
T/T.=tanhx/x+ppH/kT.x, 


where JN is the number of atoms/cm* and c is the atom 
fraction of these that are the magnetic impurity ions. 


(3) 


Resistance Anomalies 


The problem is that of the scattering of conduction 
electrons by the impurity ions, each of which can occupy 
either of the two energy states. The scattering can then 
take place either elastically or inelastically. The elastic 
scattering may be temperature dependent because 
occupation of the two states varies with temperature. 
The inelastic scattering will be temperature-dependent 
not only because of varying occupation of the states by 
the ions, but also because the availability of states into 
which the electrons can be scattered will vary with 
temperature. Elliott'® has treated a problem bearing a 
strong relation to the one at hand. In view of this 
previous work, we shall not solve the transport problem 
rigorously, but shall proceed in a very simple manner. 
The validity of the approach can be checked by ap- 
plying it to the specific problem considered by Elliott 
to see if his results are duplicated. It turns out that they 
are. 

Consider first the elastic part of the scattering. For 
low concentrations of the impurity, the probability of 
scattering from each of the states will be proportional 
to the occupation of the states. Thus, if 7, is the collision 
time for elastic collisions 


1 ‘Te=C1A1+02A2, (4) 


where c; is the atom fraction of ions in the jth state and 
A; is an average scattering cross section for elastic 
collisions with ions in the jth state. If, in the presence 
oi a current, the distribution of ions between the two 
states is an equilibrium one, then 


Cite=c and ¢2/c,=exp(—A/kT). (5) 


Employing the ad hoc assumption that 
26A; T<T, 
Ts, 


A\—A2= 


one gets 
1/7e~cA+c6A tanhx, 


where x is defined in (3) and A=}(Ai+Az2Q). 

a< Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), Chap. 10. 

16 R. J. Elliott, Phys. Rev. 94, 564 (1954). 
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It is possible to get an estimation of the contribution 
to the resistance from inelastic scattering in the fol- 
lowing way: The probability of scattering from each 
of the states will again be proportional to the occupation 
of the states and, in addition, to the probability that 
there is a vacant electronic state of the proper energy 
into which the electron can be scattered. Thus, 


1/7;=c,D[1— f(¢—A) ]+e2.D[1— f(¢+A)] 
=2De6o/ (cites), (8) 


where D is an average scattering cross section, f(€) is 
the Fermi function, and ¢ is the Fermi energy. The 
implication of Eq. (8) is that all scattered electrons 
are scattered from states having the energy ¢. In the 
present approximation this assumption need be relaxed 
only if one wishes to compute the thermoelectric effects. 
Equation (8) reduces to 
1/ri~}cD sech*x, (9) 
so that the total resistivity is given by the expression 
P=poot po sech?x-+ p; tanha, (10) 


with poo, po, and p; each being proportional to c. From 
Eq. (6), p1>0 so that resistivity will have a maximum. 
The maximum occurs at x», where 


tanha,= p1/2po. (11) 


Since p; and po both vary linearly with c, x, is inde- 
pendent of c. But, Eq. (3) then shows that 7,, must 
increase linearly with 7. for H=0. Since we have taken 
T, to vary linearly with concentration, so too does Ty. 

To find the magnetoresistance, consider Eq. (10) 
and employ the relation sech’x=1—tanh’x. After 
rearranging terms and using (3), one gets 


Ap=p(H)—p(0) = (po/M..2).M(H,T)—M(0,T) ] 
X {2M (0,7) — M (0,7) ]—(M(A,T)—M (0,7) }}. 


But clearly M(H,T)>M(0,T) while M(0,T) is greater 
or smaller than M(0,7,,) depending on whether T is 
less than or greater than T,,. The magnetoresistance is, 
therefore, clearly negative for T<T, (with T,>T,,) 
and can become positive for T>T}. 


DISCUSSION 


In view of the primitive state of development of the 
preceding theory, one should not expect it to reproduce 
the experimentally observed curves in detail. One hopes 
only for an indication of a direction in which to proceed. 
Thus, the two requirements placed on the preceding 
development will be (1) that it should yield qualitative 
reproduction of the experimental results, and (2) that 
it should require values of the parameters involved that 
do not violate one’s physical sensibilities. 

Qualitatively, the treatment reproduces the following 
experimentally observed facts: (1) a resistivity maxi- 
mum, (2) rapid (linear) variation of the temperature of 
the maximum with concentration of_the impurity, and 
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(3) a negative magnetoresistance for temperatures 
below some temperature 7}, where 7; is itself higher 
than the temperature of the maximum. On the other 
hand, the following experimental observations are not 
reproduced: (1) disappearance of the resistivity maxi- 
mum at higher concentrations (c21 atomic percent 
impurity), and (2) continued decrease in resistivity 
with increasing temperature for temperatures con- 
siderably higher than the temperature of the maximum 
The latter point is illustrated by Gerritsen and Linde’s 
0.15 atomic percent Mn in Cu: for this alloy, the 
maximum occurs at about 5°K whereas the resistivity 
is still decreasing with increasing temperature as high 
as 20°K. Our present formulas cannot account for any 
further decrease in resistivity at temperatures higher 
than about twice the temperature of the maximum. 
One should recall, however, that uniform distribution 
of the impurity throughout the sample is seldom ob- 
tained in these alloys. In addition, even for an “‘ideal”’ 
alloy with the impurity having a macroscopically 
uniform distribution, the microscopic random distri- 
bution of impurity might result in fluctuations in the 
local fields within the sample. Such effects would tend 
to smear out the resistance anomalies. 

Approximate values of the parameters can be 
obtained by comparison with available data on Mn in 
Cu. Figure 1 shows p versus T for the 1.8 atomic percent 
Mn in Cu sample mentioned earlier. The rise in re- 
sistivity with temperature above T~30°K results from 
setting in of the normal temperature dependent 
resistivity so the magnitude of the anomalous part of 
the temperature dependent resistivity is ~0.38 wohm 
cm, as shown in the figure. Assuming that in this sample 
at 30°K there is no contribution to the anomalous 
temperature dependent resistivity from elastic scat- 
tering processes, we may take po/c20.2 wohm cm per 
atom percent Mn. This is just the same order of magni- 
tude as the amplitude of the resistance maxima ‘observed 
by Gerritsen and Linde for Mn in Cu. In particular, for 
their 0.15% Mn in Cu sample (pmax—pr—o)/¢~0.2 wohm 
cm per atom percent Mn. Thus the value of a in Eq. 
(10A) of the Appendix is a<1. Since poo/c~ 2.9 wohm 
cm per atom percent Mn, this means that 64 <0.02A 
for S=4/2 (the appropriate value indicated by high- 
temperature susceptibility data7“"). Thus, the ampli- 
tude of the resistance maxima observed require differ- 
ences in the elastic scattering cross section between the 
states of only a few percent of the total cross section. 

As has been mentioned, the present model agrees 
with experiment in that it yields the correct negative 
sign for the magnetoresistance at sufficiently low 
temperatures. However, the experiments!” have indi- 
cated some instances where the decrease of resistance 
in a magnetic field resulted in a lower value than that 
obtained by extrapolation to T=0 in zero magnetic 
field. Such a result would be impossible on the basis of 
the simple picture developed in this paper. However, 
the reason is that we have not allowed for the possi- 
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bility that not all impurity moments are aligned at 
T=0. Korringa and Gerritsen*® assume implicitly that 
configurational disorder among the impurity spin 
moments persists even at T=0 and this would, of 
course, allow an external magnetic field to further 
order these moments and produce a decrease in re- 
sistance. It may be true, with either Korringa and 
Gerritsen’s model or the present one, that the con- 
figurational disorder present as a result of the random 
distribution of impurity atoms in the lattice will allow 
a certain configurational disorder to remain among the 
spin moments even at T=0.'* Further experiments as 
well as theoretical development would appear to be 
necessary to clarify this point before any critical 
judgment could be made between the picture of Kor- 
ringa and Gerritsen and the present one. 


CONCLUSIONS 


It has been shown that there is a possibility of 
explaining the low-temperature resistance maximum 
by a mechanism that does not invoke the assumption 
of specialized electronic states of the type envisaged by 
Korringa and Gerritsen. The present model assumes a 
cooperative interaction to take place between the 
magnetic impurity ions where Korringa and Gerritsen 
suggest that a cooperative interaction among the con- 
duction electrons is responsible for the specialized 
electronic states required by their theory. It is hoped 
that the theoretical problems presented by the present 
model will be less severe than those presented by the 
Korringa and Gerritsen picture. 

The nature of further experimental work suggested 
by the present model is also clear, i.e., it becomes 
crucial to examine the relation between magnetic and 
resistive properties of the dilute alloys. Preliminary 
experiments along this line indicate that anomalous 
magnetic behavior does accompany anomalous re- 
sistive behavior. 
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APPENDIX 


Relevant Equations for S> } 


If the impurity atoms have a d shell with net spin 
S>4 in units of #, one can obtain the following results. 
Equation (3) of the text becomes 


M,=M.B,(x), 


3A 
T/T.=3SB,(x)/(S+1)x+SgusH/kT x, (34) 


where B,(x) is the usual Brillouin function. Introducing 


16 T am indebted to E. W. Hart for this observation. 
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the ad hoc assumption, analogous to (6), that 


A—2mbA; T<T, 
An= 7 (6A) 
0 ae ae os & 


where —S<m<S, the relaxation time for elastic 
scattering becomes 


1/7r-~cA+2cS6AB,(x). (7A) 


For the inelastic scattering, one can easily show that 
for transitions between only adjacent levels 


1 a3 


—nwe 


Ti ™=—S Cm Cmy1 


CmCm+1 


(Dnt+ Dns), 


where D,,+= inelastic scattering cross section for scat- 
tering processes from the mth level (+ for transition of 
ion to a higher level, — for the opposite process). For a 
steady-state condition D,,+= D,+1-, and, as the simplest 
assumption, we take D,,+=D for all m. One then gets 


A... alt x 
amie D1 — B,(x) tanh—|, (9A) 
tr; 2S+1 2S 


so that, after rearranging (10) slightly, 


(p— poo)/po=1—8,(x) tanh(x/2s)+aB,(x), (10A) 








a2 04 Os 08 
T/Te 


Fic. 2. Theoretical curves of resistivity versus temperature for 
S=4/2 and various values of a; computed from Eq. (10A). 
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where a=p1/po. Here poomcA, po~wcD2S/(2S+1), 
py~cbA2S. Figure 2 shows this function plotted for 
S=4/2 and for various values of a. 

It should be remarked that where more than two 
levels are involved, certain special assumptions about 
the D,,’s can result in a resistance maximum arising 
from the inelastic scattering alone. For example, the 
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assumption Dn += Dm. = D—2(m+-}4)é6D yields such a 
result. This fact emphasizes that where ground-state 
degeneracy of the impurity ions is removed, there are 
several ways in which low-temperature resistance 
anomalies can arise. Until one understands better the 
states of the impurity ions, no useful purpose is served 


by developing all of the possibilities with equal vigor. 
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Intensities of the R, and R, Bands in KCl Crystals*} 


ROBERT HERMAN, { Department of Physics, University of Maryland, College Park, Maryland, 
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Measurements have been made of the intensities of the Ri, Re, M, and N bands in KCl crystals as functions 
of F light irradiation time. Both x-rayed and additively colored crystals were used. The x-raying and F light 
irradiation were done at room temperature. The optical absorption measurements were made at liquid 
nitrogen temperature to improve the resolution of the bands. In both the x-rayed and additively colored 
samples the ratio of the R2 and R; band intensities varied by less than a factor 1.5 when the individual inten- 
sities varied by a factor 6 or greater. No other pair of bands studied showed such a small variation in their 
intensity ratio. 

Theoretical frequencies and oscillator strengths were obtained for the 1s o—2po and 1s o—2p) x transi- 
tions of H.* immersed in a dielectric medium and for the 1s—2/ transition of the hydrogen atom immersed 
in a dielectric medium. Frequencies were also obtained for the '2,*—'II, and 'Z,*—'Z,* transitions of He 
immersed in a dielectric medium. For KCl the computed frequencies of the last three transitions named 
have approximately the same magnitude and fall in the same order as the observed F, Ri, and R2 bands, 
respectively. It appears possible that the observed Ri and R2 bands may arise from two transitions of the 


system of two electrons trapped at a pair of adjacent negative ion vacancies. 


I, INTRODUCTION 


OLNAR! and Petroff? have found that in crystals 

of alkali halides such as NaCl and KCl, the F 

band bleaches when irradiated with F light at room 
temperature. As the F band intensity decreases, the R,, 
R,, M, and N bands grow. Both additively colored and 
heavily x-rayed crystals of NaCl and KC] exhibit this 
behavior. It has been stated by -Molnar' that the R; 
and R: bands do not bleach when crystals exhibiting 
them are irradiated with R; and R; light, respectively, 
at room temperature. Oberly and Burstein’ have 
reported that additively colored KCI crystals exhibiting 
R bands become photoconductive when irradiated with 
R light at room temperature. Similar results have been 


* A portion of the work reported in this paper was supported 
by the Bureau of Ordnance, Department of the Navy. 

+ A preliminary account of this work was presented at the 1955 
Thanksgiving Meeting of the American Physical Society. See 
Herman, Wallis, and Wallis, Phys. Rev. 100, 1267 (A) (1955). 

t Visiting Professor, on leave from Applied Physics Laboratory, 
The Johns Hopkins University. 

§ Present address: 4823 4th Avenue, Washington 21, D. C. 

|| Present address: United States Naval Research Laboratory, 
Washington 25, D. C. 

1J. P. Molnar, thesis, Massachusetts Institute of Technology, 
1940 (unpublished). 

2S. Petroff, Z. Physik 127, 443 (1950). 

3J. J. Oberly and E. Burstein, Phys. Rev. 79, 217 (1950). 


obtained by Oberly‘ for x-rayed KBr crystals exhibiting 
R bands. 

Casler, Pringsheim, and Yuster® have found that R 
bands in crystals such as KCl and NaCl are destroyed 
by x-ray irradiation. These authors state that the R 
bands are somewhat unstable at room temperature in 
KCI which has been x-rayed at — 195°C and irradiated 
at room temperature with F light. Prolonged irradiation 
of such crystals with F light at room temperature also 
causes the R bands to decrease in intensity. 

Hesketh® has obtained curves of growth for the Rj, 
R:2, and M bands formed in x-rayed KC] by irradiation 
with F light, presumably at room temperature. Corre 
tions were made for the overlapping of the F and R,; 
bands. Hesketh found that the M and R, band intea- 
sities increased rather rapidly to maximum values and 
then decreased. The R» band increased more slowly and 
reached an intensity maximum which was less than that 
for the R; band. 

Seitz’* has suggested that the R; and R, bands arise 

4 J. J. Oberly, Phys. Rev. 84, 1257 (1951). 

5 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 1564 
(1950). 

®R. V. Hesketh, thesis, University of Durham, Durham, 
England, 1953 (unpublished). 

7F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

8 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 
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from optical transitions of imperfection centers con- 
sisting, respectively, of one and of two electrons trapped 
at a pair of adjacent negative ion vacancies. These 
centers may be designated by the symbols F;*+ and F2, 
respectively. 

Theoretical calculations of the frequencies associated 
with various transitions of the F;*+ and F2 centers have 
been calculated by Nagamiya and Tatsuuma® and by 
Nagamiya, Kojima, and Kondoh.”” The work of these 
authors indicates that the frequencies of more than one 
transition of both the F,* and F, centers lie fairly near 
the F band. 

In the present paper resuits are reported for experi- 
mental measurements of the curves of growth for Ri, 
R:, M, and NV bands during the irradiation of both 
x-rayed and additively colored KCl crystals with F 
light at room temperature. The optical absorption 
measurements were made at liquid nitrogen tempera- 
ture in order to obtain better resolution of the various 
bands than is obtainable at room temperature. 

Theoretical values have been obtained for the 
frequencies and in some cases the oscillator strengths 
of several transitions of the F;*+ and F2 centers. The 
theoretical values are based on rather simple models 
for these centers and are believed to be nearly exact 
for the models as postulated. 


II. EXPERIMENTAL PROCEDURE 


Single crystals of KCl obtained from the Harshaw 
Chemical Company were used in all experiments. The 
additively colored KCl was prepared by heating a 
crystal ~1 cmX1 cm X1 cm in potassium metal vapor 
at ~500°C for 46 hours in a stainless steel bomb and 
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Fic. 1. Absorption spectra of an x-rayed KCI crystal after 
various times of F light irradiation. 


*T. Nagamiya and N. Tatsuuma, J. Phys. Soc. Japan 9, 307 
(1954). 

 Tagamiya, Kojima, and Kondoh, J. Phys. Soc. Japan 9, 310 
(1954). 
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then cooling rapidly. Immediately prior to an experi- 
ment a sample ~0.1 cm thick cleaved from the colored 
block was wrapped in Al foil to prevent optical bleaching 
and heated to 400°C in the steel bomb for one-half 
hour. The sample was then quenched quickly to room 
temperature and mounted with the aid of a very dim 
light in a cryostat of the type designed by Duerig and 
Mador." The mounted crystal was kept in darkness 
except during the optical bleaching and optical absorp- 
tion measurements. The above procedure was used so 
that the colored crystal samples would have a minimum 
concentration of R and M centers. 

For the study of x-rayed KCl, an uncolored crystal 
~0.1 cm thick was mounted in the cryostat and x-rayed 
at room temperature for a number of hours. A Machlett 
x-ray tube with a molybdenum target was operated at 
~50 kv accelerating voltage and ~15 ma tube current. 
The beryllium window of the cryostat was ~1 cm from 
the beryllium window of the x-ray tube. 

The optical absorption measurements and F light 
bleaching were done in a Beckman Model DU spec- 
trophotometer modified to hold the cryostat. For 
bleaching, the F light spectral band pass was ~30 my 
centered about the peak of the F band at room tem- 
perature. In a typical experiment a spectrum was taken 
at liquid nitrogen temperature after which the cryostat 
was warmed up to room temperature. The colored 
crystal was then irradiated with F light for a measured 
length of time. The cryostat was refilled with liquid 
nitrogen and the absorption spectrum of the bleached 
crystal measured. This cycle was repeated for suc- 
cessively longer periods of F light irradiation. At the 
conclusion of each F light irradiation the crystal 
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Fic. 2. Absorption spectra of an additively colored KC] 
crystal after various times of F light irradiation. 


4 W. H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952). 
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Fic. 3. Experimental intensities of the Ri, Re, M, and N bands as 
functions of F light irradiation time in an x-rayed KCI crystal. 


remained at room temperature for at least 15 minutes. 
An extrapolation of the data given by Pick” indicates 
that F’ centers in KCl at room temperature have a 
half-life of less than one second. Accordingly, in the 
present experiments it appears that practically all the 
F’ centers produced during the F light irradiation had 
decayed before the crystal was cooled. 


III. EXPERIMENTAL RESULTS 


Figures 1 and 2 show the absorption spectra of two 
colored KCl crystals in the vicinity of the R bands 
before and after various times of F light irradiation. 
Figure 1 refers to an x-rayed crystal; Fig. 2 to an 
additively colored crystal. In each case the F band 
maximum, which is outside the limits of the figures, 
decreased continuously with increasing F light irradi- 
ation time. Absorption measurements were made down 
to a wavelength of ~208 mu. The additively colored 
KCI showed a very small band with a maximum at 
~211 my while the x-rayed KCl showed a considerably 
stronger band at this wavelength. In neither case did 
the band at 211 mu change appreciably during the F 
light irradiation. 

The KCl crystal considered in Fig. 1 was x-rayed 
through a KCI filter 0.032 inch thick and showed very 
little change in the A band after F-light irradiation. 
The optical density of the F-band maximum decreased 
continuously from 1.10 to 0.28. Prominent R, Re, M, 
and \ bands developed during the F-light irradiation. 

A run was made with a KCI crystal x-rayed without 
a filter. The results were nearly the same as in the case 
just discussed. The principal difference was an appre- 
ciable growth of the K band during the F-light irradi- 
ation. The spectrum of another KCl crystal x-rayed 
without a filter and irradiated with F light was deter- 
mined at room temperature out as far as 2.5u."* No 

2H. Pick, Ann. Physik 31, 365 (1938). 

13 We wish to thank Dr. R. M. Talley for permitting us to make 


these measurements on the Perkin-Elmer double beam spec- 
trometer at the U. S. Naval Ordnance Laboratory. 
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Fic. 4. Experimental intensities of the Ri, Ro, M, and N bands 
as functions of F light irradiation time in an additively colored 
KCI crystal. 


appreciable absorption beyond the ' band was 
observed. 

The spectra of the additively colored KCI crystal 
shown in Fig. 2 differ in several details from those of 
the x-rayed crystal given in Fig. 1. Both the K band 
and the long wavelength tail of the F band increased 
markedly in the additively colored crystal during F 
light irradiation. The optical density of the F band 
maximum decreased from >2.0 to 1.26. The peak of 
the .V band shifted slightly to the red after prolonged F 
light irradiation, indicating the possibility of unresolved 
structure within the V band." 

In Fig. 3 the optical densities at the band maxima 
of the R,, Re, M, and N bands are plotted against F 
light irradiation time for the x-rayed KC] crystal whose 
absorption spectra are given in Fig. 1. The M band 
intensity increased rapidly to a maximum and then 
decreased. The R, and R>» band intensities increased 
together to a maximum and then decreased slightly. The 
N band increased fairly rapidly at first and then more 
slowly. 

The variations of the M and R,» band intensities 
with F light irradiation time shown in Fig. 3 are quali- 
tatively similar to those found by Hesketh® in KCl 
x-rayed at 220 kv accelerating voltage and 15 ma tube 
current and irradiated with F light at room tempera- 
ture. Hesketh, however, found that the R; band behaved 
more like the M band than the R» band during the F 
light irradiation. In contrast with the present work 
Hesketh apparently made his optical absorption meas- 
urements at room temperature where it is difficult to 


resolve the R; band from the F and R» bands. This 


4 Tn the course of a different investigation a NaCl crystal was 
heavily x-rayed and then exposed to room light at room tem- 
perature. The absorption spectrum was then determined at 
liquid helium temperature and was found to have two resolved 
peaks in the N-band region. Since only a single run was made 
this observation would require further confirmation. 
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TaBLe I. Experimental intensities* of Ri, Re, and N bands for 
various times of F light irradiation in x-rayed KCl. 





Time 
(minutes) Ri R: N 
0.0 0.010 0.008 0.008 
0.5 0.013 0.011 0.012 
3.0 0.023 0.023 0.020 
22.0 0.060 0.066 0.034 
82.0 0.060 0.071 0.040 











* Optical densities at the band maxima. 


difference in experimental procedure may be respon- 
sible for the difference in the R; band behavior observed. 

In Fig. 4 the optical densities at the band maxima 
of the R;, Re, M, and NV bands are plotted against F 
light irradiation time for the additively colored crystal 
whose absorption spectra are given in Fig. 2. In this 
case the R bands did not reach maxima. The M band 
decreased relatively little after reaching its maximum. 

Table I gives the intensities (i.e., optical densities at 
the band maxima) of the R), Re, and \V bands after 
various times of F light irradiation for the x-rayed 
crystal of Figs. 1 and 3. The ratio of the R». band 
intensity to the R, band intensity and the ratio of the 
N band intensity to the R, band intensity are also 
given in Table I. The R» to R; ratio varies by a factor 
~1.5. The R; band intensity itself varies by a factor 
~6. The V to R; ratio varies by a factor ~1.6. 

Table II gives the intensities of the R;, Re, and .V 
bands as well as the R: to R; and V to R, intensity 
ratios after various times of F light irradiation for the 
additively colored crystal of Figs. 2 and 4. The R, 
band intensity varies by a factor greater than 25. The 
R; to R; intensity ratio varies by a factor ~1.3, while 
the V to R; intensity ratio changes by a factor ~7. 

An interesting feature of the results given in Tables 
I and II is the near constancy of the R2 to R; intensity 
ratio. A constant intensity ratio for two bands is 
evidence that the bands may correspond to two transi- 
tions of the same center. 


IV. THEORETICAL METHODS 


The purpose of the theoretical work reported in this 
paper is to obtain approximate values for the fre- 
quencies and oscillator strengths of various transitions 
of the F;*+ and F, centers proposed by Seitz® to be 
responsible for the R, and R: absorption bands, respec- 
tively. The F;* and F; centers consist of one and of two 
electrons, respectively, trapped at a pair of adjacent 
negative ion vacancies. Our models for the F,+ and F» 
centers consist of one and of two electrons, respec- 
tively, moving in the field of two point positive unit 
charges immersed in a dielectric medium. In other 
words our models consist of a hydrogen molecular ion 
and a hydrogen molecule immersed in a dielectric 
medium. 

Various properties of either a hydrogen molecular 
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ion or a hydrogen molecule immersed in a dielectric 
medium can be obtained from the properties of the 
corresponding model without the dielectric medium. As 
an example we shall consider in detail the hydrogen 
molecular ion immersed in a dielectric medium charac- 
terized by a dielectric constant xo. The Schrodinger 
equation satisfied by the electronic wave function y 
is given by'® 
ani A 
ryt—|—+—h+ 40-0, (1) 
Kol %q Tr 
where 7, and r, are the distances, measured in units of 
ao=h?/(me*), of the electron from the positive point 
charges a and b and E is the energy measured in units 


of e?/(2a). In terms of confocal elliptical coordinates 
defined by 


A= (ratfv)/Tar, 
w= (ra—1r)/Tab, 
y=azimuth about the internuclear axis, 


Eq. (1) can be rewritten as 


0 te) te) 0 
Lorn? tfanon’ 
Or O\J Op Ou 


Xa nai we e 


oY . y 
(2—1)(1—p’) d¢? 
+[-PO')+2RAW=0, (2) 
where rq» is the distance between the positive charges, 


R= Tab ‘Ko, (2a) 
and 


p= — KP RE/4. (2b) 


The eigenvalue parameter p’ is a function only of R 
and of the particular eigenstate. The energy E(ra»,xo) 
of a given electronic state of the hydrogen molecular 
ion in a dielectric medium can be related to the energy 
E’(R) of the same state of the same molecule in free 
space by noting that 


xotR®E(ras,k0) = —4p?= R°E’(R), (3a) 


(3b) 


1 
E(rap,ko) = F(R). 


Ko 


A rather extensive tabulation of the energy of the 
hydrogen molecular ion in free space for various bound 
electronic states over a range of internuclear distances 
has been given by Bates, Ledsham, and Stewart.!* For 
given values of xo and 7.5, one obtains R from Eq. (2a), 

16 The formulation given below assumes that the effective mass 
of the electron is the ordinary electron mass. The generalization 
to an arbitrary effective electron mass, m*, is accomplished by 
replacing E with pE and by replacing xo with xo/p where p=m*/m. 

16 Bates, Ledsham, and Stewart, Trans. Roy. Soc. (London) 
A246, 215 (1953). 
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then E’(R) from these tables and finally E(ra»,ko) 
using Eq. (3b). 

Equation (3b) is also found to be valid for the case 
of the hydrogen molecule immersed in a dielectric 
medium. Mulliken’? has given electronic energy vs 
internuclear distance curves for many electronic states 
of the hydrogen molecule. Using these curves one can 
obtain E£’(R) and then E(rqo,«o) by means of Eq. (3b). 

For a hydrogen atom immersed in a dielectric 
medium, the quantity 1/xo plays the role of an effective 
nuclear charge. The energy £ for a given state is 
related to the energy EF’ of the same state of a hydrogen 
atom in free space by the relation 


E= (1/k0?)E’. (3c) 
The absorption coefficient oag(v) for a transition of 
frequency v between two states a and 8 of a system 
immersed in a dielectric medium has been discussed by 
Lax.'* The magnitude of the absorption coefficient is 
determined to a large extent by the oscillator strength 
fa, defined by the equation 
fa, p=[82?m*/ (3h) vG| Qa, p|?, (4) 
where m* is the effective mass of an electron in the 
medium, G is the orbital degeneracy factor, and 
1Qa,6|?= | Qa, (x) |?+ | Qa, e(y)|?+ | Qa, a(z)|*. 


The quantity Q.,8(x) is defined by the equation 


(4a) 


(4b) 


Ou a(2)= f+ f¥alE We IL de. 


where x; is the x-coordinate of the ith electron, dv; is 
the volume element for the ith electron, and the sums 
and products are over all electrons of the system which 
is immersed in the dielectric medium. Defining equa- 
tions for Qaa(y) and Qze,s(z) may be obtained from 
Eq. (4b) by replacing x by y and z, respectively. 

We now consider the determination of the oscillator 
strength for transitions between bound electronic 
states of the hydrogen molecular ion immersed in a 
dielectric medium. The wave function Wz for a particular 
state a is a solution of Eq. (2). For a particular inter- 
nuclear distance 74, and dielectric constant xo the 
function Wa(rar,Ko) is the same, aside from a constant 
of proportionality, as the wave function Wa’(R) for the 
same state of the hydrogen molecular ion in free space 
with internuclear distance R=rqs/ko. The requirement 
that ¥. and y.’ be normalized to unity enables one to 
evaluate the constant of proportionality. Let 


Wa (Tab,Ko) = Ny! (R Di 


The normalization conditions for y, and yw,’ are 


(5a) 


dra? f Yon )dddude= A, (Sb) 


“47 R. S. Mulliken, Revs. Modern Phys. 4, 1 (1932). 
18 M. Lax, in 1954 Photoconductivity Conference (John Wiley and 
Sons, Inc., New York, 1956). 
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TABLE II. Experimental intensities* of Ri, R2, and N bands for 
various times of F light irradiation in additively colored KCl. 





Time 
(minutes) Ri R: N 
0.005 0.005 

0.009 0.010 

0.031 0.036 

0.157 0.188 

0.240 0.303 


0.022 
0.030 
0.057 
0.123 
0.154 





* Optical densities at the band maxima. 


and 


gR* fy." 0°—n)andude= 1. (5c) 


Using Eqs. (5a), (5b), and (5c) one can show that 


N=1/k°”. 


(Sd) 


If the z coordinate of the electron is expressed in 
terms of elliptic coordinates, z=ra,\u/2, the quantity 
Qa,e(z) is given by 


Qa, (25 Tab,Ko) = fora! [ valu Ua(0?—n?dddud (6a) 
Using Eqs. (2a) and (5a), Eq. (6a) can be rewritten as 


Qa, 8 (25 Tav,Ko) = PoeaR? fy! Ow Wve! tw) dddudg 


=KoQa, a’ (z,R), (6b) 


where Qq,s'(z,R) is the matrix element of z between 
states a and B of the hydrogen molecular ion in free 
space with internuclear distance R. Equations similar 
to Eq. (6b) can be developed for Qa, s(x) and Qa, s(y). 

The frequency v, which appears in Eq. (4) defining 
the oscillator strength fo, is given by 


v=[Es(rav,ko) — Ea(Tav,ko) |/ h. (7a) 


Using Eq. (3b), Eq. (7a) can be rewritten as 
v=([Es' (R)— Ea’ (R) |/ (xh). (7b) 


If Eqs. (6b) and (7b) are substituted into Eq. (4), 
one finds that 


fa, 6(Yab,ko) = (8x?m*/3h?)_Eg' (R)— Eq’ (R) } 
XG|Qa,e(R)|?= fae’(R), (8) 


where fa,s (R) is the oscillator strength for the transi- 
tion between states a and 8 of the hydrogen molecular 
ion in free space with internuclear distance R. 

It has been pointed out by Lax’ that the absorption 
coefficient oag(v) is not sensitive to the value of the 
effective mass m* appearing in the definition of the 
oscillator strength fag given by Eq. (4). Accordingly, 
in the present paper the quantity m* is taken to be 
equal to the ordinary electron mass m. For the case 
m*=m, Bates and collaborators have tabulated the 
quantity fa,s'(R) over a range of values of R for a 
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TABLE III. Theoretical frequencies (expressed as energy dif- 
ferences) and oscillator strengths for various transitions of the F, 
F;*, and F, centers for ra,=8.39 au and xo=2.22. Experimental. 
frequencies of the F, R:, and Rz bands in KCl are also given 





Theoretical 
AE (ev) f 


2.07 
2.01 
1.62 


Experimental 
Band AE (ev) 


0.42 F 2.30 
tee Ri 1.88 
R, 1.70 


Center Transition 


F 1s—2p 

ya i, 
PF, IZ, +—1y,+ bss 
F:+  1so—2px 2.52 0.47 
F:+  1se—2pe 0.64 0.24 





number of electronic transitions. From these tables it 
is then a relatively simple matter to obtain fa, s(%av,ko) 
using Eq. (8). 


V. THEORETICAL RESULTS 


The models discussed in the preceding section have 
been used as a basis for a theoretical study of the F, 
F;+, and Fy, centers in KCl. The results are given in 
Table III under the heading “Theoretical.” The fre- 
quencies (expressed as energy differences between 
states) for the 1so—2po and 1so—2p7 transitions 
of the F,* center were computed using Eq. (3b) and 
the tables of E’(R) given by Bates, Ledsham, and 
Stewart.’® The oscillator strength for the 1s0—2po 
transition was obtained with the aid of Eq. (8) and the 
table computed by Bates.'® The oscillator strength for 
the 1s c—2p7 transition was obtained with the aid of 
the table computed by Bates, Darling, Hawe, and 
Stewart.” 

The frequencies of the 'Z,*—'2,* and '2,+—'Il, 
transitions of the F, center approximated by a hydrogen 
molecule immersed in a dielectric medium were obtained 
using Eq. (3b) and the energy curves given by Mul- 
liken.'? No values appear to be available for the oscil- 
lator strengths fa, s’(R) for the 'Z,+—'Z,,+ and 'Z,+—'Il,, 
transitions of the hydrogen molecule in free space with 
the required values of the internuclear distance R. In 
addition, no reasonably accurate wave functions seem 
to be available for the excited states involved in these 
transitions. It would therefore be a very laborious task 
to calculate the oscillator strengths for the transitions 
of the F; center. Accordingly, no values of these oscil- 
lator strengths are given in Table III. 

The frequency for the 1s—2p transition of the 
F center approximated by a hydrogen atom immersed 
in a dielectric medium was obtained using Eq. (3c). 
The corresponding oscillator strength is identical to 
the known”! oscillator strength of the 1s—2p transition 
of the hydrogen atom in free space. 

In all of the calculations just discussed x», the high- 
frequency dielectric constant for KC], was taken to be 
2.22. In the calcuiations on the F,*+ and F, centers, the 


TD. R. Bates, J. Chem. Phys. 19, 1122 (1951). 
*” Bates, Darling, Hawe, and Stewart, Proc. Phys. Soc. (London) 
A66, 1124 (1953). 

*1 See reference 18, p. 9. 
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distance 74, between the point positive charges was 
taken to be 8.39 au which is the distance between 
nearest neighbor chloride ions in the perfect KCl 
lattice at room temperature. 

For comparison purposes experimental values of the 
frequencies at the band maxima (measured at liquid 
nitrogen temperature) of the F, R:, and R» bands are 
given in Table III. It may be seen that the observed 
frequencies of these bands have approximately the same 
magnitude and fall in the same order as the computed 
frequencies for the 1s—2p transition of the F center 
and the '2,+—'Il, and '2,+—'2,,* transitions of the F; 
center, respectively. 


VI. DISCUSSION 


The experimental and theoretical work reported in 
this paper indicates that the observed R, and R2 bands 
possibly may arise from two transitions from the ground 
state of the F2 center consisting of two electrons trapped 
at a pair of adjacent negative ion vacancies. In order 
for this interpretation to be valid the ratio of the 
intensities of the R; and R, bands should be a constant 
independent of the absolute intensity of either band, 
provided the absolute intensities are not too great. If 
the intensities are very large, effects due to the inter- 
action of centers may arise. The observed R»2 to R; band 
intensity ratio (as determined from the optical den- 
sities at the band maxima) is not constant, but increases 
somewhat with increasing F light irradiation time. 
Experimental error may be responsible for part of this 
variation in the intensity ratio. 

Another contributing factor to the variation may be 
the overlapping of the F and R, bands and of the M 
and R» bands. The decrease in the F-band intensity 
and the increase in the M band intensity during the 
first few minutes of F light irradiation tend to cause an 
increase in the R, to R; band intensity ratio. The 
decrease of the M band during the later part of the F 
light irradiation tends to reduce the rate of increase of 
the R, to R; band intensity ratio. It may be seen from 
Tables I and II that the increase in the latter ratio 
during the first three minutes of F-light irradiation is 
equal to or greater than the increase during the next 
79 minutes. 

The rather small variation in the intensity ratio of 
the R; and R» bands is perhaps surprising if one asso- 
ciates the R; band with a transition of the F.* center 
and the R, band with a transition of the F, center. The 
F,* center has a net positive charge and would attract 
a conduction electron with a force that is Coulomb-like 
at large distances. Capture of a conduction electron by 
an F,+ center would lead to the formation of an F, 
center. This process would tend to increase the inten- 
sities of the bands corresponding to the F, center and 
decrease the intensities of bands corresponding to the 
F,* center. 

Although the models employed in the theoretical 
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calculations are considerably simplified versions of the 
F* and F; centers, they nevertheless possess a number 
of the gross features of these centers. The models have 
the advantage that their properties can be determined 
fairly exactly without excessive labor. The use of 
similar physical assumptions in the two cases provides 
a basis for comparing their properties. In addition, the 
calculated properties of the F,*+ and F2 centers can be 
compared with those of the F center treated as a 
hydrogen atom immersed in a dielectric medium. 

It might be worthwhile to indicate the sensitivity of 
the calculated values of the oscillator strength and 
frequency with respect to the variation of the separa- 
tion, 7a», of the negative ion vacancy pair and to 
variation of the dielectric constant xo. It seems probable 
that the best values of the parameter 7.) are not the 
same in the F;* and F, centers. The net positive charge 
on the F,* center would tend to increase the distance 
between the positive charges relative to the correspond- 
ing distance in the F», center. In addition, it seems 
unlikely that the best value of 7,» in either the F;*+ or 
the Fs center is the same as the distance between 
adjacent negative ions in the perfect crystal. 

The frequencies and oscillator strengths for various 
transitions of the F, F,*, and F, centers are given in 
Table IV for r4,= 6.44 au and kop= 2.22 and forr,,= 8.39 au 
and xo=2.73. These sets of values for ra, and xo were 
chosen so that for the first set the frequency of the 
1s co—2po transition of the F:* center would coincide 
with the observed .V-band maximum and for the 
second set the frequency of the 1s 7—2p~7 transition 
of the F;+ center would coincide with the observed R)- 
band maximum. 

A comparison of the calculations given in Tables III 
and IV shows that a relatively large decrease of ra, 
~25 percent, produces a relatively small change in the 
frequencies of the '>,+—'II, and '2,+—'2Z,,* transitions 
of the F, center. The major effect of the change in ra, 
appears to be the shift of the 1s *—2p¢ transition of 
the F,*+ center toward the ultraviolet. The principal 
effect of increasing xo is to shift the frequencies of all 
transitions listed toward the infrared with the exception 
of the 1s c—2po transition of the F* center. 
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TABLE IV. Theoretical frequencies and oscillator strengths for 
various transitions of the F, F.*, and F: centers. 


Transition 


> 


SNM NRNKKW} 2 
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Center 


Yab(au) AE (ev) 


2.07 


0.42 


6.44 
6.44 
6.44 
6.44 


0.48 
0.29 
0.42 


ee he) 


8.39 
8.39 
8.39 
8.39 


0.48 
0.28 
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The calculations just given indicate that over a 
rather wide range of values for the parameters r., and 
xo the model employed for the F2* center exhibits an 
absorption band somewhat to the ultraviolet of the F 
band and a second absorption band considerably to the 
infrared of the F band. The model employed for the F»2 
center shows two absorption bands ratiier close to and 
most likely to the red of the F band. 

It may be mentioned that both the 1lsco—2pr 
transition of the f+ center and the '2,+—'II, transition 


of the FP, center are doubly degenerate for the models 
employed in this paper. In more refined models this 
degeneracy would be removed, and the corresponding 
bands would each be split into two bands. 

The models employed for the calculations are prob- 
ably most appropriate for treating crystals such as 
KCl, NaF, and RbBr in each of which the cation and 
anion have the same number of electrons and nearly 
the same polarizability. The electron or electrons of the 
F, F,*, and F, centers probably spend the greater 
portion of their time near the cations adjacent to the 
negative ion vacancy or vacancies. The polarizability 
of the cation might then be expected to be most sig- 
nificant in determining the proper value of the dielectric 
constant to be used in the calculations. This best value 
of the dielectric constant is probably close to the gross 
observed high frequency dielectric constant (which was 
the value of xo employed in the calculations on KCl) 
when the cation and anion have nearly the same 
polarizability. 
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Number of Traps and Behavior of Excited Electrons in Luminescent Materials*t 
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The number of traps per unit volume in different types of 
luminescent materials, and the prolonged lifetimes of excited 
electrons due to trapping, were studied by means of curves of the 
rise of fluorescence with time under constant high-energy electron 
and alpha-particle excitation. These rise curves were taken after 
various dark decay periods and after different infrared irradiation 
conditions. They were found to be different in shape for different 
types of phosphors. Lifetimes longer than one week were found 
to occur in most of the zinc cadmium sulfides. The number of 
traps per unit volume responsible for lifetimes longer than about 
a minute was found to be of the order of 10"° (10-7 mole fraction) 
in the zinc cadmium sulfides, and the number responsible for 
lifetimes longer than a week was of the same order of magnitude. 
There is no direct correlation between infrared stimulability and 
the number of traps in which electrons remain for some time. 


Substances with extremely high stimulability (Fonda type) and 
those with extremely low stimulability both contained about the 
same number of these traps per unit volume. Materials with large 
concentrations of Ni exhibited no more such traps than those 
with smaller concentrations. Lack of phosphorescence is caused 
either by the preponderence of excited electrons of very long 
lifetime or by the radiationless recombination of electrons of 
short lifetime. Examples of each are given. It was found further 
that most of the electrons which remain in traps for long periods 
could be ejected by infrared radiation of wavelength greater 
than 1.254, indicating that retrapping of both electrons and 
positive holes is of major importance. The different effects of 
alpha particle excitation and electron excitation on the filling of 
the traps is discussed. 





1, INTRODUCTION 


RAPPED electrons in solids manifest themselves 
in phosphorescence and photoconductivity after 
excitation, in glow emission,’ and in light? and photo- 
conductive*® stimulation by infrared radiation. From 
observations of each of these phenomena information 
on the number and nature of the traps may be obtained. 
The most significant progress in this field was made by 
Hoogenstraaten and Klasens,‘~* since they succeeded 
in relating the traps to the chemical composition of the 
phosphors. Some of the information on traps, par- 
ticularly that concerning energy levels and lifetimes, 
obtained by the means mentioned above is subject to 
some question, however, because of the light quenching 
induced by temperature changes’ and infrared radi- 
ation, and because of the large change that the state 
of excitation of the phosphor undergoes during decay. 
As a consequence of the latter, the ratio of retrapping 
to recombination changes with time, and this, in turn, 
has a considerable effect upon the length of time 
excited electrons remain in traps, and upon the ratio 
of radiative to radiationless recombinations. 
Relatively little information on the length of time 


* This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

t Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree (G.M.S.) at New York Uni- 
versity. 

1 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 366 (1945); G. F. J. Garlick and A. F. Gibson, Proc. Phys. 
Soc. (London) 60, 574 (1948), and other papers by these authors. 

2H. W. Leverenz, An Introduction to Luminescence of Solids 
(John Wiley and Sons, Inc., New York, 1950). 

3Kallmann, Kramer, and Perlmutter, Phys. Rev. 99, 391 
(1955). 

4W. Hoogenstraaten, J. Electrochem. Soc. 100, 356 (1953). 

6 W. Hoogenstraaten and H. A. Klasens, J. Electrochem. Soc. 
100, 366 (1953). See also R. H. Bube, J. Phys. Chem. 57, 785 
(1953). 

6H. A. Klasens, J. Electrochem. Soc. 100, 72 (1953). 

7C. Bull and D. E. Mason, J. Opt. Soc. Am. 41, 718 (1951). 
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excited electrons remain in traps is available, in spite 
of the great deal of study devoted to traps. It is the 
purpose of this paper to augment such information by 
presenting the results of an investigation of the rise 
of fluorescence under constant high energy particle 
excitation. (The reason for using high-energy particle 
excitation will be discussed below.) This method, which 
detects the existence of traps,‘®* does not suffer as 
much as the others from the indeterminate influences 
mentioned above, and has the advantage of being 
operable even in cases where other methods cannot be 
applied, i.e., where little or no phosphorescence or 
stimulation is observed. In addition, it permits the 
measurement of the length of time excited electrons 
exist in traps. 

A curve of fluorescent light intensity versus time 
under constant exciting intensity is plotted after the 
traps in the substance have been emptied (de-excita- 
tion). From the “deficiency” area above the curve and 
below the line through the stationary value, it is 
possible to determine the number of excited electrons 
which have been trapped without having emitted light. 
If a second curve is plotted after the substance either 
remained in darkness for a given period of time fol- 
lowing the first run, or was subjected to various de- 
excitation processes, the second curve may exhibit a 
shape different from the first. This comes about because 
prior to the second excitation some traps are already 
occupied as a result of the first excitation, and therefore 
fewer excited electrons are consumed in the nonradiative 
trapping process in the second run than in the first. 
Thus the second curve will rise more rapidly than the 
first in all cases in which complete exhaustion of the 


8]. Broser and R. Warminsky, Z. Physik 133, 340 (1952); 
A. Levialdi and V. Luzzati, J. phys. radium 8, 306, 341 (1948) ; 
J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
184A, 390 (1945); and G. F. J. Garlick and M. H. F. Wilkins, 
Proc. Roy. Soc. (London) A184, 408 (1945). 
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traps has not been effected before excitation commences, 
whether by decay in darkness or by infrared irradiation. 
From the area between the curves it is possible to 
determine the number of excited electrons which 
remain in the traps for a length of time greater than the 
period in darkness, or, one can determine the effective- 
ness of de-excitation by different infrared wavelengths. 
The method is especially useful in detecting the elec- 
trons trapped for very long periods of time, which were 
found to be quite numerous in many types of phosphors 
whether stimulable or not. 


2. EXPERIMENTAL PROCEDURE 


The phosphors were excited by electrons from a 20- 
millicurie Sr°—Y* source with an intensity of 3000 
r/hour at the sample, unless stated otherwise, or by 
alpha particles from a 20-millicurie polonium source, 
unless stated otherwise. Both sources were situated 
about 15 millimeters from the phosphor which was in 
a light-tight chamber also containing a 1721 photo- 
multiplier. The exciting particles entered the chamber 
through a thin aluminum window (3.6 mg/cm? for 
electrons and 0.2 mg/cm? for alpha particles) which 
prevented any light excited in air by the alpha particles 
from reaching the photomultiplier. Powdered phosphors 
were mounted on a Lucite backing by means of a 
dilute solution of Duco cement, the Lucite preventing 
the exciting electrons from reaching the photomultiplier. 
Lucite was selected because it exhibits little fluorescence 
under electron excitation and negligible fluorescence 
under alpha-particle excitation. The former had to be 
determined separately and subtracted from the inten- 
sity of powdered phosphors. The contribution of the 
Lucite was only of importance with those phosphors 
which emit in the yellow-orange region of the spectrum 
where the photomultiplier is much less sensitive. The 
intensities were measured with a conventional circuit 
which permitted a range of four orders of magnitude 
to be covered. 

All the points on the rise of fluorescence curves except 
the first, that at 2500 microseconds, were obtained 
under constant excitation. For the first point the exci- 
tation was pulsed with the aid of a rotating wheel, 
which allowed a burst of high-energy particles to 
impinge upon the phosphor, within an interval of 2500 
microseconds. To fit the point obtained at 2500 micro- 
seconds onto the curve obtained with constant excita- 
tion, the integrated intensity to which a given pulse 
height corresponded was determined. Since anthracene 
has negligible long-time emission, the ratio of the pulse 
height to the integrated intensity for anthracene was 
taken to be the factor by which the pulse height readings 
could be converted to intensity readings. 

Observation of the rise of fluorescence was preceded 
by de-exciting the sample by strong infrared irradiation. 
The intensity and duration of the irradiation necessary 
to completely de-excite the samples were determined 
from the height of the 2500-ysec pulse as a function of 
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the irradiation. This pulse height decreases with 
increasing irradiation, becoming constant when all the 
traps have been emptied. In addition, rise curves were 
taken after different de-excitation conditions, the lowest 
of these indicating the proper conditions for complete 
de-excitation. The infrared transmitting Corning 7-56 
filter (Atrans>0.774) was used for most substances. 
KBr(Tl) and CsBr(Tl) were irradiated through a 
Corning 2-64 filter (Atrans > 0.66u), and NaCl(AgCl 5%) 
was de-excited with radiation in the near ultraviolet. 
A series of rise curves were taken after various 
lengths of time in darkness following excitation to a 
stationary intensity, and after de-excitation with dif- 
ferent wavelengths and for different lengths of time. 


3. PROBABILITY OF RECOMBINATION 


The intrinsic lifetime, 7, of a trap is usually given by 
the relationship 
1/r=ye-Blk?, (1) 
We prefer to discuss instead another quantity, namely 
the probability that an electron localized in a particular 
trap level will recombine with a positive charge either 
radiatively or nonradiatively. This probability, 1/7’, is 
given by 


1/1'='[s/ (pet pe) Je-#*? +r, (2) 


where y’ is a constant with the dimensions of a lattice 
vibration [as is y in (1) ]; E is the energy depth of the 
trap measured from the bottom of the conduction 
band; & is Boltzmann’s constant; 7 is the absolute 
temperature; py is the probability per unit time of a 
recombination by an electron in the conduction band, 
which may or may not lead to light emission; p; is the 
probability per unit time of retrapping; and , is the 
probability per unit time of a radiationless transition 
in which the electron does not pass through the con- 
duction band. ~, may depend upon the temperature 
in a manner similar to that of the first term with E’ 
instead of E in the exponential, or in a completely dif- 
ferent fashion, depending upon the nature of the 
processes assumed for such radiationless transitions. 
The traps may be distributed over a range of energy 
levels; then expressions similar to (2) hold for each 
trap level and the sum of these expressions gives the 
probability for recombination for a particular state of 
excitation of the phosphor. It is this latter recombination 
probability which affects the size of the deficiency area 
above the rise of fluorescence curve. 

Although this paper deals mainly with the length of 
time for which electrons are trapped, it can also be 
stated that experiments with different de-excitation 
wavelengths have shown that very often all, or almost 
all, of the electrons which remain excited for very long 
periods (days) can be de-excited by rather long wave- 
lengths, much greater than 1.25u. This could be ex- 
plained either by the assumption that even those 
electrons with long excitation lifetimes are bound in 
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TABLE I. Some properties of the materials investigated. 








A. ZnS phosphors 


Letter Composition in percent*® 
name ue Cu Ag Au Mg Ni Pb 
0: 0031 <0.0001 <05 001 

<0: 001 

0.002 

<0.001 


<0.001 





0.040 
<0. 0005 
<0. 0005 
0.070 


<0.001 <0.0005 


Si Ti Fe Co 


Persistence of 
phosphorescence Stimulation 


Fluores- 
cence 





very long 
medium 
very long 
extremely long 
medium short 
medium 
medium short 


very strong 
strong 
medium 
medium 
weal 
very weak 
very weak 


0.010 <0.001 green 
fie as green 
a <0.001 green 
0.0008 green 
0.001 <0. 001 blue 
0.002 blue 
<0.001 <0. 001 green 








B. ZnCdS phosphors 


Composition in percent® 
Ag Au Mg Ni Pb 


Persist- 
ence of 
phosphor- 
rescence Stimulation 


Ti Fe Fluorescence 





0.0036 0.0024 --- 0: 026 
.0005 -*+ 0.276 

0.0030 0.0025 --- 0. 0005 0: 01s 

0.040 eee eee <0.001 0.001 


0.002 


medium 
weak 
very weak 
very weak 


long 

short 
short 
short 


yellow-orange 
orange-red 
yellow-orange 
yellow 


0.003 0.003 
<0.001 <0.001 





C. Miscelaneous phosphors 


Substance Activator 


Persistence of 


Fluorescence phosphorescence 





Anthracene 

Dipheny] acetylene 

Naphthalene 

Stilbene 

CawO. 

CsIe see 
CslIe Tl 
CsBre Tl 
KBre Tl Br 4%! 
NaCle AgCl 5%! 
Potassium uranyl sulfate tee 
Urany] acetate 


ZnO 
SrS (Standard 7) 


short 
blue short 
ultraviolet short 
blue short 
ultraviolet +blue short 
ultraviolet +blue short 
ue +green short 
ultraviolet +visible medium short 
ultraviolet medium short 
ultraviolet +blue long 
green short 
green short 
short 
long 


blue 


green 
blue +green 








* Obtained through spectral analysis. 

> Supplied through the courtesy of the New Jersey Zinc Compan 
© Supplied through the courtesy of N. V. 
4 Supplied through the courtesy of the Sylvania Electric Company. 

© Supplied through the courtesy of the Harshaw Chemical Company. 


Philips’ thectienpentebrichen, Eindhoven, Netherlands. 


! This is the amount of activator added to the melt, The amount retained in the crystal is much less. 


levels of comparatively small energy depth but that 
the probability of recombination via the activators or 
via holes liberated thermally is extremely small com- 
pared to retrapping (the fact that photoconductivity 
is observed even after long periods in darkness may 
support this idea), or by the assumption that the 
thermal emission of electrons from traps may occur 
with an activation energy which is greater than the 
energy depth of the trap, so that the energy required 
to empty the trap thermally is greater than that 
required to empty it with infrared radiation.’ 


4. RESULTS 


A list of the phosphors investigated is given in Table 
I. The first column gives our letter name for the phos- 
phor, and the second the composition. The next columns 
give the color of the fluorescence and the persistence of 
phosphorescence. The final column gives the stimulabil- 
ity qualitatively. Quantitative results, determined in this 
laboratory by M. Sidran, will be published at a later 
date. The zinc sulfides, zinc cadmium sulfides, zinc 
oxide, strontium sulfide, and the uranyl salts were used 
in powder form. The various materials were selected in 
an effort to learn the differences in behavior of different 
types of phosphors (alkali halides, alkaline earth sulfides, 


°R. Kubo, Phys. Rev. 81, 929 (1952). 


zinc cadmium sulfides, zinc oxide, etc.). The several 
zinc cadmium sulfides were studied in order to learn 
how much the number of traps per unit volume varied 
from one to the other of these phosphors which differed 
widely in their composition, activation, and such 
properties as phosphorescence, fluorescence, stimulation, 
and polarization. 

Curves showing the rise of fluorescence for several 
different types of phosphors are given in Figs. 1 through 
4. The discontinuity in each curve is caused by a change 
in the time scale after five minutes, which was intro- 
duced in order to facilitate study of the initial rise. A 
stationary value is reached after a time of about one 
hour, the time being essentially determined by the 
intensity of excitation (see Sec. 5). Curves for a single 
substance were adjusted to the same stationary value 
to eliminate differences due to geometry. If a straight 
line is drawn through the stationary value, parallel to 
the time axis, the area between the curve and this line, 
the deficiency area, represents the energy consumed in 
traps, and gives the number of electrons which remain 
excited if the energy necessary to excite an electron is 
known. It is a measure of the relative number of traps, 
even in phosphors with different light efficiencies, when 
the rise curves for different phosphors are normalized 
to the same stationary intensity. The assumption which 
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is made is that the electrons which are trapped ulti- 
mately recombine with positive charges in processes 
equivalent to those undergone by the electrons which 
were not trapped. 

Traps which give rise to a relatively wide range of 
lifetimes were found to be present simultaneously in 
most phosphors, but it will be made clear in the next 
section that the deficiency areas are essentially a 
measure of those traps responsible for the long lifetimes 
of excited electrons. 

Figures 1 through 4 give examples of the charac- 
teristic differences in shape of the rise of fluorescence 
curves for various materials. In Fig. 1 curve A is the 
rise curve of a completely de-excited zinc sulfide. 
Curve C shows the rise of fluorescence after the phosphor 
had remained in darkness for 24 hours following excita- 
tion to a stationary value. This curve shows that a 
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Fic. 1. Rise of fluorescence and decay of phosphorescence in 
ZnS R. Curve A was obtained after de-excitation with infrared 
radiation with \>0.77u, curve C after a 24-hour dark decay 
period following excitation to a stationary value, and curve B 
after de-excitation with infrared radiation with \>1.25y. 


considerable number of excited electrons had recom- 
bined with positive charges, while the difference 
between curves C and A shows that a noticeable number 
of excited electrons remain in the phosphor after this 
length of time. A curve taken after a dark period of 
several minutes fell much higher than C. 

To investigate the effect of de-excitation with dif- 
ferent infrared wavelengths, additional rise curves were 
taken after irradiation through a combination con- 
sisting of a Corning 7-56 and a 4-97 filter, which 
transmits only wavelengths greater than 1.25 microns, 
corresponding to energies less than 0.8 ev. Curve B was 
taken after 1.5 hours of infrared irradiation. It shows 
that even wavelengths as long as 1.25 microns induce 
recombinations with positive charges of electrons which 
would normally remain excited for more than 24 hours. 

Figure 2 gives the rise curves for a ZnCdS phosphor 
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Fic. 2. Rise of fluorescence and decay of phosphorescence in 
ZnCdS U. Curve A was obtained after de-excitation with infrared 
radiation (A>0.77u), B after a 12-minute dark decay period fol- 
lowing excitation to a stationary value. 


which exhibited a very rapid decay. Curve A was taken 
after complete de-excitation, and B after a dark period 
of 12 minutes following excitation to a stationary 
intensity. The latter curve indicates that practically no 
recombination had taken place in this interval of time. 
Thus in this phosphor only a small number of excited 
electrons recombine with positive charges during a time 
which is of the order of the total rise time. The rapid 
decay can be explained by the fact that the rate of 
recombination of the stored excited electrons is very 
low. (See Sec. 5.) It may be further noted that the rise 
time for this phosphor is decidedly less than those of 
phosphors with a larger number of traps per unit 
volume. 

Rise curves for ZnO are given in Fig. 3. ZnO behaves 
quite differently from the zinc cadmium sulfides in 
that the rise of fluorescence curve starts at a value 
which is about 65% of the stationary value even for a 
time as low as 2500 microseconds. The zinc cadmium 
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Fic. 3. Rise of fluorescence and decay of phosphorescence in 
ZnO. Curve A was obtained after de-excitation with infrared 
radiation (A>0.77u), curve B after a one hour dark decay period 
following excitation to a stationary value. 
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Fic. 4. Rise of fluorescence in two alkali halides. Curve A, for 
NaCl(AgCl 5%) was obtained after de-excitation with ultraviolet 
light. Curve B, for KBr(Tl), was obtained after de-excitation 
with infrared radiation (A>0.66,). 


sulfide curves have much lower initial values. This 
means that only a relatively small number of the 
excited electrons produced by the exciting particle are 
trapped in ZnO as contrasted with the zinc sulfides in 
which a large fraction of the excited electrons are 
trapped immediately. It is a similar to the ZnCdS in 
Fig. 2 in that it possesses practically only those traps 
in which electrons remain excited for long periods. The 
total number of traps per unit volume is less than for 
most of the zinc cadmium sulfides. 

Figure 4 gives the rise curves for two phosphors quite 
different from those discussed above, the alkali halides 
KBr(Tl) and NaCl(AgCl 5%). The characteristics of 
the two curves are similar, with NaCl exhibiting more 
traps. A stationary value is not reached for hours. The 
steep rise of both curves in the first few seconds indi- 
cates the presence of traps in which electrons exist for 
only a short time. The slow rise which continues for 
many hours indicates that a very large number of 
electrons are trapped for long periods of time. The 
presence of these electrons was confirmed by stimulation 
measurements in which large quantities of stimulated 
light was obtained from these substances even after 
dark periods of several months. Curves for CsBr(T1) 
are not shown. They exhibited the same general shape, 
but indicated fewer traps than in either of the two 
other alkali halides. 

Curves for the Standard 7 phosphor are not shown. 
They exhibited still another feature in that they showed 
a slow rise similar to that of the alkali halides, but 
there was no steep rise for small values of the time. 
Standard 7 was found to contain a tremendous number 
of traps. The value of the integrated intensity doubled 
in 19 hours, indicating that many exciting particles 
must traverse the same area before all the traps can be 
filled. In spite of this the initial intensity is a consider- 
able portion of the final intensity (about 50% of the 
value at 19 hours). This means that the mechanism 
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for emission is not the same as in zinc sulfide. Here the 
probability that an excited electron will return to the 
ground state almost immediately is about the same as 
the probability of being trapped, even though there is 
such a large number of traps. 

Results for all the phosphors studied are summarized 
in Tables IT and III. The first column in each gives the 
phosphor, the second the stationary intensity. The 
values of the stationary intensity for different phosphors 
are not to be compared with one another. They are 
merely the observed values, and have not been cor- 
rected for thickness of the sample, stopping power, or 
spectral sensitivity of the photomultiplier. In all cases 
in which the intensities in the second column of Table IT 
are not large compared to the value for the Lucite 
backing, only the difference between the measured 
value and that of Lucite is given. A value of 0.31 was 
assumed for Lucite in that case, to account for the fact 
that its intensity was somewhat diminished by the 
absorption of some of the excitation energy by the thin 
phosphor layer which covered it. The third column 
gives the value of the intensity at 2500 microseconds 
as a fraction of the stationary intensity. This number is 
a measure of how much energy is emitted as light and 
not consumed in traps when a high-energy particle hits 
a completely de-excited sample. For the organic 


TABLE II. Fluorescent intensities under electron excitation and 
the relative number of traps computed from the rise of fluo- 
rescence curves. 


Ratio of 
intensity at 
2500 usec to 

stationary 
value 


Relative 
number 
of traps 


Stationary 
intensity* 
microamperes 


Substance 





Anthracene 
Diphenylacetylene 
Naphthalene 
Stilbene 

CaWO, 

CsI (nonactivated) 
CsI(TI) 

CsBr(TI) 0.79 
KBr(TI) 0.45 
NaCl(AgCl 5%) : 0.2 
Potassium urany] sulfate 1.08 
Uranyl acetate . 1.28 
ZnS D : 0.079 
ZnS R . 
ZnS N 

ZnS M 

ZnS A 

ZnS 70 

ZnS LG 
ZnCdS L 
ZnCdS K 
ZnCdS O 
ZnCdS U 
ZnO 

SrS (Std. 7) 
Lucite 
Nothing 


59.7 
47.2 
16.0 
7.75 
20.0 
26.5 


0.90 
1.01 
0.95 
0.98 
0.97 
0.99 
0.91 


0.18 
0.029 
0.031 
0.32 
0.18 
0.084 
0.12 
0.045 
0.12 
0.67 
0.43 
1.03 
small 


0.33 
0.66 





* Values of the stationary intensity are not to be compared with one 
another for they are merely observed values which have not been corrected 
for thickness and stopping power of the samples and sensitivity of the 
photomultiplier. 

> The figures given represent the relative number of traps occupied after 
two hours of excitation. A stationary intensity had not yet been attained. 
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substances this fraction should be very close to 1; 
deviations in the table are probably due to experi- 
mental error. Those substances which evidenced a slow 
rise of fluorescence, the zinc sulfides and alkali halides 
for example, exhibit ratios of the 2500 microsecond 
intensity to the stationary value which are much less 
than unity. It can be seen also that substances which 
have a low ratio under electron excitation have a ratio 
much closer to unity under alpha particle excitation. 

In the fourth column of Table II the size of the 
deficiency area is given as a fraction of the area below 
the line through the stationary value for a given time 
of excitation, sufficiently long to ensure that the sta- 
tionary state had been attained in most substances. The 
value for phosphor LG obtained in this manner has 
arbitrarily been set equal to unity. The values in this 
fourth column are a measure of the number of electrons 
trapped for times at least of the order of minutes, 
which is of the order of 10'° per unit volume, with the 
exception of Standard 7 and the alkali halide phosphors. 
These substances had not attained a stationary state 
in the length of time normally used for observation of 
a Stationary value of the fluorescent intensity. In these 
cases the figures in the table give the relative number of 
traps occupied after two hours of excitation. The 
number of electrons trapped by the time the intensity 
becomes stationary is considerably larger. 

In those substances for which a zero is given in the 
last column, CsI, CaWO,, the uranyl salts, and the 
organic phosphors ; the number of electrons trapped was 
very much smaller than for the other substances (see 
next section). The intensity was the same at very short 
excitation times as that observed after hours. 

For alpha-particle excitation no figures are given for 


TABLE III. Fluorescent intensities under alpha-particle excitation. 





Ratio of intensity 
at 2500 usec to 
stationary value 


Stationary 
intensity*® 
microamperes 


Substance 
Anthracene 
Diphenylacetylene 
Naphthalene 
Stilbene 
CaWwO, 

CsI (nonactivated) 

CsI (TI) 

CsBr(Tl) 

KBr(TI) 

NaCl(AgCl 5%) 
Potassium uranyl sulfate 
Urany] acetate 

ZnS D 


20.8 

50.3 
8.74> 
0.025 
0.35> 


Sroeosoerrsosooree.roee 
“Ie ~7100 0 moo 


SrS (Std. 7) 
Lucite 
Nothing 


small 
small 





® Values of the stationary intensity are not to be compared with one 
another, for they are merely observed values which have not been cor- 
rected for the sensitivity of the photomultiplier. 

b These measurements were taken with a weaker alpha-particle source. 
The values given are the results obtained with the weaker source multiplied 
by 25, in order to permit comparison with the other substances in the table, 


LUMINESCENT 


MATERIALS 99 


the relative number of traps, since it was found that 
in most cases the rise of fluorescence under alpha-par- 
ticle bombardment was instantaneous. Thus the ratio 
of the intensity at 2500 microseconds to the stationary 
intensity was nearly always found to be close to unity. 
For only four substances was this ratio less than unity, 
NaCl(AgCl 5%), ZnS LG, ZnCdS L, and Standard 7. 
The lower value indicates that at the very beginning 
of excitation a noticeable number of excited electrons 
are trapped. Most are trapped for less than one minute, 
for within one minute a practically stationary value 
of the intensity is observed. The difference in the 
behavior of the fluorescence under alpha-particle and 
electron excitation will be discussed in the next section. 


5. CONCLUSIONS 


Excitation by high-energy particles, unlike light 
excitation, is not uniformly distributed over the 
the phosphor, but instead occurs in discrete regions, or 
channels. This can be described accurately by an 
integral equation, the solution of which is somewhat 
involved if there exists more than one trap level. It 
will be discussed in a future publication. As a sort of 
first approximation a simplified model will be presented 
here, which incorporates many of the essential features 
of the problem. The following assumptions are made. 
An exciting particle, in traversing the thickness of the 
phosphor, produces a channel containing a definite 
number p of excited secondary electrons. These elec- 
trons fall to the lowest excitation level from higher ones, 
and a fraction « of them are trapped in states close to 
the lowest excitation level and in which they do not 
move freely. The remaining fraction, (1—x), of the 
excited electrons move close to the lower edge of the 
conduction band from which they recombine with 
positive charges according to the mechanism appro- 
priate to the particular substance. The recombination 
can be either radiative or nonradiative. If the number 
of excited electrons in a channel is smaller than the 
number of available traps, almost all the electrons will 
tend to occupy traps. This assumption seems to hold 
for most of the zinc sulfides and related phosphors, 
since their light emission at the beginning of excitation 
is only a fraction of the light ultimately emitted. 

Subsequent exciting particles will act in the same 
manner until an exciting particle produces a channel 
which fully or partially overlaps some previous channel 
or channels. When overlap occurs fewer traps are 
available to the excited electrons than with an unexcited 
area, because some of the traps are occupied due to 
prior excitation. Thus fewer excited electrons are con- 
sumed in traps, and more light will be emitted imme- 
diately. There will, of course, be more overlap, and 
hence more immediate recombination, the longer ex- 
citation continues. The probability of light emission 
may also increase with prolonged excitation because of 
the increased number of positive activators. In the zinc 
sulfides this does not seem to be important. As a 
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further simplification it is assumed that only traps of a 
single energy depth are present. Then one obtains the 
following equation for the filling of the traps: 


dn,/dt=rxp(1—me/nor) —5 mt, (3) 


where n; is the number of traps per unit volume which 
are occupied; xp is the number of traps filled per unit 
depth by a single exciting particle when its channel 
does not overlap any previously excited area; mo; is the 
number of traps per unit volume available in the unex- 
cited sample; 5; is the probability per unit time that an 
electron will leave a trap and not be retrapped [it cor- 
responds to 1/7’, in Eq. (2) ]; and r is the rate at which 
exciting particles impinge upon unit area of the 
phosphor. 6; represents a kind of average of the prob- 
abilities of release from traps with subsequent recom- 
bination, which is, of course, an oversimplified repre- 
sentation of the recombination mechanism in phosphors 
of the zinc sulfide type, since the number of electrons 
which are released from traps and not retrapped, but 
recombine, depends upon the state of excitation. There 
is a major point in favor of the simplified picture. When 
high-energy particles are used for excitation, the state 
of excitation for different channels is always the same, 
at least as long as no considerable overlap occurs, and 
the probability that an electron will recombine with a 
positive charge is the same for each excited region. 

The term —rxpn,/no, in Eq. (3) represents the overlap 
of the channels. It is that fraction of the total volume 
in which the traps are occupied. 

If 5; is very small, then the trapped electrons have a 
long lifetime; the fluorescent intensity reaches an 
almost stationary value when the first term in (3) 
becomes very small (;~ 0; corresponding to saturation 
of the traps). In the other limit 6, is so large that the 
right side of Eq. (3) approaches zero even for values of 
nm, considerably smaller than mo. The traps are filled to 
equilibrium. 

The solution to Eq. (3) is 

rkp 
ne ¢(¢) =——— @—L[1l — e~ Getrapi nos) t), (4) 
(6:+1xp/no:) 
Since r«p(1—m,(t)/no:) is the number of electrons 
trapped per unit time at the time /, e(¢), the number of 
electrons which recombine per second without being 
trapped, is given by the following equation : 


e(t)+-rxpl1—mnz(t)/nor]=rp. (5) 


If all recombinations are radiative, then the number of 
fluorescent quanta emitted per second will be given by 


T()=e()+6,() =rp[1—ne“G@rtrerinod *), (6) 


I(«) equals rp because of the assumption that there 
are no radiationless recombinations. This stationary 
state is reached when £>(6;+rxp/m.)'. When 6 is 
small compared to rxp/no: the lifetime of the electrons 
in the traps is long, and the time required to approach 
a stationary state is %,/rxp, which is inversely propor- 
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tional to the intensity of excitation represented by r. 
For 6; large compared to rxp/mo; the stationary state is 
reached in a time of the order of 1/6,, which does not 
depend on the intensity of excitation. 

One would expect that Eq. (6) would give a rather 
good approximation to the observed rise of fluorescence 
if the lifetime of the electrons in the traps is of the 
order of one hour or longer, for then the most ques- 
tionable part of the equation, 6;, gives only a small 
contribution. 

Theoretical curves, plotted from Eq. (6) are given in 
Fig. 5. The values of the parameters x and mo were 
selected to approximate the experimental conditions as 
closely as possible. The number of exciting electrons 
was 3X 10"/cm? sec at the position of the sample. The 
quantity p=0.5X 10° is the number of excited electrons 
per high-energy electron in unit thickness of zinc 
sulfide.” The number of traps per unit volume, mor, was 
chosen to be 1.5X10"* in order to make the theoretical 
curves reach stationary values at about the same time 
as the experimental curves, namely, one hour. «x was 
assumed to be 0.8. These values roughly correspond to 
phosphor LG. If « is smaller, corresponding to a greater 
initial emission, then mq is also smaller by the same 
factor, for a given time to reach equilibrium. The 
uppermost curve in Fig. 5 was plotted assuming x 
equal to 0.4 and mq equal to 0.75X10'. The experi- 
mental rise curves taken after different dark periods 
show that there is little recombination of stored elec- 
trons during the rise time. With phosphors of the type 
given in Figs. 2 and 3 this condition is fulfilled accu- 
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Fic. 5. Theoretical curves of the rise of fluorescence plotted from 
I(t)=rp{1—x exp—(6:+r«p/mo:)t]}, where r=3X10" exciting 
particles per cm? per second, p=0.5X10* excited electrons per 
high energy electron in unit thickness of ZnS, mo is the number of 
traps per unit volume, « is the fraction of the excited electrons 
which are trapped in a de-excited sample, and 6; is the probability 
per unit time that an electron will leave a trap without being 
retrapped. Curve A: mo=1.5X10%, 5:=0, «=0.8. Curve B: 
nor=1.5X10%, 5:=1/3600, «=0.8. Curve C: mor=0.75X10%, 
6:= 1/3600, «=0.4. 


10 This number was obtained by assuming that a 1-Mev electron 
is stopped in one centimeter of ZnS, and that the efficiency of 
conversion from high energy to light is about twenty percent. 
See Furst, Kallmann, and Kramer, Phys. Rev. 89, 416 (1953), 
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rately. Therefore it must be assumed that the stationary 
intensity in these experiments corresponds to saturation 
of the deeper traps. Direct evidence that this is the case 
was provided by measurements on the infrared stimu- 
lation as a function of the duration and intensity of 
excitation. The stimulated intensity obtained after 
one hour of excitation was not exceeded by that 
obtained after increased intensity and duration of 
excitation. It can be seen that there is very little dif- 
ference between the curve plotted assuming that the 
electrons are trapped for an infinitely long time and 
that plotted assuming that the electrons are trapped 
for one hour. Only for very much shorter trapping times 
would a pronounced difference become evident. Devia- 
tions of the experimental curves from the shape of the 
theoretical curves occur because of the presence of 
various trap levels and because of the change in re- 
trapping with continued excitation. The deviations 
occur mostly at the very beginning of the curves where 
the intensity increases faster than according to Eq. (6), 
indicating that they are due to electrons which are 
trapped for only a short time. If the first minute or so 
of some of the experimental curves were to be elim- 
nated, the agreement with the theoretical curves would 
be good. The experimental curve for ZnO, in which 
electrons are trapped only for long periods of time, 
shows good agreement with the uppermost theoretical 
curve. The curve for phosphor U can be approximated 
by a theoretical curve with «x equal to 1 and mo equal 
to 0.3X 10". 

No assumption has been made thus far concerning 
the radius of the channel of excited electrons. The size 
of the channel appears only indirectly in the factor « 
and the number of traps available. For a given radius, 
if there is only a small number of traps available, x 
can only be small. Now it was observed that in most 
of the zinc sulfides x is close to 1, the rise curves having 
set in at low values, even in those substances which 
have a relatively small number of traps, such as 
phosphor D. This may indicate that the radius of the 
channel is to some extent determined by the number 
of available traps. That is, the excited electrons diffuse 
out until they are stopped by traps. An experimental 
observation which lends credence to this hypothesis is 
that in substances with relatively small trap densities 
the stationary state is reached earlier. With phosphor 
U the intensity reaches 1/e of the final value in 3.5 
minutes, while with phosphor ZG the intensity reaches 
that value in 7.5 minutes. The relative number of 
traps, calculated from the deficiency areas, is 0.4 to 1 
for U compared to LG. This would not be compatible 
with the assumption of a definite channel radius, 
because, in that case, a stationary state should not be 
reached until overlap of the channels has occurred at 
least once, and the time required for that would be 
completely determined by the radius of the channel, 
for a given excitation intensity. The material presented 
here is not sufficient to warrant drawing a definite 
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conclusion, the number of electrons trapped with long 
lifetimes being not very different in the different 
phosphors. Experiments conducted with other sub- 
stances which contained far fewer traps than those 
reported on here, however, indicate that when the 
lifetime of the electrons in the traps is long a stationary 
state is indeed reached in far less time than one hour 
with the same intensity of excitation. 

The difference between the results of electron excita- 
tion and those of alpha-particle excitation stems from 
the large difference in their densities of excitation. With 
alpha-particle excitation there is no question but that 
the excited electrons do not diffuse far enough for them 
to be consumed in traps to any great extent. In most 
of the cases studied, under alpha-particle excitation x 
is a very small number, as can be derived from the 
fluorescent intensity at 2500 microseconds. The expla- 
nation is the following: the alpha particle, in passing 
through the sample, produces a line of positive charge 
which diffuses only slightly, because the positive charges 
are localized at activator atoms, which are far more 
numerous than traps. The channel of excitation there- 
fore consists of an interior core of positive charge 
surrounded by a cylinder of excited electrons. Because 
the charge of the core is so much greater in the case of 
alpha-particle excitation than for electron excitation 
the excited electrons will not diffuse beyond a certain 
distance p. Thus in the case of alpha-particle excitation 
the radius of the channel is essentially determined by 
the strength of the positive charge, whereas with elec- 
tron excitation the positive core very likely does not 
interfere with the diffusion of the excited electrons. 
Only those traps in the area up to which electrons are 
able to diffuse can be filled, and their number is much 
smaller than the number of excited electrons produced 
by an alpha particle. The radius of the channel due to 
a 3-Mev alpha particle in ZnS can be calculated to be 
approximately 310-5 cm by assuming that a dif- 
ference of potential of 10 volts between the outer radius 
and the radius of the cylindrical positive core is suf- 
ficient to stop the diffusion of electrons, and that the 
charge of the core is 2X10-!! coulomb/cm. With a 
channel of this size the number of traps is less than 
1% of the number of excited electrons (assuming 1.5 
X10" traps/cm*). The radius of the channel will very 
likely be somewhat smaller in actuality, for the higher 
energy electrons which originate from the center of 
the positive core will not travel in a direction per- 
pendicular to the path of the alpha particle, but will 
be scattered. With a potential difference of 1 volt 
between the channel and core radii, the former is only 
about 10% larger than the latter, which is about 
6X 10~* cm. The core radius was obtained by assuming 
that the positive holes created migrate to activators, 
of which there are 10'*/cm’. 

From the results presented here, several conclusions 
can be drawn: The number of traps per unit volume 
responsible for the long lifetimes of excited electrons is 
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rather small, at most one part in 10’ of the molecules 
of the base material and does not vary considerably 
among the different ZnCdS phosphors. Therefore it 
seems unlikely that these traps are due to the impurities 
Ni, Co, or Fe, which are present in larger concentrations 
and vary considerably from phosphor to phosphor 
(Table I). Phosphor M, with a mole fraction of 10~ of 
Ni, has no more traps than samples containing much 
less Ni. These findings may indicate that those traps 
in which electrons remain for long periods of time are 
due to imperfections other than the impurities indicated." 

Another consequence of the investigation is that for 
the ZnCdS phosphors stimulability is not related to the 
number of traps available in a sample, and the high 
stimulability of the Fonda type phosphors is not due 
to a large number of traps. Phosphors with a com- 
parable number of traps showed huge differences in 
stimulability, that property being characteristic of only 
those phosphors in which suitable activators are present, 
as in phosphor LG, for example. Phosphor A, with twice 
as many traps as LG, shows one-sixth the stimulability 
of LG. 

Phosphorescence is related to the number of traps in 
the following way: If there are no traps from which 
electrons recombine radiatively with positive charges 
after a relatively short time, there will be no phos- 
phorescence, because very few electrons recombine per 
unit time from the deeper traps. This is the case with 
phosphors U, O, and ZnO. Phosphor K also has a rapid 
decay, and yet it possesses a considerable number of 
traps in which electrons remain only for several minutes. 
Here the short persistence is due to a strong quenching 
of the radiation. Comparison of the deficiency areas 
above rise curves for different dark periods with areas 
under the phosphorescence decay curves for the same 
lengths of time as the dark periods provides an inde- 
pendent means for determining the radiation quenching. 

Another point which should be discussed is the factor 
(1—x), which represents the fraction of the excited 
electrons which give rise to light emission without 
having been trapped. (1—x«) is practically given by the 
ratio of the intensity at 2500 microseconds to the 
stationary value. (1—«x) is small for most of the zinc 
sulfides with the exception of V, LG, and 70. This 
smallness of (1—«x) is consistent with the bimolecular 
recombination process assumed for zinc sulfide. The 
number of ionized activators is roughly equal to the 
number of trapped electrons, and since the cross section 
for recombination accompanied by radiation is much 
smaller than that for trapping, it is not unreasonable 
that (1—x) is small. What is surprising is that there are 
some zinc cadmium sulfides for which this factor is 
considerable. With the LG powder this may be due to 
the presence of the special activators which are also 


In reference 4 curves are presented which show a change in 
the traps per unit volume with Ni content. Neither these results 
nor those in reference 5 can be compared with ours because the 
intensity of illumination and the lifetimes of the excited electrons 
are not given. 
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responsible for the strong stimulability of the phosphor 
and which increase the probability of recombination, 
as was shown by photoconductivity measurements.* 
The fact that (1—x)=0.6 in ZnO is also remarkable, 
and seems to point to another mechanism for emission 
and trapping, since for about the same number of traps 
per unit volume as the zinc sulfides the initial emission 
is greater by almost a factor of ten. 

Though it is true that the organic phosphors have 
fewer traps than the zinc sulfides, the number is not so 
small that a zinc sulfide with this number would not 
exhibit a measurable rise of fluorescence. Because the 
mechanism for emission is different in the organic 
phosphors, (1—x) is very large, and the initial value of 
the rise curve is very close to the maximum. There is a 
slight increase in intensity which continues for a long 
period of time, which is difficult to detect. This may also 
be true of other substances where no traps were found. 

For the alkali halide phosphors and Standard 7 the 
situation is quite different from that of the zinc cad- 
mium sulfides. These phosphors contain a very large 
number of traps per unit volume, most of which are 
those in which electrons remain for long periods of 
time. In spite of this, the factor (1—x) is of the order 
of } in some cases. One must conclude, therefore, that 
the light-emitting process is not at all related to the 
trapping process in these phosphors, and there is equal 
likelihood for an electron to recombine with a positive 
charge radiatively as for it to be trapped, regardless of 
the number of empty traps available. 

The foregoing considerations pertain to excited elec- 
trons with long lifetimes due to the presence of relatively 
deep traps. There are certainly many shallow traps, 
however, as is evident from the initial steep rise in the 
alkali halide curves and from the low ratio of the in- 
tensity at 2500 microseconds to the stationary value 
under alpha particle excitation in some substances. The 
fact that the fluorescent intensity increases only slightly 
from 2500 microseconds to 1 second in most substances 
under electron excitation, showing that there is not 
nuch radiative recombination in this interval, does not 
mean that there are not many shallow traps, but that 
electrons released from them are retrapped in deeper 
traps, preventing their immediate radiative recom- 
bination. 

The fact that the ratio of intensity at 2500 micro- 
seconds to the stationary value is at all smaller than 
unity for the zinc cadmium sulfides with alpha particle 
excitation may be somewhat surprising, since the rise 
of fluorescence is rather rapid in those substances. This 
probably means that all the deep traps in the limited 
region excited by an alpha particle are occupied by 
electrons immediately, and, in addition, a considerable 
number of very shallow traps in which electrons remain 
for only very short periods of time are also occupied, 
and electrons leaving them are not retrapped in deeper 
traps as is the case with electron excitation, since these 
are already occupied. 
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Concentration Effects on the Line Spectra of Bound Holes in Silicon 


ROGER NEWMAN 
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The effect of impurity concentration on the line spectra of holes bound to B, Al, and Ga acceptors in 
silicon has been studied at 21°K. Details of the spectra (i.e., relative positions, line shapes, intensities) differ 
for the different acceptors. Below an acceptor concentration of about 10'*/cm* the spectra are concentration 
independent under the conditions of measurement. Above 10'*/cm* the spectral lines begin to broaden and 
by ~10!8/cm! the line structure has been almost completely destroyed. A qualititive discussion of the con 


centration effects is given. 


URSTEIN and co-workers have examined the low- 
temperature (4°K to 77°K) absorption spectra of 
the group III and group V elements acting as acceptor 
or donor impurities in silicon.! They have found that 
these spectra are characterized by absorption continua 
which terminate at low energies with absorption edges. 
Below these edges in energy, are found series of rela- 
tively sharp absorption lines. These spectra have been 
interpreted as follows: At low temperatures the holes 
or electrons are “frozen out” at acceptor or donor sites 
respectively. A sharp absorption line indicates an optical 
transition from the ground state of the impurity to one 
of its discrete excited states. The absorption continuum 
indicates transitions from the ground state to an ionized 
state lying in either the valence or conduction band 
respectively. As is to be expected from this interpre- 
tation, absorption in the continuum is accompanied by 
photoconductivity. A correlation exists between the 
energies at which characteristic features of the absorp- 
tion spectra appear and the ionization energies of the 
centers determined from the temperature dependence 
of the carrier densities (i.e., resistivity and Hall mea- 
surements).? 

The original attempts at a quantitative interpretation 
of these spectra in terms of the simple hydrogenic model 
(Coulomb field in a dielectric and a single effective mass) 
were not completely successful.!:? Recently an improved 
calculation based on an effective mass approximation 
which involves the most recent information (i.e., 
cyclotron resonance data) about the valence and con- 
duction band structure has shown greater promise of 
quantitative success.‘ 

The present work describes some studies of the 
discrete absorption lines of the group III acceptors B, 
Al, and Ga as a function of the density of impurity 
centers.’ The study was undertaken with the thought 


1 Burstein, Bell, Davisson, and Lax, J. Phys. Chem. 57, 849 
(1953). 

2 Burstein, Picus, and Sclar, Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954 (John Wiley 
and Sons, Inc. New York, 1955). 

3 F. J. Morin et al, Phys. Rev. 96, 833(A) (1954). 

4 W. Kohn, Phys. Rev. 98, 1856 (1955). 

5 Previous papers described measurements of the absorption 
line spectrum of In in silicon [reference 2 and R. Newman, Phys. 
Rev. 99, 465 (1955) ]. However, because of the low solubility of 
indium in silicon and the proximity of its absorption lines to the 


that it could yield detailed information about the 
behavior of individual energy states with concentration. 
This, in turn, could perhaps give a more detailed picture 
of the phenomena associated with the terms “impurity 
banding” and “degeneracy.”*” 


EXPERIMENTAL 


Single crystals of silicon with the desired concen- 
tration of impurity were grown from quartz crucibles 
by the usual pulling and doping techniques. The 
starting material was zone-refined DuPont silicon 
having an uncompensated hole concentration of ap- 
proximately 4X 10'/cm*. The absorption spectra sub- 
sequently proved the expected result that these holes 
were derived from boron centers. Sections for the ab- 
sorption measurements were cut transverse to the 
direction of crystal growth to obtain maximum homo- 
geneity. These were ground and polished to the desired 
thickness. Samples were mounted in a metal double 
Dewar equipped for transmission measurements. Sam- 
ples less than about 5 mils in thickness provided a 
problem in mounting because of their fragility and 
limited thermal conductivity. To circumvent these 
difficulties the samples were cemented to a polished 
plate of silicon of high purity about 1 mm thick using 
a calorimeter adhesive. The sample and mounting plate 
assembly could then be handled in the same way as 
the thicker specimens. The chief problem was to adjust 
the solid content and viscosity of the adhesive to provide 
a uniform (for thermal contact) and thin (optically 
nonabsorbing) layer of adhesive between the two pieces 
of silicon when the adhesive set. 

The measurements quoted here were all made at 
about liquid hydrogen temperature. The results, to 
the resolution of the measurements, were indistin- 
guishable from a few made at liquid He temperature. 
Sample temperatures were measured directly by affixing 


lattice bands, it was decided that further work on it would not be 
very fruitful. 
®R. O. Carlson, Phys. Rev. 100, 1075 (1955). 
7F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
8G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
°H. Fritzsche and K. Lark-Horovitz, Physica 20, 834 (1954). 
1 C, S. Hung and J. P. Gliessman, Phys. Rev. 96, 1226 (1954). 
1 C, Erginsoy, Phys. Rev. 80, 1104 (1950) ; 88, 893 (1952). 
2 W. Baltensperger, Phil. Mag. 44, 1355 (1953). 
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Fic. 1. Absorption line spectra of B, Al, and Ga acceptors in 
silicon at 21°K. The data were taken from samples having from 
10% to 5X10" acceptors/cm*. The dashed curve represents some 
data of Burstein et al. (reference 2). The spectral resolving power 
employed at various wavelengths is indicated. 


a copper-constantan thermocouple to the sample itself. 
A Perkin-Elmer spectrometer with CsBr optics and 
continuous nitrogen flush was used. A rough-ground 
mirror and a polyethylene filter in the collimator were 
used to reduce stray light. Over most of the range of 
the measurements, stray light in the blank beam, as 
measured with a NaCl plate, amounted to considerably 
less than 0.5% and was corrected for. Sample thick- 
nesses were adjusted to give transmissions in the range 
1% to 20%. The spectral resolution quoted in the figures 
was determined by observation of the full width at half- 
power points for several sharp atmospheric absorption 
bands as a function of slit width. The resolving power 
of the measurements was limited by the available signal 
power. 

The acceptor densities were obtained from measure- 
ments of the room-temperature resistivities of the 


samples employed. The data of Carlson® were used to 
convert resistivity to carrier (acceptor) density. 


RESULTS AND DISCUSSION 
A. Low-Concentration Limit 


The spectra obtained at the low-concentration limit 
differ in some details from the -spectra already re- 
ported.!:? Since these details will be important in any 
subsequent quantitative interpretation of the spectra, 
a digression from the main material of this report seems 
in order. 

Figure 1 shows the line spectra, expressed as absorp- 
tion cross sections, for B-, Al-, and Ga-doped silicon at 
21°K. The spectra shown appear to be the asymptotic 
limits at low concentrations. The concentrations used 
were 1 to 5X10'5/cm*. The spectral resolution is indi- 
cated. Our data for boron are, unfortunately, incom- 
plete. Our instrumentation did not permit a satisfactory 
observation of the B line located at 0.034 ev. For 
completeness’ sake Burstein’s data’ for this line are 
included and shown as a dashed curve. In Table I, the 
energies of the observed lines are given. 

As is apparent from Fig. 1, certain gross features of 
the three spectra are the same. For example, all show 
three major components. However, beyond this there 
appear to be rather profound differences in the sizes, 
shapes, and relative positions of corresponding major 
components in the different spectra. Of particular 
interest is the fact that the shapes of several of these 
components appear to be the result of the superposition 
of two or more incompletely resolved lines. 

Using the mass parameters of the degenerate valence 
band as determined from cyclotron resonance data, 
Kohn has calculated some of the excited energy levels 
associated with a hole bound to a Coulombic acceptor 
center in silicon.* He has found a rather complex level 
scheme. One would like to make a one-to-one corre- 
spondence between Kohn’s energy levels and the 
energies of the absorption lines which have been ob- 
served. That is, for each acceptor, one would correlate 
a line of a particular energy with a given excited state. 
This procedure involves the tacit assumption that the 
differences, from one acceptor to another, between the 
energies and intensities of the lines to be associated 
with the given excited state, are ascribable to the 


TABLE I. Photon energies (ev). The symbol ~ indicates 
shoulder to an adjacent line. 





B Al 


0.034* 0.0555 
0.0382 0.0590 
0.0398 0.0645 
0.0428 ~0.648 








® Reference 2. 


13 W. Kohn (to be published). 
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Fic. 2. Concentration dependence of the absorption line spectra of B, Al, and Ga acceptors in silicon at 21°K. 
The acceptor concentrations are indicated. 


properties of the ground state alone. The ground-state 
wave function for each impurity is presumably different 
as evidenced, for example, by the different ionization 
energies. It is surprising, however, that impurities with 
as closely similar properties as Ga and Al (i.e., ioni- 
zation energies differing by about 10%) should show 
widely differing size, shape and relative positions for the 
absorption lines. These differences make a reduction of 
the different sets of data to a single term scheme a 
somewhat problematic operation at present. 


B. Concentration Effects 


In Fig. 2 are shown the spectra of B-, Al-, and Ga- 
doped silicon at 21°K as a function of concentration. 
The concentrations are noted on the figure. The spectral 
resolving power is the same as is indicated in Fig. 1. 

From a study of the data, one can make certain 
qualitative generalizations. For example, at concen- 
trations less than about 10!*/cm* the spectral line 
shapes, at least to the noted resolution, are independent 
of concentration. The absorption coefficient at any 
particular energy is linearly dependent on concen- 
tration up to about 10!°/cm’. 

Above about 10'*/cm*® the lines begin to broaden 
although the positions of the peaks remained essentially 
fixed in energy. The individual lines are not well 
resolved from one another even at the lowest concen- 
trations. For this reason it is difficult to make any 


completely unambiguous and quantitative statement as 
to the details of the broadening. However, it would 
appear that in the broadening process a line at a higher 
energy will begin to broaden sooner than a line at a 
lower energy. 

In Fig. 3 an attempt has been made to give a more 
quantitative statement to these concentration effects. 
Figure 3 gives the ratio of the estimated width (full 
width at half-power) at the acceptor concentration of 
interest to the same quantity at the low-concentration 
limit plotted as a function of acceptor concentration. 
Because of the aforementioned difficulties, the analysis 
presented in Fig. 3 must be made with reservations. In 
particular the decomposition of the absorption curves 
into component lines, each of a definable width, is to a 
degree arbitrary in some cases. 

In any theory of the interaction of impurity states, 
the parameter of greatest importance will be the ratio 
of some mean distance between impurities to the 
equivalent Bohr radius of the impurity state in ques- 
tion."!:” When this ratio is large compared to unity, the 
interaction will be small but will increase as the ratio 
decreases. For a given mean impurity distance (i.e., 
concentration), the amount of interaction for the 
different impurity levels will be determined by their 
Bohr radii. It is proposed that the analysis of Fig. 3 be 
understood in this way. Namely, if the broadening of a 
line is ascribed entirely to the interaction broadening 
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Fic. 3. Reduced line width (see text) of the various absorption 
lines of B, Al, and Ga acceptors in silicon at 21°K as a function 
of acceptor concentration. The dashed sections of the curves 
represent the least reliable estimates. 


of the appropriate excited state, then at a given con- 
centration a line of higher energy will be broadened to a 
greater extent than a line of lower energy. 

It is of interest that at any given concentration the 
broadening effects seem largest for the case of boron. 
If the broadening is in the excited states and these are 
identical for different impurities, this observation is 
difficult to understand. 

It would not be expected that there should be any 
direct correlation of the effects observed here and those 
electrical effects which have been grouped under the 
term “impurity banding.”*~ Presumably in the present 
case we are observing effects which principally reflect 


modifications in the excited states whereas, to a first 
approximation, the electrical measurements reflect 
modifications in the ground state. This presumption is 
perhaps borne out by the fact that in the optical mea- 
urements appreciable concentration effects are shown 
at concentrations of the order of 10!7/cm*. On the other 
hand, in the electrical measurements, at these concen- 
trations, no important concentration effect is shown. 
For example, the temperature dependence of the Hall 
coefficient at 10'’/cm* is essentially the same as that 
for much lower concentrations. That is, it can be 
described by a unique ionization energy. Impurity band 
and degeneration effects are unobservable down to 
20°K at concentrations less than ~5X 10'7/cm’.®.7 

In the foregoing discussion it has been tacitly as- 
sumed that the impurities are distributed homo- 
geneously. Some recent measurements of the electron 
spin resonance of bound electrons in silicon at impurity 
concentrations of the order'of 10!7/cm* and above have 
been interpreted as indicating a clustering of im- 
purities.“ Presumably then, in any quantitative 
discussion of the concentration broadening such 
inhomogeneities would have to be taken into account. 
It is perhaps possible that the difference in concen- 
tration effects between boron and the others was due 
to some specific inhomogeneity effect. 


SUMMARY 


Differences in the form of the line spectra of holes 
bound to B, Al, and Ga impurities are found. These 
differences indicate that a rather refined theoretical 
approach, in which the specific electronic properties 
of the impurity centers are included, will be required 
to fully understand the data. Below about 10!*/cm* the 
form of the spectra are observed to be independent of 
concentration. Above 10'*/cm* the spectral lines begin 
to broaden and by about 10'*/cm* the line structure is 
almost completely destroyed. 
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The excess resistivity, p, and resistivity per unit stored energy, g, associated with dislocations, vacancies, 
and interstitials are briefly reviewed, and the sam2 quantities are calculated for clustered vacancies. For 
clusters of more than one hundred vacancies, which seem to exist at room temperature in cold-worked or 
bombarded copper, q is larger by factors of about 3, 8, and several hundred than the corresponding ratios 


for vacancies, interstitials, and dislocations. 


INTRODUCTION 


UMEROUS experimental and theoretical papers 

have appeared in the last few years dealing with 
the stored energy and excess resistivity introduced into 
a metal upon cold-working or bombarding the sample. 
For example, Molenaar and Aarts! observed that at 
liquid air temperatures strains of the order of 10% in 
copper produced a resistivity change of 2.4 10-*§ ohm 
cm for each electron volt/cm* expended during cold 
working. We shall be concerned here with the quantity 
q defined as the ratio of the resistivity change to the 
energy stored per cm*. Thus, since not all the energy 
expended is stored, g is somewhat larger than 2.4 10-8 
ohm cm/(ev/cm*) under these conditions. As will be 
seen below, it is difficult to reconcile the calculated 
scattering cross sections of dislocations and_inter- 
stitials with a g ratio as large as this, and in fact it is 
necessary to assume that a large fraction, of the order 
3, of the energy expended must be stored in the form 
of vacancies or small vacancy clusters. The evidence 
regarding dislocations, interstitials and vacancies will 
be briefly reviewed, and in the last section another 
scattering mechanism will be discussed, namely, the 
scattering by clusters of vacancies. 


SCATTERING BY DISLOCATIONS 


The extra resistivity of a metal associated with the 
presence of dislocations has been computed by a number 
of workers. The most accurate calculation, in which the 
effects of the shear components of strain are included, 
was performed by Hunter and Nabarro.? For copper, 
assuming equal amounts of screw and edge component, 
one may express the excess resistivity, averaged over 
all orientations of the dislocations, as 


(Ap)w=8X10-"NVp ohm cm, (1) 


where Np is the dislocation concentration per cm?. In 
the limit of free electrons these results agree with those 


* Research supported in part by the U. S. Air Force through the 
Office of Scientific Research of the Air Research and Development 
Command. 

1 J. Molenaar and W. H. Aarts, Nature 166, 690 (1950). 

2S. C. Hunter and F. R. N. Nabarro, Proc. Roy. Soc. (London) 
A220, 542 (1953). 


computed in two compietely different ways;’ the nu- 
merical coefficient in Eq. (1) has been adjusted (in- 
creased) from the calculated value, as described on page 
774 of reference 3, so as to make a partly empirical 
correction for the effects of the potential within the 
cores of the Cu atoms. Expressing Eq. (1) in a way more 
suitable for comparing dislocations with other scattering 
objects, we consider each intersection of a dislocation 
with an atomic plane as an atomic entity, and find 


pp=0.15 pwohm cm, (2) 


for the average resistivity per atomic percent dis- 
locations. Consideration of the splitting into partial 
dislocations and stacking faults actually results in a 
reduction of this figure,‘ which already is appreciably 
less than the corresponding value for vacancies, inter- 
stitials, or impurity atoms. 

Koehler® has computed the internal energy stored in 
a straight edge-type dislocation in copper, and concludes 
that about 1.6X 10° ev are stored per line cm. Recent 
work® indicates that an appreciably greater energy is 
stored in a cold-worked crystal in the interactions 
among dislocations and in jogs, perhaps a factor of ten 
more. Thus the resistivity per unit stored energy for 
dislocations is given by 


go <10 29 ohm cm/(ev/cm*), (3) 


and, comparing with the experimental lower limit,' 
2.4X 10-°5, we are led to the conclusion that dislocations 
are not primarily responsible for the resistivity changes 
observed by Molenaar and Aarts and others. 


SCATTERING BY ISOLATED VACANCIES 
AND INTERSTITIALS 


It is to be expected that vacancies are present in 
cold-worked metals, being produced by the motion of 
dislocations through the crystal.’ This topic has been 


’D. L. Dexter, Phys. Rev. 85, 936 (1952); 86, 770 (1952). 
References to other work are given in these papers. 

‘ Blatt, Ham, and Koehler, Bull. Am. Phys. Soc. Ser. I, 1, 114 
(1956). 

5 J. S. Koehler, Phys. Rev. 60, 398 (1941). 

® A. Seeger and G. Schoeck, Acta Metallurgica 1, 519 (1953); 
G. Schoeck and A. Seeger, Proceedings of the Conference on Defects 
in Crystalline Solids, Bristol, 1954 (Physical Society, London, 
1955), p. 340; A. N. Stroh, Proc. Roy. Soc. (London) A218, 391 
(1953). 

7F. Seitz, Phil. Mag. Suppl. 1, 43 (1952). 
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thoroughly reviewed by Seitz in a recent article, and 
the reader is referred to reference 7 for the pertinent 
arguments. 

Several sources of information now exist for the 
resistivity associated with vacancies and interstitials, 
but general agreement does not seem to have been 
achieved. From resistivity measurements on copper 
irradiated with deuterons at liquid helium temperatures*® 
and making use of calculations on the number of dis- 
placements to be expected,’ one may conclude that one 
atomic percent of vacancy-interstitial pairs gives rise 
to an additional resistivity of 0.5—0.8 pohm cm. It is 
difficult to see how this result could be very much in 
error. 

Another experiment, performed by Overhauser,'° 
involved simultaneous calorimetric and resistivity 
measurements in the annealing of radiation-damaged 
copper. On the assumption that the annealing process 
was the recombination of vacancies with interstitials, 
and using the value 5.3 ev as the energy released in the 
annealing of a Frenkel defect, one may compute about 
11 wohm cm as the resistivity per atomic percent of 
Frenkel defects. Blatt has argued," on the basis of 
Huntington’s calculations,” that interstitials would not 
have been present in the irradiated crystals at these 
temperatures, and has suggested another interpretation 
for the experiment. In the writer’s opinion, however, a 
detailed understanding of the experiment has not yet 
been arrived at. 

The third source of information on the scattering by 
vacancies and interstitials is the direct calculation of the 
scattering cross section, a calculation now having been 
performed by a number of workers. The first of these, 
based on a rather crude approximation and largely on 
analogy with dilute alloys, resulted in 1.0 wohm cm per 
atomic percent of vacancy-interstitial pairs,’* about 
half arising from each imperfection. More recent calcu- 
lations have been phase-shift analyses with various 
potentials, of which the most thorough treatment is 
that by Blatt," who has reviewed the other work. 
Blatt obtained 1.5 wohm cm and 1.4 wohm cm for 1% 
of vacancies and interstitials, respectively. He also 
computed by the same method the excess resistivity for 
Ga, Ge, As impurities in copper, a computation which 
can be unambiguously compared with experiment. In 
all cases his calculated values were substantially higher 
than the experimental values, and he has concluded that 
his values for vacancies and interstitials are likewise too 
large, 0.75 to 1.0 wohm cm per atomic percent being a 
better range. The writer, with no demonstrable justi- 


x 


fication, prefers the range 0.5 to 0.75 wohm cm, and in 


5 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 
® F. Seitz, Disc. seg Soc. 5, 271 (1949); W. S. Snyder and 


J. Neufeld, Phys. Rev. 97, 1637 (1955); 99, 1326 (1955); W. A. 
Harrison and F. Seitz, Phys. Rev. 98, 1530 (1955). 

1 A. Overhauser, Phys. Rev. 90, 393 (1953). 

uF, J. Blatt, Phys. Rev. 99, 1708 (1955). 

2H. B. Huntington, Phys. Rev. 91, 1092 (1953). 

31D. L. Dexter, Phys. Rev. 87, 768 (1952). 
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the following will arbitrarily use the value 0.7 wohm cm 
for both interstitials and vacancies. 

An accurate treatment of the effects on resistivity of 
the lattice distortion around the defects does not seem 
to have appeared as yet. In the initial treatment™ a 
smearing-out, integral approximation was used, from 
which it appeared that the effects would be small. For 
the vacancy this may well be the case. However, for the 
interstitial use was made of the older calculations on the 
magnitude of the displacements of the neighbors, calcu- 
lations which have recently been supplanted by a more 
accurate one.” Since the older displacements used were 
too small by more than a factor of two, a new treatment 
is certainly required for the interstitials. A recent 
treatment by Jongenburger™ has been shown by Blatt" 
to be too unrealistic to allow faith in the results. 

Using 1.3 ev as the energy stored in a vacancy and 
4.0 ev for the interstitial, we obtain 


gv~6.3X 10-8 ohm cm/ (ev/cm*), (4) 
and 
gi~ 2.1 10-8 ohm cm/(ev/cm*), (S) 


for the resistivity per unit stored energy ratios for 
vacancies and interstitials. The value for interstitials 
is quite uncertain, because of possible effects of distor- 
tion, and presumably could only be measured by anneal- 
ing from helium or hydrogen temperatures. 

From a comparison of the experimental ratio of 
Molenaar and Aarts! with the values for dislocations 
and vacancies, it is clear that internal consistency can 
only be found if a very large fraction of the energy 
expended in cold work at liquid air temperatures is 
stored in the form of vacancies, or perhaps clusters of 
vacancies. It would be extremely valuable to make 
calorimetric measurements on copper cold-worked at 
nitrogen temperatures. In metal cold-worked at room 
temperatures only a small fraction of the energy ex- 
pended is stored, perhaps three percent.!® It is clear 
that if our present views are correct, of the order of 
50% of the energy expended at nitrogen temperatures 
must be stored in the metal, most of it in the form of 
vacancies or perhaps small clusters. 


SCATTERING BY CLUSTERED VACANCIES 


As the material anneals upon warming, the vacancies 
apparently cluster and remain within the sample. This 
is evidenced by the circumstances that a sizeable 
fraction of the excess resistivity in copper cold-worked 
or bombarded at nitrogen temperatures remains at 
room temperature, and that most of the volume change 
accompanying radiation damage at low temperatures 
remains at room temperature.'® There is additional 
evidence for large vacancy clusters from the small-angle 


4 P, Jongenburger, Nature 175, 545 (1955). 

16 B. Welber, Phys. Rev. 87, 211 (1952); J. Appl. Phys. 23, 876 
(1952). 

‘6H, A. Kierstadt, Phys. Rev. 98, 245 (1955). 
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x-ray scattering experiments of Blin and Guinier,!” 
though some doubt has been cast on their interpretation 
by the work of Beeman and co-workers.!* Thus it was 
felt worthwhile to compute the excess resistivity to be 
expected from clusters of vacancies, in the event that 
their presence may ultimately be demonstrated con- 
clusively. 

We shall take as our zero of energy the energy of the 
bottom of the conduction band of copper. Thus the 
kinetic energy of the electrons of interest is the Fermi 
energy, Er=7.04 ev, and the energy of an electron at 
rest outside the crystal is equal to the inner potential, 
11.1 ev, the sum of the Fermi energy and the work 
function, 4.1 ev.!® The concentration of conduction 
electrons is 8.5X 10” per cm*, so that the propagation 
vector of an electron at the Fermi surface is k= 1.37 
X10* cm™ and that of an electron with kinetic energy 
equal to the inner potential is ko=1.70X 108 cm“. 

Our physical model is based on the following: we 
shall treat the conduction electrons as free electrons, 
the important ones having 7.04-ev kinetic energy. We 
shall envisage the cluster of vacancies as a spherical 
cavity of volume equal to the atomic volume times n, 
the number of vacancies in the cluster. Within the 
cavity the potential energy is 11.1 ev, according to our 
foregoing specification of the zero of energy. Thus we 
have the problem of the scattering of free electrons from 
a spherical potential barrier, a problem which can be 
solved exactly.” This model is clearly inadequate for 
small clusters, inasmuch as it completely neglects the 
“spilling-over”’ of the conduction electrons into the 
cavity, and thus neglects shielding effects. It also 
clearly neglects the shape of the cavity, which must 
deviate appreciably from a sphere for small clusters. 
However, we are particularly interested in large clusters, 
for which the shielding and shape effects are relatively 
reduced, although even in this case our neglect of 
shielding tends to overestimate the scattering cross 
section. 

The phase shifts required for the calculation of the 
cross section depend on the parameters k and k’= (ko? 
—k’)! as well as the cavity radius a=n'vo. (Here ro 
= 1.41 A is the radius of the sphere whose volume is the 
atomic volume.) The phase shifts, :, are given in terms 
of the unmodified and the modified Bessel functions of 
the first kind, J and /, 


tanm:=(—1)! 
BI 1, (b'a)Jv4(ha) — RJ, (ha) T4('a) 
hI 145(k'a) J —144(ka) +h’ J_1-4(ka)I_y(k'a) 


17J, Blin and A. Guinier, Compt. rend. 233, 1288 (1951); J. 
Blin, Defects in Crystalline Solids (The Physical Society, London, 
1955), p. 420; D. L. Dexter, Phys. Rev. 90, 1007 (1953). 

18 Neynaber, Brammer, and Beeman, Phys. Rev. 99, 615 (1955). 

19 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 146. 

2” N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Oxford Univesity Press, London, 1949), second edition, 
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TABLE I. Calculated resistivities per atomic percent, p, and 
resistivities per unit stored energy, g, for various imperfections. 





q X 10% 
ohm cm/(ev/cm?) 


Dislocations 0.15 20.1 
Vacancies 0.7 6.3 
Interstitials 0.7 2.1 
Clusters n= 1 (2.22) (12.2) 

3.5 (1.76) (14.6) 
10 (1.35) (16.0) 
35 (0.94) (16.9) 

100 0.686 17.4 
350 0.501 19.3 

1000 0.343 18.8 

3500 0.237 19.6 
10 000 0.168 19.8 


p 
nwohm cm 


Scattering entity 


9 


and the scattering cross section, | f(@)|*, is found from 


the relation 
«= 
f(0)=— LX (21+1) P:(cosd) (e'"—1). (7) 


2ik i=0 


The excess resistivity associated with the presence of NV 
cavities per cm’ is easily found to be 


pe= (39 AN /2R)O, (8) 


where Q is the effective integrated cross section, 


Q= an f (1—cos) sin®| f(0) |*da. (9) 


0 


The presence of the factor (1—cos@) arises in resistivity 
calculations, as contrasted with usual atomic scattering, 
from the increased effectiveness of large angle collisions 
upon the resistivity. Making use of Eqs. (7), (8), (9) 
and the orthogonality and recursion relations for 
Legendre polynomials, we obtain the relation 


12nAN « 
pPe=——— >> (21+1) sin*n,— 21 sinm sinn_, 
ekt 1-0 


X (sing: sinnys+cosm cosm_1). (10) 


This expression has been evaluated by using Eq. (6) 
and the values of the parameters given above, for a 
number of choices of the cluster size. The number of 
phase shifts required for four-figure accuracy in Q was 
4, 9, 25, 47, for m equal to 1, 35, 10%, 10*. In Table I is 
shown the resistivity per atomic percent of vacancies 
as a function of the cluster parameter, m. As expected, 
this quantity decreases with increasing n. For com- 
parison, the values for dislocations and isolated vacan- 
cies and interstitials are also shown. 

For large cavities the stored energy is simply equal 
to the surface energy, 4a’S, where S, the surface 
tension, is 8.5610" ev/cm?.”* Thus in column three 
we give the resistivity change per unit stored energy, 
as a function of cluster size. The values given for small 
clusters are, of course, not at all trustworthy, because 


*1H, B, Huntington, Phys. Rev. 81, 1035 (1951), 
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both the stored energy model and the scattering model 
are inadequate for small n. 

It is seen that for sizable clusters of 10° or more 
vacancies, the resistivity per unit stored energy is about 
3 times greater than for isolated vacancies. Thus if 
vacancies cluster as the sample is warmed from low 
temperatures we may expect to remove a larger fraction 
of the stored energy than of the excess resistivity. At 
sufficiently high temperatures we expect the vacancies 
to evaporate from the clusters and diffuse away, the 
excess over the equilibrium figure characteristic of the 
temperature leaving the crystal, annealing of the vacan- 
cies becoming complete. 

Unquestionable evidence that the vacancies formed 
at low temperatures actually cluster in the form treated 
here does not seem to exist. If it were not for the argu- 
ments at the beginning of this section, it would seem 
plausible on geometrical grounds that they tend to 
cluster in platelets, which form collapsed vacancy disks. 
However, in this event they would scatter much less 
effectively for a given energy storage. That vacancies 
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are created both by cold-work and by high energy 
bombardment at low temperatures seems inescapable; 
that they cluster in some form or another, upon warming 
the crystal, likewise appears so. A number of experi- 
ments of the type proposed by Seitz’ seem capable of 
deciding in detail the fates of the vacancies created by 
radiation damage and by cold-work. Most of the crucial 
experiments have either not been performed or have 
been carried out on alloy systems which introduce 
additional complexity into the interpretations. An im- 
perfection similar to the type discussed here would seem 
to be required if, for a given stored energy, there is a 
relatively large excess resistivity, a relatively large 
volume increase in the sample, and a large amount of 
small angle x-ray or neutron scattering. 
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Ground-State Solution of the Nonrelativistic Equation for Helium* 


H. M. Scuwartz 
Department of Physics, University of Arkansas, Fayetteville, Arkansas 
(Received March 29, 1956) 


By the inclusion of half-integral powers in the Hylleraas functions for the ground state of the helium 
atom, it is possible to obtain more rapid convergence in the Ritz variational method applied to the non- 
relativistic Schrédinger equation (for infinite nuclear mass), as shown by results of calculations involving 
from four to thirteen parameters. The energy obtained with 13 parameters, — 2.903719 a.u., is the lowest 


so far published. The coefficients for the normalized wave functions are given. 


HE recent remeasurement' of the ionization poten- 

tial of the helium atom with an accuracy of 
perhaps a few parts per million,’ is making it possible 
to undertake a meaningful check on the relativistic 
theory for this state.* To that end, one requires the 
solution of the nonrelativistic helium wave equation 
to a corresponding accuracy. The recent calculations by 
Chandrasekhar and Herzberg‘ using the Ritz-Hylleraas 


* This work is supported in part by the U. S. Atomic Energy 
Commission. 

1 By G. Herzberg and R. Zbinden (as reported by S. Chand- 
rasekhar and G. Herzberg, Phys. Rev. 98, 1050 (1955), reference 
12). 

2 The experimental result, I.P.(He) = 198 310.;+1 cm™, quoted 
in reference 4, is termed “provisional.” 

8 Ta-You Wu and G. E. Tauber, Phys. Rev. 100, 1767 (1955), 
and references therein to earlier work on the relativistic solution. 
For preliminary calculations on lowest order radiative corrections 
see M. Giinther, Physica 15, 675 (1949) ; H. E. Hakansson, Arkiv 
Fysik 1, 555 (1950); P. K. Kabir and E. E. Salpeter, Bull. Am. 
Phys. Soc. Ser. II 1, 46 (1956). 

4S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955). 


method may perhaps have yielded such results. Uncer- 
tainty arises from present ignorance as to the rapidity 
of convergence of the Ritz-Hylleraas method.’ The 
determination of an upper bound on the error for the 
energy by using the best method available for finding a 
lower bound to the energy,® is handicapped by the 
rather poor approximation of this lower bound to the 
true energy.®”’ Under these circumstances it seemed 
worth while to explore modifications in the Hylleraas 
type solutions that may lead to improvement in con- 
vergence. A simple modification consisting in the intro- 
duction of half-integral powers in the Hylleraas poly- 


5 Some uncertainty still exists even with regard to convergence. 
The proof given by A. S. Coolidge and H. M. James [Phys. Rev. 
51, 855 (1937) ] can be shown to be valid in what concerns the 
completeness of the Hylleraas set, but the part dealing with 
convergence involves an unproven assumption. 

®°L. Wilets and I. J. Cherry, Phys. Rev. 103, 112 (1956). 

7A. F. Stevenson and M. F. Crawford, Phys. Rev. 54, 375 
(1938). 





NONRELATIVISTIC EQUATION 


FOR He 


TABLE I. Nonrelativistic wave functions of Hylleraas type with fractional exponents for the He ground state. 
Y= eH (Coop +Cooy?+-Co20l?+ + ++); s=ritre, 4=r2—71, U=ri2 (normalized function; atomic units). 








3.614 3. 


2.90277 


3.61529 
2.90277 


k\input 
-Ef 
k) from 
Bay moe 
formulas* 
Cimn 
000 
004 


5 
9033807 
500706 
.903381 


3 
2 
3 
2 


1.22323 
0.22927 
0.17392 
0.25168 


1.401276 
0.380444 
0.153910 
0.144767 
—0.366021 
0.051416 


420 


2.9035502 


3.498814 
2.903551 


1.409473 
0.312906 
0.226558 
0.158258 
—0.337711 
0.026374 
0.037595 
— 0.053238 





* See formulas (8) in reference 4; or, H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 1, p. 357. 


nomials yielded the results summarized in Table I.’ 
Comparison of these with the corresponding results in 
reference 4, shows that there is indeed a substantial 
improvement of the type sought, especially as no 
attempt was made to choose the optimum scaling 
factor k. The following immediate questions remain: 
(1) Will the energy be pushed substantially lower by 
suitable increase in the number of parameters? (2) In- 
asmuch as this method proved less satisfactory for 
Z=1,° does it actually improve with increasing Z? 


8 The suitable introduction of negative powers has been ex- 
plored successfully by Dr. T. Kinoshita (private communication). 


5 
9037135 


500070 
903719 


5 
.903639 
498639 


3 3. 
2 2. 
3 KF 
2.903639 2 


1.444384 
0.199743 
0.375122 
0.250348 
—0.347380 
0.026178 
0.050218 
—0.276125 
—0.017173 
0.080784 


1.487603 
— 0.018836 
0.344291 
0.648979 
—0.354477 
0.025919 
0.059514 
—0.230744 
0.059567 
0.064742 
—0.300762 


1.396898 
0.176205 
0.329913 
0.518561 
—0.232078 
0.007720 
—0.172997 
—0.255175 
0.023661 
0.066023 
—0.244214 
0.136027 
0.030960 


(3) What can be expected from the employment of 
more general fractional powers? (4) What restrictions, 
if any, in the applicability of the present functions, 
result from their having singular derivatives on the 
planes s=0 and u=0? Some work on these questions is 
continuing, but any significant progress relative to (1) 
would involve computational facilities not presently 
available to the author. 

The assistance of Veronica C. Fink, who was. in 
charge of all the numerical work on this problem, is 
gratefully acknowledged. 


® The result of Levitt, Tauber, and Wu [Phys. Rev. 99, 1659(A) 
(1955) ] needed revision [G. E. Tauber (private communication) ] 
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Lower Bound to the Ground-State Energy and Mass Polarization in Helium-Like Atoms* 


LAWRENCE WILETs AND IvAN J. CHERRY 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received March 12, 1956) 


Using a method which involves finding the expectation value of the square of the Hamiltonian, lower 
bounds to the ground state energies of He, Li*, and O** have been obtained from existing Hylleraas-type 
wave functions. The limit of error in the Chandrasekhar-Herzberg 18-parameter helium upper bound, 
— 2.9037063 atomic units (a.u.), is found to be in absolute value less than 0.00179 a.u. and “probably”’ less 
than 0.00009 a.u. (~20 cm™). These results would seem to indicate that the Hylleraas series is not as rapidly 


convergent as previously thought. 


Again using existing Hylleraas-type wave functions, values have been obtained for the mass polarization 
(specific mass effect) in the same helium-like atoms. The value obtained for helium is somewhat different from 


that given by Bethe. 





I. INTRODUCTION 


HE recent precision measurements by Herzberg 

and Zbinden! of the ionization potential of helium 
have renewed interest in the problem of calculating 
very accurately the ground state energies of helium- 
like atoms. The helium-like atoms are of special interest 
since they provide one of the few opportunities to test 
the two-body relativistic formulation of quantum 
mechanics. 

The early nonrelativistic calculations of Hylleraas? 
have been extended by Chandrasekhar and Herzberg* 
to include (in the case of He) 18 adjustable parameters. 
To the nonrelativistic energies so obtained must be 
added the corrections for finite mass (normal and spe- 
cific mass effects), relativistic effects, and Lamb shift. 
The last two effects will not be discussed here, but a 
general review of them, along with further references, 
will be found in the papers of Chandrasekhar and 
Herzberg. 

At present, the experimental value of the helium 
ionization potential, the error in the calculated non- 
relativistic energy as estimated by Chandrasekhar and 
Herzberg, and the magnitude of the relativistic correc- 
tions are all comparable—about 2 cm~'. There is hope 
for even further improvement in the experiments and, 
if necessary, more detailed nonrelativistic calculations 
can be made. It should also be noted that individual 
contributions to the relativistic corrections are of the 
order of 20 cm™ and therefore “observable” at this 
time. 

The purpose of the present work is to obtain an 
estimate of the accuracy of the calculated nonrelativistic 
energies. The convergence of the Hylleraas expansion 
to the correct energy is not a settled matter, although 
it does appear “‘plausible.’* Even if the expansion is 

* Work supported by the U. S. Atomic Energy Commission. 

1G. Herzberg and R. Zbinden [unpublished; referred to by 
Chandrasekhar and Herzberg (1955), reference 3]. 

2 E. A. Hylleraas, Z. Physik 54, 347 (1929) ; 65, 209 (1930). 

3 Chandrasekhar, Elbert, and Herzberg, Phys. Rev. 91, 1172 
(1953); S. Chandrasekhar and G. Herzberg, Phys. Rev. 98,1050 


(1955). 
4T. Kato, Trans. Am. Math. Soc. 70, 212 (1951). See reference 
11 in Chandrasekhar and Herzberg.’ Kinoshita (private com- 


convergent, it is not necessarily rapidly convergent. A 
difficulty in estimating the speed of convergence is 
the non-orthogonality of the Hylleraas functions. The 
decrease in change of energy (as a function of the num- 
ber of parameters) is not a reliable guide to convergence. 
The present investigation indicates that the converg- 
ence is perhaps not so rapid as estimated by Chan- 
drasekhar and Herzberg. 

Stevenson and Crawford® obtained lower bounds to 
some of the early Hylleraas wave functions by methods 
similar to those discussed here. 

Il. FORMULA FOR BOUNDS ON THE GROUND 
STATE ENERGY 

Given any trial wave function, the expectation value 
of the Hamiltonian with respect to that wave function 
provides an upper bound to the ground state energy, 
according to the Ritz variational principle. Several 
methods have been proposed for finding a lower bound 
to the ground state energy, all of which involve finding 
the expectation value of the square of the Hamiltonian. 
Those which give the “best” lower bound also require 
some knowledge of the first excited state of the same 
character (angular momentum and parity). The method 
chosen here’ (others are roughly equivalent) bounds 
the ground state energy Ep as follows: 


(H*)—(H) 
Zz, ~ te * 


where £; is the energy of the first excited state of the 
same character. 

A simple derivation of (1) can be readily given. Let 
¥=)>a;, where the ¢; are eigenfunctions of the H 


(H) 2 Eo2 (H)— (1) 


munication) expressed the belief that the Hylleraas expansion is 
not formally complete. He is carrying out a calculation with a 
more general expansion which includes negative powers of the 
variables. H. M. Schwartz, Bull. Am. Phys. Soc. Ser. II, 1, 26 
(1956), for similar reasons, is carrying out an expansion in frac- 
tional powers. 

5A. F. Stevenson and M. F. Crawford, Phys. Rev. 54, 375 
(1938). 

6 See P. M. Morse and H. Feshbach, Methods of Theoretical 
Physics (McGraw-Hill Book Company, New York, 1953), Sec. 9.4, 
especially Eqs. (9.4 110) and (9.4 117). 

7G. Temple, Proc. Roy. Soc. (London) A119, 276 (1928). 
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LOWER BOUND TO 


corresponding to the eigenvalues /;; }-a?=1. Then 
0< S0a?(Ei— Eo) (Ei:— E1:) = ((H— Eo) (H— E)) 
= (H*)—(HY+ ((H)— Eo) ((H)— Ei). (2) 


Equation (1) then follows directly. It can be seen that 
in the second comparison in Eq. (1), the equality sign 
holds if the trial wave function is a combination only 
of the ground and first excited state eigenfunctions. 


III. EVALUATION OF (H? 


For the S-state configurations the atomic wave func- 
tion can be described in terms of the three coordinates 


s= k(ri+12), 
{= k(r2—11), 


u= rio, 


(3) 


where the indices 1 and 2 refer to the coordinates of the 
two atomic electrons. & is an arbitrary scale factor. 
The Hylleraas-type wave functions are given by 


~ } ’ 
V=Ne* + & Cimns't™ 0", 
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where 2 is a normalization factor. The ground state 
configuration is symmetric, so that only even powers of 
# are assumed. Thus the variables s, ¢, and « may be 
considered to range over positive values only, and the 
expectation value of an operator © may be written 


(0)= (nye f as f udu f dt(s’—f) (WOW). (5) 
0 0 0 


The normalization is obtained by setting (1)=1. 

All expectation values are bilinear forms in the Cimn. 
The coefficients in the expressions for the energy and 
normalization are given by Hylleraas,? and may also 
be found in the papers of Chandrasekhar and Herz- 
berg. To obtain the lowest upper bound, the param- 
eters Cimn and & are varied so as to minimize the ex- 
pectation value of the energy, subject to the condition 
that the normalization of the wave function remain 
constant. Minimization with respect to the scale factor 
k corresponds to satisfying the virial theorem: (kinetic 
energy) = — }(potential energy). 

In terms of the variables s, ¢, 
assumes the form® 


u, the Hamiltonian 


4s O 4t oO 4Zs 1 
eb 


(s'—F) ds (s*—F) dt (s’—?f) 


The expression for the expectation value of the square of the Hamiltonian is then the bilinear form 


(H?) = (2m) 


nae as f win f dt(s*—f 
|-f ste cds f yntn du f 
0 0 0 


n(n+1) 1 2 
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(8) 


The summation is taken as 0 for 6=0. In both integrals 
[Eqs. (9) and (10) ], 6 only assumes even values, and 
a2>0, b20, c> —1. F(c) is given by 


© fC j (—1)" (—1)* " 
F(c)=3 DL ( ) ae 
n=0 \n | (m-+1)2 n+1 


dahl 
x ar na ~f c¥—1, (11) 
ee 


n+1 
F(—1)=ir 


The evaluations of the algebraic expressions for (H”) 
were carried out on the Los Alamos IBM-701 electronic 
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TABLE I. Summary of calculations on helium-like atoms. The reference numbers refer to footnotes in the text. Column 3 gives the 
upper bound in the energy (#), column 6 the absolute error in the upper bound as estimated by Eq. (1). Columns 7 and 9 compare the 
upper bounds with the 18-parameter lower [EZ (i8)] and upper [E (18) ] bounds, respectively. The values of E; are experimental; in 
the case of O** the first excited 1S state is unknown, so the estimate of its energy was made from the position of the lowest 3S state. 
All energies are in atomic units. The mass polarization (specific mass-effect) is obtained by dividing column 11 by the nuclear mass 
in units of the electron mass. The sign of this term is conventially taken as positive if in the same sense as the normal mass effect ; this 


is opposite to the sense of the energy shift. 








1 2 3 

No. of 

param- 
eters 


Refer- 
ence (A) 





(H*) —(H)® 
Ei —(A) 


—(pi-p2) 


(H)-E (18) (6) /(7) 


E (18) —(H) 


He (£,~2.146) 


— 2.848 

— 2.9024 

— 2.90324 

— 2.903603 
— 2.9037009 
— 2.9087063 
—2.9037178 


8.109 
8.4242 
8.42880 
8.430909 
8.4314789 
8.4315103 


9.006 
8.4715 
8.44589 
8.438489 
8.433529 
8.4328680 


1.28 
0.0626 
0.0225 
0.0100 
0.00271 
0.00179 


0.057 
0.0030 
0.00228 
0.00190 
0.00180 
0.00179 


0.056 0 
0.0013 0.17764 
0.00047 0.16437 
0.000103 0.15905 
0.0000054 0.15923 
tee 0.15916 


Lit (£,— Eo~0.5468) 


—7.2797624  52.99494 53.01801 


O*+(E,— 
3499.682 0.0305 


10 —59.156422 


3499.482 








computer. For consistency, the wave function normal- 
izations were recalculated. 


IV. RESULTS AND DISCUSSION OF 
LOWER-BOUND CALCULATIONS 


In Table I are given the results for the 1, 5, 6, 10, 
14, and 18 parameter wave functions of helium and the 
10-parameter wave functions of Lit and O*. 

A 20-parameter helium wave function has also been 
calculated by Herzberg,* the corresponding energy of 
which differs very little from the 18-parameter value; 
a lower bound has not been calculated for this wave 
function. 

Comparison with the 18 parameter bounds indicates 
(as was found by Stevenson and Crawford) that in 
the other cases the upper bound is considerably closer 
to the true eigenvalue than is the lower bound. Thus 
while the absolute limit of error in the 18-parameter 
upper bound is 0.00179 atomic units (a.u.), it appears 
quite probable that the actual error is at least an order 
of magnitude smaller. In column 8 (or 10) of Table I 
is given the ratio of the error in the upper bound to that 
in the lower bound assuming the 18-parameter lower 
(or upper) bound gives the correct energy. It seems 
reasonable that this ratio using the true energy would 
generally be at least 20—perhaps greater. Thus a more 
probable limit on the 18-parameter upper bound would 
be 0.00009 a.u. (~20 cm™'). Although this may still 
be an overestimate, it would seem to indicate that the 
convergence is not so rapid as the small change in (H) 
as a function of the number of parameters might imply. 
Further calculations with either more parameters or a 


8 G. Herzberg (private communication). 


0.0420 


40 6.55) 








different expansion seems required to yield accuracy 
comparable with the experiment. 


V. MASS POLARIZATION CORRECTION 


The nonrelativistic energies must be corrected for the 
finite mass of the nucleus. As a matter of convenience, 
the nuclear mass corrections are generally divided into 
the normal (reduced) mass and mass polarization 
(specific mass) effects. The separation is made as 
follows: 


In a coordinate system where the center of mass of 
the atom is at rest, the atomic Hamiltonian assumes 
the form 


H=(2m)" > p2+V+(2M)-(E p,)?, —(12) 
where m and M are the electronic and nuclear masses, 
and p;= —ih¥;. It is of importance to the form of the 
potential energy term that the distances x; are measured 
relative to the nucleus rather than relative to the center 
of mass. 

The second term on the right-hand side of (12) repre- 
sents a correction for the kinetic energy of the nucleus. 
It is convenient to separate the correction term into 
two parts, thusly: 


(2M)"(X pi)? = (2M) DS p?+(2M)* Dd pip; (13) 
i i ix) 


The first term on the right-hand side of (13) has the 
same form as the electronic kinetic energy. It can be 
combined with the electronic kinetic energy term 
merely by replacing the electronic mass m by the re- 
duced mass .= mM/(m+M). The atomic energy levels 
[neglecting for the moment the second term on the 
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right-hand side of (13) ] are directly proportional to the 
reduced mass ; this gives rise to the normal, or reduced 
mass, correction. 

The second term on the right-hand side of (13) re- 
ferred to as the mass polarization or specific mass term, 
appears only in polyelectronic atoms. Because of the 
appearance of the nucleonic mass in the denominator, 
it is assumed to be small and can be treated by first- 
order perturbation theory. In most atoms, the mass 
polarization term can be larger than the normal mass 
term. 

In the case of helium, the summation for the mass 
polarization reduces to the single term 


H’=M- 'D; * Po. 


Written in terms of the Hylleraas variables (3), the 


(14) 


lmn yt mm’ (s*—f) 
| -f: i+ e—#ds f gntn’ f: grin a u[s-+P— 2 (-- -)(-- -) ---— Hn a “[e— 
Um'n' 2 u 


Equation (17) may be evaluated from the integrals 
given in (9) to yield explicitly 
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_ al +n Tan’ 
ut+3 abebt 


where \=/+1', p= m-+m’, v=n+n’' and o=A+u-+». 

The algebraic expression for the mass polarization 
was evaluated on the Los Alamos IBM-701 electronic 
computer for the same wave functions as were used in 
calculating the lower bounds. The results are sum- 
marized in Table I. 

The mass polarization term depends upon the elec- 
tron correlation, and in fact vanishes unless the coordi- 
nate 71.=4/k appears in the wave function. It is thus 
more critical to the accuracy of the wave function than 


nm'+n'm+nn’ 
, 18) 
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expectation value of the operator assumes the form® 


(H’) = — (24r)?>M"0k ‘f as f au f dt 
0 0 0 


X {u(s?-+P —2u*) (W2—V?) —u(se?—P)¥,? 


+2s(P—w)V WV .+2t(w—s*)¥ Wh}, (15) 
where the subscripts on the W’s indicate differentiation. 
For a Hylleraas-type wave function (4), the expecta- 
tion value of H’ assumes the bilinear form 


lmn 
(H’) = (23)°M—k-4 pM Cia iarat | , (16) 


Imn U'm'n’ 
U'm'n’ 


where 
u? | 


(17) 


pum (u?— 5?) 
a y +(- — - nt ———(mn'+m'n) }. 
u 


is the energy. Indeed, for the one-parameter wave 
function, the mass polarization vanishes while the 
energy is given to within 2% 

The value obtained from Hylleraas’s 6-parameter 
wave function is somewhat at variance with that re- 
ported by Bethe,® who gives for —p,-p2 the value 
0.173 compared with our value of 0.164. This discrep- 
ancy was noted earlier by Edmonds and Wilets and by 
Kinoshita (both unpublished). 
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The influence of the time-dependent quadrupole interaction 
in various liquid sources of In™ on the directional correlation of 
the Cd gamma rays has been investigated quantitatively. By 
using the technique of delayed correlation measurements the 
characteristic interaction (relaxation) parameters Az: have been 
determined for aqueous InCl; solutions as a function of the 
macroscopic viscosity. These experiments revealed that 2 is 
not simply proportional to the macroscopic viscosity of the 
liquid as might be expected from simple considerations. The 
extranuclear interaction in indium metal sources was studied as 
a function of temperature. The relatively large attenuation of 


1. INTRODUCTION 


UMEROUS theoretical as well as experimental 

investigations have been made of the influence 
of extranuclear fields on the directional correlation of 
nuclear radiation.! The interest in these extranuclear 
effects arises because of the following considerations: 


(i) The interpretation of directional correlation 
measurements as to the angular momenta of the nuclear 
levels involved and as to the multipole character of 
the nuclear radiations’-* between these levels requires 
knowledge of the directional correlation which is 
unperturbed by any interaction of the nuclear moments 
with external fields. It is true, however, that in the 
majority of nuclear cascades the intermediate states 
involved have lifetimes ry of the order of 10~™ sec 
or less, which is too short a time for a correlation- 
affecting reorientation of the nucleus, even when the 
interaction of the nuclear moments with the almost 
always present atomic and crystalline fields is strong.! 
Nevertheless, the directional correlations of several 
nuclear cascades involving longer lived intermediate 
states are known only approximately or not at all 
due to the uncertainties concerning the influence of 
extranuclear effects. 

(ii) On the other hand, quantitative information 
on parameters, which describe the interaction of the 
nuclear moments with extranuclear fields, makes it 
possible to compute the nuclear moments in the inter- 


* A brief account of this work was presented at the Washington 
Meeting of the American Physical Society, April 29-30, 1955 
[Phys. Rev. 99, 659 (1955) ]. 

t Supported in part by the U. S. Atomic Energy Commission. 

1 For a review and references, see R. M. Steffen, Advances in 
Phys., Phil. Mag. Suppl. 4, 293 (1955). 

2D. R. Hamilton, Phys. Rev. 58, 122 (1940). 

*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

4H. Frauenfelder, article in K. Siegbahn’s book on Beta and 
Gamma Ray Spectroscopy (North-Holland Publishing Company, 
Amsterdam, 1955), p. 531. 

5 M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324, 1955 (unpublished). 


the Cd gamma-gamma correlation in polycrystalline indium 
metal was found to vanish completely upon reaching the liquid 
phase, a result which was confirmed by delayed correlation 
measurements. The “true,” unperturbed, directional correlation 
of the Cd! gamma rays was computed from these experimental 
data and is represented by W(@)=1—(0.1802-0.002) P2(cos®) 
+ (0.002+0.003)P,(cos@). This correlation is characteristic for a 
cascade of a mixed M1+£2 transition, with an E2/M1 intensity 
ratio of 0.021+0.002 (6= +-0.146) followed by a pure £2 transition, 
between states of angular momentum quantum number 7/2, 
5/2, and 1/2. 


mediate state, if the external fields at the sites of the 
nuclei are known.!:*? 

(iii) Once the nuclear moments are known, the 
dependence of directional correlations on the chemical 
and physical state of the source might provide informa- 
tion about the electric and magnetic fields prevailing 
at the decaying nucleus, and thus might give informa- 
tion on atomic and molecular structure and the 
structure of liquids and solids similar to the way that 
nuclear magnetic resonance absorption and nuclear 
induction do. 


In this paper, which is the first one in a series of 
articles on the directional correlation of the Cd! 
gamma-gamma cascade, we shall present investigations 
of the time-dependent interaction of the 247-kev Cd™ 
state in liquid sources of the parent nuclide In". 
From the results of delay experiments, the unperturbed 
directional correlation of the Cd! gamma rays will 
then be extracted. 


2. INFLUENCE OF EXTRANUCLEAR FIELDS ON 
DIRECTIONAL CORRELATIONS 


2.1. General Considerations 


An anisotropic intensity distribution of radiation 
emitted from a nuclear state of angular momentum 
Th is a result of an unequal population of the 27+1 
magnetic sublevels defined for some axis of quantization. 
In the absence of any extranuclear fields the state is 
27+1 fold degenerate. The unequal population of 
the m-states can be introduced, for instance, by 
observation of the preceding radiation along a fixed 
direction z which leads to the formation of an ensemble 
of nuclear states with unequal population of the m-states 
defined with respect to z. The intensity distribution of 
the second radiation with respect to z is, in general, 
anisotropic and is termed the directional correlation 

6 Alder, Albers-Schénberg, Heer, and Novey, Helv. Phys. 


Acta 26, 761 (1953). 
7A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
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of the nuclear cascade. The relative probability that 
the two cascade quanta are emitted at an angle © is 
given by the correlation function W°(@) which is 
most conveniently expressed as an expansion in even 
Legendre polynomials’: 


kmax 


W(O)=1+ ¥ Ax’Px(cos@). (1) 
k=1 


The coefficients A 2,” depend upon the angular momenta 
of the three nuclear states involved in the cascade 
and upon the multipole character of the radiation fields 
emitted.2-4 Numerical values of these coefficients can 
be obtained from reference 3 or from the more extensive 
tables of Ferentz and Rosenzweig.® 


2.2. Static Interactions in Solids 


Interactions of the nuclear moments (magnetic 
dipole moment uy, electric quadrupole moment Q, and 
possibly moments of higher order) with external 
static fields cause a complete or partial lifting of the 
27+1 fold degeneracy in the intermediate nuclear 
state and, depending upon the magnitude of the 
resulting energy splitting, the population of the 
m-sublevels as defined with respect to the axis of 
propagation of the first nuclear radiation, may change 
rapidly enough within the lifetime, tyv=1/A, of the 
intermediate state to alter the directional correlation.':® 

Semiclassically, the situation in the case of the static 
interaction can be described adequately by the picture 
of a nucleus precessing with its axis (I) about the 
symmetry axis of the stationary field. The “precession 
frequencies” are the frequency equivalents of the energy 
splittings mentioned above. In this investigation we 
are concerned about the interactions of the electric 
quadrupole moment Q of the nucleus with the electric 
charge distribution of its environment. Magnetic 
interactions will be considered in the following paper.® 

As far as the electric quadrupole interaction is 
concerned, the extranuclear fields are described by the 
electrostatic gradient, grad E. This tensor quantity 
reduces to a single essential component, d£E,/dz, 
[0E,/dx=dE,/dy= —}(0E,/dz)], in case of axial 
symmetry (e.g., about the z axis). The electric quad- 
rupole interaction is then characterized by the funda- 
mental precession frequency w. (corresponding to the 
smallest nonvanishing energy splitting) : 


3 e0 OE, 


* apenyea aaeod , (2) 
41(2I—1) h dz 


wW 


for integral nuclear spin J. It is twice as large for half- 
integral values of J. 


8 The symbols A2,° are used to denote the coefficients of the 
unperturbed correlation; they correspond to the A» in references 


3-5. 
9R. M. Steffen and W. Zobel, Phys. Rev. 102, 126 (1956) 
following paper. 
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In solids the extranuclear fields which give rise to 
an interaction with the nuclear moments are essentially 
static fields and depend upon the crystalline and 
atomic structure. In polycrystalline sources, without 
externally applied fields, where the crystallographic 
axes of the microcrystals are oriented at random, the 
perturbing interaction does not introduce a preferred 
direction in the radioactive source as a whole. In this 
case the directional correlation retains its essential 
form of Eq. (1), but each coefficient A2,° is multiplied 
by an “attenuation” factor Go, (Go, <1): 


Kmax 
W(O)=1+ ds Ax P2.(cos@) 


k=] 


kmax 


=1+ 2? Aop’GorPx(cos@). (3) 


k=l 


The attenuation coefficients G2; (t) are periodic functions 
of the time interval ¢ during which the intermediate 
nuclear state is exposed to the static fields; e.g., G2(t) 
for the case of the electric quadrupole interaction 
involving an intermediate state of J=5/2 is represented 
by? 


G2(t)=[7+13 cos(wt) +10 cos(2w,t) 
+5 cos(3w,t) 1/35. (4) 


In practice, a directional correlation is measured by 
means of a coincidence analyzer of finite resolving time 
to. The time-integrated attenuation coefficient G2 is 
then easily obtained from the differential form Eq. (4) 
by integration: 


TO TO 
G.-f ereoa / f edt, (S) 
0 0 


Go=[(7+13J (we) +10 (2w.) +5J (3w.) ]/35, (6a) 
where 


J (nw) = 
1+ (nwt)? 


1 





1—e>"[_cos(nw,.To) — NweTN SIN(MweTO) | 


1—¢ 


For the static “isotropic” interaction the Go,’s will 
never vanish completely: a limiting or “hard core” 
correlation remains.’ In fact, it can be shown that the 
irreducible minimum of G2, for the integral correlation 
(ro>>rw) and for static interaction is 


Ga,(min) = 1/(4k+1). (7) 
2.3. Time-Dependent Interactions in Liquids 


2.3. 1. Fluctuating Fields in a Liquid 


The possibility of a perturbation of directional 
correlation phenomena by interactions of the nuclear 
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moments with the rapidly fluctuating fields such as 
those present in a liquid due to the thermal motion of 
the molecules has first been pointed out by Pound and 
Abragam.’ The mechanism involved in this interaction 
is similar to the relaxation mechanism which brings 
the nuclear spin system in nuclear magnetic resonance 
absorption back to thermal equilibrium with its environ- 
ment." 

The quantitative analysis of this “relaxation” 
process in a liquid requires information as to how 
the local environment of a given nucleus changes in 
time. Any field at some point in the liquid, arising from 
a particular instantaneous configuration of the con- 
stituents of the liquid, must change continually in a 
random fashion. Any nucleus in the liquid is thus 
subjected to interacting fields which change rapidly 
in direction as well as in magnitude. In their model, 
Abragam and Pound’ described the interaction as 
due to a field whose magnitude, on the average, is 
constant but whose direction fluctuates in a random 
manner. 


2.3. 2. Time-Dependent Quadrupole Interaction 


It is to be expected, and it has been corroborated by 
experiments, that the most effective time-dependent 
interaction mechanism in a liquid for the attenuation 
of a directional correlation is due to the interaction of 
the electric quadrupole moment Q in the nuclear 
intermediate state and the fluctuating electric gradients 
of average (mean square) magnitude ((0E,/dz’)),, 
where 2’ denotes the direction of largest field gradient 
in coordinates moving with the fluctuations. 

The time-dependent quadrupole interaction is then 
characterized by parameters \2;, which also depend on 
the “correlation time” 7,. The latter can be described 
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Fic. 1. The gamma-gamma cascade in Cd" following the 
electron capture decay of In™. 


% Bloembergen, Pound, and Purcell, Phys. Rev. 73, 679 (1948). 
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as the time interval during which, on the average, a 
given orientation of the field axis z’ changes appreciably. 
The correlation time r, is intimately related to the 
“characteristic” time rp in Debye’s theory of dielectric 
dispersion ;" that is, the time in which an assembly 
of molecules oriented by an external electric field loses 
its distribution with respect to a fixed direction by 
virtue of the Brownian motion, after the electric field 
has been removed. Following Debye’s approach, 
treating the constituents of the liquid as rigid spheres 
of radius a in a viscous medium of viscosity 7 a crude 
approximation for 7, can be constructed": 


T= trp= (4ra®/3kT)n. (8) 


It should be kept in mind that this expression is 
necessarily the result of a much oversimplified picture. 
In particular, the viscosity 7 in Eq. (8), which is respon- 
sible for the “frictional” forces encountered in the 
rotational motion of the molecules, is not necessarily 
identical with the macroscopic viscosity of the liquid, 
which is measured on the basis of “friction” involving 
translatory motion of the molecules in the liquid. The 
presence of a time-dependent interaction in a liquid 
does not introduce a preferred direction at the radio- 
active source, and thus the perturbed directional 
correlation again can be represented by a function of the 
form of Eq. (3). The attenuation coefficients G:(t), 
however, are now exponentia! functions of ¢:7 


Gy (t) =e", (9) 


The interaction or relaxation parameters A», have 
been calculated by Abragam and Pound.’ 


3 se0\2/ (0E\? 
mms) <=)? 
80 h Oz’ AV 
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The time-integrated attenuation coefficients [com- 
pare Eq. (5)] for a coincidence resolving time 7» are 
given by the following expression: 


1 1 — e~ At r2k) 70 
(11) 


12k 0 5 anal oad 


ieee 


If a delay T7(T> 70) is incorporated into one channel of 
the coincidence analyzer, the time integrated attenua- 
attenuation coefficients are given by 


T+r0 T+r0 
Gal T) = eGuldat / f edt, 


Tito 


(12) 





1 sinh[ (A+A2x)70_] 
¢ 


Go.(T)= rT (13) 


1+YrxTN sinh (ATo) 
1 P, Debye, Polar Molecules (Dover Publications, New York, 
1945), Chap. V. 





DIRECTIONAL CO;RRRELATION OF Cd!!! y RAYS 


3. EXPERIMENTAL 
3.1. Directional Correlation of the Cd!!! Cascade 


The unperturbed directional correlation of the Cd! 
gamma-gamma cascade (Fig. 1) is of the form 


W°(O)=1+A.°P2(cosO)+A,4°Ps(cosO). (14) 


There was good, yet not conclusive, evidence that the 
values of A, and A,’ are close to —0.17 and 0, respec- 
tively. These values have been extracted from an 
analysis of direction correlation measurements on In"! 
sources of very different structure.! The directional 
correlation measurements, which will be described in 
this paper, allow an unambiguous, accurate determina- 
tion of the Cd'" gamma-gamma correlation function: 


W°(@)=1— (0.180+0.002) P:(cos®) 
+ (0.002+0.003) P,(cos®). 


In the following discussion, the Py(cos@) term will be 
neglected. 
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Fic. 2. Diagram of the detector arrangement. 


The Cd™ cascade is ideally suited for the investiga- 
tion of extranuclear effects on directional correlations. 
The intermediate lifetime, ry = 1/A= (122.3*)°3) my sec,!” 
is long enough to allow a strong influence on the direc- 
tional correlation by external fields and yet is is short 
enough to perform coincidence measurements with 
high accuracy. Furthermore, the half-life (7,=65 hr) 
of the parent In" is of convenient magnitude and the 
decay of In" is simple and well known. 


3.2. Preparation of the In" Sources 


The In" was produced by an (a,2m) reaction on 
Ag’ in the Purdue cyclotron. This method of preparing 
In' has the advantage that no long-lived undesired 
radioactive indium isotopes (e.g., In'), which might 
interfere with the correlation measurements, are 
present. In the chemical separation of the indium from 
the silver of the target, very small amounts of indium 
carrier (~0.2 mg) were used. Carrier-free coprecipita- 
tion of the In(OH); with Fe(OH); was used in some 

122 P. C. Simms and R. M. Steffen, Bull. Am. Phys. Soc. Ser. IT, 
1, 207 (1956); to be published in The Physical Review. 
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Fic. 3. Block diagram of the coincidence-spectrometer electronics. 


cases. The various indium compounds used in the 
investigation were prepared by dissolving the well 
washed In(OH); precipitate in small amounts of 
acids or other chemicals. After evaporation to dryness 
the indium salts were redissolved in distilled water, 
ether, chloroform or other solvents and sealed into small 
Pyrex ampoules of 3-mm inside diameter. The height 
of the sources was about 10 mm. Metallic indium was 
obtained by electroplating the metal onto a thin indium 
wire from a formic acid solution. After purification by 
heating the metal in a hydrogen atmosphere the small 
indium metal cylinder (1 mm in diameter, 10 mm long) 
was vacuum sealed into a Pyrex tube of similar inside 
dimensions. Unless otherwise stated, the temperature 
of the sources was maintained constant at 25°C during 
the correlation measurements on solutions. The meas- 
urements on metallic indium sources were performed 
at source temperatures ranging from —190°C up to 


695°C. 


3.3. Directional Correlation Apparatus 


The essential features of the experimental arrange- 
ment are shown in Fig. 2. The detectors are Nal(TI) 
cylindrical single crystals mounted on DuMont 6292 
photomultiplier tubes. The energy resolution of the 
two detectors is between 8% and 9% (for the 
661-kev gamma radiation of Cs'*’). The directional 
correlation measurements were performed by means 
of a coincidence spectrometer which incorporated 
simultaneous differential and integral pulse height 
selection. The block diagram of the electronics is 
presented in Fig. 3. A more detailed description of the 
circuits will be published in the near future."® By 
inserting different lengths of RG7/U cable between 
cathode follower and linear amplifier one channel can 
be delayed with respect to the other. The over-all 
resolving time ro of the equipment can be varied from 
80 to 350 millimicroseconds. In most measurements 
presented here a resolving time of r>= (17242) mysec 
was used, except for the delayed correlation experiments, 
where a shorter resolving time, 7y>=(102+2) mysec 


13H. Paul and R. M. Steffen (to be published). 
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was employed. The data accumulated in the integral 
pulse-height channels were used for control purposes 
only, unless otherwise stated. Drift effects of the 
equipment were found to be negligibly small as long 
as the temperature of the laboratory remained constant. 
Thus, special precautions were taken to keep the room 
temperature at a constant level. 

Operation of the equipment is fully automatic. 
The angle between the axes of the detectors is changed 
at preset time intervals (15 min or 60 min) and the 
data are recorded photographically. 


3.4. Experimental Procedure 


Unless indicated otherwise, the coincidence counting 
rate was measured at eleven angular positions 0=90°, 
110°, 130°, 150°, 170°, 180°, 190°, 210°, 230°, 250°, 270°. 
From these data the experimental correlation function 
W’(@) was obtained by a least-square fit to a function 
of the form W’(@)=Ao’+A2'P2(cos@), from which 
the actual correlation function W(@)=1+A2P2(cos@) 
was computed by applying the corrections for the 
finite size of the detectors and for the finite extension 
of the source. The methods described by Frankel and 
Feingold'*'® were employed for this purpose. It was 
verified experimentally that the expression for the local 
efficiency ¢(8)=1—e~**) of the scintillation detectors 
as given by Rose'® furnishes the proper correction 
only if differential pulse height analysis is used. With 
integral energy discrimination, degraded radiation 
scattered from the shields is accepted, and an experi- 
mentally determined efficiency function e(#) must be 
used for the geometrical correction (compare reference 
9). 





dil, oqu. solution of InCi 


4 


170° 180° 








Fic. 4. The Cd gamma-gamma directional correlation 
displayed by an In™ source in the form of a dilute aqueous 
solution of InCl;. The solid curve represents the measurements 
with differential energy selection. The dotted curve was obtained 
with integral energy discrimination. 


4S. Frankel, Phys. Rev. 83, 673 (1951). 
16 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
16M. E. Rose, Phys. Rev. 91, 610 (1953). 
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4. MEASUREMENTS ON SOLUTIONS 
OF INDIUM SALTS 


4.1. Directional Correlation Without Delay 


The influence of the viscosity of the source on the 
undelayed directional correlation of the Cd"! gamma 
rays had been measured independently by the Purdue!’ 
and the Zurich group.'* These investigations, however, 
were made without differential pulse-height selection 
in the two coincidence channels. It was found in the 
course of our measurements that the experimental 
anisotropy A=[W(180°)—W (90°) ]/W(90°) of the 
Cd" directional correlation observed with differential 
pulse-height selection differed by as much as ten percent 
from the results obtained with integral discrimination 
where all gamma radiation above 70 kev was accepted." 
This effect was attributed to scattering effects from 
the surroundings and in the source. Figure 4 shows the 
Cd' directional correlation measured with an In"! 


TABLE I. The Cd!" gamma-gamma directional correlation 
observed with In™ sources of different chemical composition. 
(ro=172 my sec). 





Form of the radioactive 


Viscosity 
In"! source G: 


cgs units Az 





InCl;, dilute aqueous 
solution 

InCl;, dilute aqueous solu- 
tion +107Fet** ions per 
cm* added 

InI;, dilute aqueous 
solution 

In2(SO,)s, dilute aqueous 
solution 

In(ClO,4)3-8H.20, dilute 
aqueous solution 

In (NO3)3:3H,0, dilute 

aqueous solution 

In(NO;)3-:3H20, dissolved 
in ethyl alcohol 

In(ClO,4)3-8H:0, dissolved 
in ethyl alcohol 

InI;, dissolved in xylene 

In(CyH,ON), dissolved in 
chloroform 0.005 —0.158+0.009 

InI3, liquid salt (220°C) ? —0.15 +0.01 

In, liquid metal (165°C) 0.009 —0.180+-0.02 

In(OH)s, gelatinous —0.020+0.006 

In(OH);, dry —0.030+-0.006 

InCl;, dried at 25°C —0.021+0.003 

InCl;, vacuum dried at 
150°C 

InCl;, gas (1200°C) 

InI;, polycrystalline 

In2Osg, dry 

In metal, polycrystalline 
(25°C) 

In metal, polycrystalline 


(—190°C) 


0.009 —0.168+0.004 0.93+0.03 


0.009 —0.165+0.004 0.92+0.03 


0.009 —0.167+0.004 0.93+0.03 
0.009 —0.165+0.008 0.92+0.05 
0.009 —0.170+0.005 0.94+0.03 
0.92+0.04 


0.91+0.05 


0.009 —0.165+0.007 
0.011 —0.164+0.008 


0.93+0.03 
0.90+0.04 


0.011 —0.168+0.005 
0.007 —0.163+0.007 


0.88+0.06 
0.83+0.06 
1.00 

0.110.03 
0.16+0.04 
0.11+0.03 


0.19+0.02 
0.580.05 
0.17+0.03 
0.34+0.03 


—0.035+0.003 
—0,105+0.008 
—0.031-+0.005 
—0,061 0.004 


—0.059+0.003* 0.330.015" 
—0.055+0.005* 0.31+0.03* 





*7o =295 musec. 


17 P, B. Hemmig and R. M. Steffen, Phys. Rev. 92, 832 (1953). 

18 Albers-Schénberg, Heer, Gimmi, and Novey, Helv. Phys. 
Acta 26, 599 (1953). 

19 To give this comparison any significance, the possibility of 
disturbing coincidence counts due to Compton scattering from 
one counter to the other was eliminated in the case of integral 
a by proper shielding of the scintillation detectors 
with lead. 
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Fic. 5. The correlation factor A(t) of the Cd! gamma-gamma 
correlation displayed by sources of InI; as function of temperature. 


source in the form of a very dilute aqueous solution 
of InCl; using differential and integral pulse height 
selection (solid and dotted curve of Fig. 4, respectively). 
Table I summarizes the directional correlation measure- 
ments on liquid In" sources of different types. For 
purposes of comparison, some results obtained with 
solid sources are included. The attenuation factors G, 
were calculated on the basis of the ‘“unperturbed’’ 
coefficient, A»’= —0.180+0.002, as determined later 
in this paper. It is interesting to note that of all In™ 
sources listed in this table only the gelatinous In(OH); 
and the not too carefully dried InCl; exhibit an attenua- 
tion which is definitely below the hard core value, 
G,(min)=0.2. It is evident that the attenuation of the 
Cd"! correlation is small in all liquid sources of small 
viscosity, whatever the nature of the solvent or the 
solute.’ As pointed out by Abragam and Pound’ this 
is a consequence of the short correlation time 7, in 
liquids of this kind [compare Eq. (10)]. For dilute 
aqueous solutions 7, is of the order of 10-" sec, thus 
for Cd: (r./ty)-¥10~. The time-dependent quad- 
rupole interaction is small if 


IGG). 


The first factor, which measures, essentially, the 
effectiveness of the interaction in the case of a stationary 
field of magnitude ((0E,/0z’)*)y might be considerably 
larger than unity, resulting in a strong perturbation if 
the fields are static (solid sources) yet the small value 
of r./7N, as is the case for the rapidly fluctuating fields 
in a nonviscous liquid, renders the interaction ineffective 
for the attenuation of a directional correlation. The 
argument still holds if the extranuclear fields are due 
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Fic. 6. The correlation factor A2(¢) measured with indium metal 
sources as function of temperature (r)=295 musec). 


to after-effects of the preceding electron-capture process 
in the electron shell of the Cd ion. The disturbed 
electron shell is then in a state of continuous fluctuation, 
which, if fast enough, causes the fields, produced by the 
electron distribution to average out to zero. 

The difference between static interactions in solids 
and time-dependent interactions in liquid media is 
spectacularly evidenced by the sudden increase of the 
anisotropy of the Cd"! gamma corrrelation upon the 
change of the In"! source from the solid to the liquid 
phase. Figure 5 shows the factor A» of the Cd"! gamma 
correlation displayed by sources of InI; as a function 
of temperature. Whereas the polycrystalline solid 
sources exhibit a strongly perturbed directional correla- 
tion, which is, within our error limits, just compatible 
with the hard core attenuation, G2(min)=0.2, the 
perturbation becomes small upon reaching the liquid 
phase of In]I;. 

A similar behavior is observed with In'" sources in 
the form of indium metal (Fig. 6). The sudden jump 
of the observed A> from —0.055 to —0.018 as soon as 
the melting point of indium is reached demonstrates 
again the small time-dependent interaction in the 
liquid phase. 

The directional correlation observed with polycrystal- 
line indium metal (e.g., at room temperature, ‘= 25°C) 
corresponds to an attenuation factor G;.=0.327+0.015. 
With this value the static quadrupole coupling in the 
tetragonal indium lattice can be computed on the 


basis of Eq. (6): 


e0 OE, 3 
- —————1ry = 1.68+0.10. 
21(2I—1) 


WeTN 


a 


This coupling constant agrees well with those obtained 
from experiments on single crystals of indium. 

The temperature dependence of A» observed with a 
solid polycrystalline indium source seems to indicate a 
tendency of the quadrupole interaction to become 
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smaller with increasing temperature (Fig. 6). Such an 
effect could be related to the change of the axial ratio 
of the tetragonal lattice of metallic indium with 
temperature. According to observations of Graham, 
Moore, and Raynor” the c/a ratio of indium decreases 
from 1.082 at liquid air temperature to 1.066 at 135°C. 
Thus the electrostatic gradient, 0E,/dz, is expected to 
change by about 20% within this temperature range. 
The accompanying change of G» is then of the order of 
about 10% and would be consistent with our data. 
More accurate measurements, however, are needed 
before any conclusions as to the reality of this effect 
can be drawn. A more detailed investigation of this 
temperature effect on the static quadrupole interaction 
in indium metal is in progress. 

The addition of paramagnetic ions (Fe***) in large 
concentrations (107Fe*+** ions/cm*) to aqueous solu- 
tions of InCl; did not result in any change of the 
attenuation. This fact is interpreted as an indication 
that the small attenuation observed in aqueous solutions 
is predominantly due to the time-dependent quadrupole 
interaction and not due to magnetic relaxation phe- 
nomena. 

The correlation time 7, of a liquid can be altered by 
changing the macroscopic viscosity 7 [compare Eq. 
(8)], and thus the attenuation factor G, must depend 
strongly on n. Figure 7 shows the result of measurements 
on In'" sources of different viscosity. The sources used 
were dilute aqueous solutions of InCl; (0.2 mg 
InCl;/ml) whose macroscopic viscosities were controlled 
by adding the proper amounts of waterfree glycerine. 
The viscosity at 25° was determined with the help 
of an Ostwald type viscosimeter. The experimental 
values represented in Fig. 7 agree fairly well with 
similar curves obtained by Hemmig and Steffen!’ and 
by the Ziirich group,'* yet the accuracy is considerably 
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Fic. 7. The attenuation factor G: observed with liquid In™ 
sources as function of the macroscopic viscoisity 7. 


*” Graham, Moore, and Raynor, J. Inst. Metals 84, 86 (1955 
56) 
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improved. The curve was computed on the basis of 
Eq. (11) and 

Ae=Cn, (15) 
where c is a constant factor assumed to be independent 
of the viscosity. The expression represented in Eq. 
(15) follows directly from Eqs. (8) and (10). The best 
fit to the experimental points on the basis of Eq. (15) 
was obtained with the value, c= 20 g~' cm™. However, 
there seems to exist a small, yet definite, discrepancy 
between the behavior of the experimental points and 
the shape of the calculated curve, a fact which casts 
some doubt on the validity of Eq. (15), at least as 
far as the time-dependent interactions in the water- 
glycerine mixtures are concerned. 


-0.20 


100 
Delay T (mpsec) ———— 
Fic. 8. Representative examples of measurements of the 


coefficient Az as function of delay T on In™ sources of different 
viscosities 7. 


4.2. Delayed Directional Correlation 
Measurements 


The same sources on which the undelayed directional 
correlation was measured were used for the study of 
the correlation observed as a function of the delay time 
Wi 

Some of the experimental results for the coefficient 
A2,=A#G;(T) of the Cd" correlation function, which 
were obtained with sources of different viscosity, are 
plotted in Fig. 8. The experimental points follow, within 
the limits of error, an exponential law, an indication that 
the interaction mechanism in liquids is essentially the 
one proposed by Abragam and Pound’ [compare Eq. 
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(13) |. The interaction parameters \2(n) computed from 
the slope of the observed A;°G.(7T) curves are sum- 
marized in Table II. It is interesting to note that the 
value of 2 for a dilute aqueous solution is considerably 
smaller than that computed by Hemmig and Steffen,!” 
who assumed the validity of Eq. (15). Nevertheless, 
the time-dependent interaction is not negligible as was 
reported earlier for sources of this kind.” The interac- 
tion parameter A», as determined by the delayed correla- 
tion measurements, is plotted in Fig. 9 as a function of 
the viscosity of the liquid sources. The curve fitted to 
the experimental points (solid line) is markedly different 
from the curve which represents the simple propor- 
tionality of Eq. (15) between A» and 7 (dashed curve). 
The discrepancy is not surprising considering the 
simplifying assumptions made in obtaining this expres- 
sion. Several reasons might be envisaged to explain 
why Eq. (8) is not too good an approximation: 


(i) As mentioned in Sec. 2.3.2. the macroscopic 
viscosity of a liquid may not be a representative 
parameter to describe phenomena involving the mere 
rotation of molecules. 


TABLE II. Interaction (relaxation) parameters 2 observed 
with liquid In™ sources of different viscosities 7(7o=102 my sec). 


A:(0) G:(0) he sec™! 
0.56+0.12 108 


0.009+0.001 —0.172+0.003 0.955+0.020 
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0.016+0.001 
0.026+0.001 
0.035+0.002 
0.039+0.002 
0.051-0.003 
0.060+-0.004 
0.080+0.006 
0.105+0.010 


—0.163+0.003 
—0.148+0.004 
—0.145+0.004 
—0.130+0.005 
—0.120+0.005 
—0.101+0.005 
—0.091+0.005 
—0.075+0.005 


0.905+0.020 
0.822+0.023 
0.805+0.025 
0.722+0.033 
0.667 +0.033 
0.562+0.035 
0.505+0.035 
0.417+0.030 


1.6+0.3X 10° 
3.0+0.6X 10° 
4.7+0.8X 10° 
7.4+0.8X 10° 
8.4 1.6X 10° 
15.1+2.6X 10° 
16.2+2.5X 10° 
24.0+5.0X 10° 


(ii) The molecular radius a of the molecules in the 
aqueous solution-glycerine mixtures was assumed to 
be constant. The assumption of an average molecular 
radius, however, according to 


a= (Ngagt+N waw)/(Net w), 


where Vg and Nw are the number of glycerine and 
water-molecules of radius a, and ay, respectively, 
dees not result in any better agreement with the 
experimental results. 

(iii) Equation (15) implies that ((@E,/02’))w is 
independent of the glycerine concentration. Some 
justification for this assumption might be given.” 
Owing to the fact that the number of OH— groups 
per unit volume is approximately the same for glycerine 
and water, it is not improbable that the In*** ions 
are surrounded by the same OH— configuration, 


(16) 


21H. Albers-Schénberg and E. Heer, Proceedings of the 1954 
Glasgow Conference on Nuclear and Meson Physics (Pergamon 
Press, London and New York, 1955). 

22 Albers-Schénberg, Heer, and Scherrer, Helv. Phys. Acta 
27, 637 (1954). 
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Fic. 9. The experimentally observed interaction parameters 
Az as function of viscosity 7. The dashed line represents the 
behavior of \2 according to Eq. (15). 


independent of the glycerine concentration. To what 
extent this situation is realized in our case is not known. 

(iv) A part of the attenuation effect might be due 
to after effects of the electron-capture decay which 
precedes the emission of the Cd! gamma-gamma 
cascade. If, for a short time Ai<r,, there is a coupling 
between the excited shell and the nucleus sufficiently 
strong to cause an appreciable influence on the corre- 
lation within At, then the condition for the applicability 
of Abragam and Pound’s theory of time-dependent 
interactions is no longer satisfied. This is particularly 
true for viscous sources, where 1, is large. 


Since the interaction parameters \, which are char- 
acteristic for the attenuation of the Cd"! directional 
correlation in the various viscous sources are known 
from the delay measurements, the true correlation of 
the Cd"' gamma rays can be computed from the 
un-delayed directional correlation displayed by these 
sources. The weighted average of the results obtained 
with nine sources of viscosities ranging from 0.009 
cgs units to 0.11 cgs units suggest the following “‘true”’ 
directional correlation of the Cd"! gamma rays: 


W°(©)=1— (0.181+0.003)P2(cos @) 


(standard error). (17) 


In these considerations, the P,(cos@) has been neglected 
entirely. 
5. MEASUREMENTS ON LIQUID INDIUM METAL 
5.1. Correlation without Delay 


The possibility of electron-capture after-effects of 
the Cd atom can be reasonably excluded or, at least, 
can be greatly reduced by using metallic sources where 
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Fic. 10. The Cd™ directional correlation displayed by an In"! 
source in the form of liquid indium metal (temperature 225°C). 


the recovery of the excited atom from preceding decay 
processes is fast enough to prevent an influence on the 
directional correlation.“ Thus it seems desirable to 
study the time-dependent interaction (if any) in a 
liquid metal. In™ sources in the form of indium metal 
seemed to be most suited for experiments of this kind 
in view of the low melting point (157°C) of indium. 
Hence, the directional correlation as displayed by 
liquid indium metal sources was measured as a function 
of source temperature from 165°C to 695°C. 

Figure 10 shows the result of a typical measurement 
at a source temperature of 225°C. The directional 
correlation displayed by sources of liquid indium metal 
is more pronounced than those exhibited by the solution 
sources, a fact which demonstrates again that the 
attenuation in the various solutions of indium salts, 
through very small, is not entirely negligible.” 

The anisotropy for liquid indium metal sources as a 
function of temperature is presented in Fig. 11. The 
fact, that A is, within the limits of error, independent 
of the temperature, indicates that time-dependent 
interactions due to the Brownian motion in the liquid 
must be negligible in this source, since the correlation 
time r, changes by about a factor two over the tempera- 
ture range considered. The latter statement follows 
from Eq. (8). It is also confirmed by measurements 
on the self-diffusion in liquid indium metal.” 

Since the directional correlation exhibited by liquid 
indium sources seems to be unperturbed by extranuclear 
fields, a conclusion which is corroborated by the delay 
experiments discussed in the next section, the data 
obtained with these sources were used to arrive at an 
accurate representation of the Cd" gamma-gamma 
correlation. A least square fit computation, this time 
including a P,(cos@) term, yields for the correlation 


*3 1H. Frauenfelder, Phys. Rev. 82, 549 (1951). 
*% G. Careri and A. Paoletti, Nuovo cimento 2, 573 (1955). 


function 


W(®)=1(—0.180-+0.002)P2(cos®) 
+ (0.002+0.003)P4(cos®). (18) 


5.2. Delayed Directional Correlation 


In order to confirm that the function given above 
indeed corresponds to the undisturbed correlation, the 
delayed directional correlation displayed by In 
sources in the form of molten indium metal was meas- 
ured as a function of the delay time 7. The measure- 
ments were performed in the same fashion as for the 
aqueous solutions. The experimental value of A2(T) 
as a function of T is plotted in Fig. 12. The quadrupole 
interaction parameter, as computed from the curve of 
Fig. 12, is 
(19) 


A2o<5X10' = sec”, 


or, in more significant terms, 


Astw <0.006. (20) 


On the basis of this result the conclusion can be drawn 
that the directional correlation displayed by liquid 
indium metal sources is indeed, within our error 
limits, undisturbed by extranuclear fields and thus 
represents the true directional correlation of the Cd! 
gamma rays. This absence of a disturbing interaction 
in the liquid indium metal is to be expected in view of 
the small correlation time in liquid indium metal 
[compare Eq. (10) ]. From data on the self diffusion in 
liquid indium* 7, can be estimated. At a temperature 
of 200°C, 7<=10-” sec. 


6. UNPERTURBED DIRECTIONAL CORRELATION OF 
THE 172-KEV-247-KEV GAMMA CASCADE IN Cd! 


” 


The determination of the “true” unperturbed 
directional correlation of a nuclear cascade which 
involves a lifetime of the intermediate state of 10~° sec 
or longer requires special attention. In general, the 














Fic. 11. The anisotropy A =[W(180°)—W (90°) ]/W (90°) of 
the Cd"! gamma correlation observed with liquid indium sources 
as function of temperature. 
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directional correlation is attenuated due to the static 
or time-dependent magnetic and electric fields in the 
source and the interaction parameter must be well 
known and well controlled, before an extrapolation to 
the unperturbed correlation can be made. Under 
favorable circumstances, a strong magnetic field applied 
in the propagation direction of one of the nuclear 
radiations should cause a decoupling of the nuclear 
moments with the fields in the source and the un- 
perturbed directional correlation should be displayed.” 
This effect, which is similar to the Back-Goudsmit 
effect (Paschen-Back effect of the hyperfine structure), 
requires strong magnetic fields and is applicable only 
if the interaction is mainly magnetic in character. 
Similarly, if the attenuation is due to a static (axially 
symmetric) quadrupole interaction with the crystalline 
fields of the source material, the unperturbed directional 
correlation may be observed by using as source a single 
crystal which can be orientated so that all electrostatic 
gradients acting on the radioactive nuclei are parallel. 
In general no static quadrupole interaction should be 
expected in crystalline sources, whose crystal structure 
possesses cubic symmetry. The attenuating influence 
of extranuclear fields can, in theory at least, also be 
eliminated by observing the correlation by means of a 
coincidence analyzer which records the two cascade 
radiations within such a short resolving time 79, that 
the intermediate nuclear state is exposed to the external 
fields for a time too short to alter the directional cor- 
relation.”® Again, in all these methods discussed, the 
after effects of decay processes, leading to the initial 
state of the casdcade, on the local environment of the 
nucleus in the intermediate state are difficult to consider 
in a quantitative way. This is particularly important if 
electron-capture or a decay is involved. In most cases 
the use of liquid metal sources might eliminate these 
atomic recovery effects, at least to some extent. 
Probably the safest method to determine the true 
directional correlation is based upon the performance of 
adequate delayed correlation experiments from which 
the parameters which are characteristic for the interac- 
tion can be extracted. The undisturbed correlation can 
then be computed. However, not even this method is 
entirely free of objections. The possibility always 
remains that, due to a preceding decay process, a very 
strong interaction, large enough to affect the directional 
correlation, is present for a very short time Af and then 
vanishes as the recovery process of the atom continues. 
If this time interval A¢ is considerably shorter 
than the resolving time ro of the coincidence analyzer 
used in the delay measurements, the delayed directional 


"8G, Goertzel, Phys. Rev. 70, 897 (1946). 
2% J. S. Fraser and J. C. Milton, Phys. Rev. 94, 795 (1954). 


CORRELATION 


OF Cd"! » RAYS 











| 1 
200 300 


delay T (mpsec) ————— 





Fic. 12. The correlation coefficient A» as function of delay T, 
observed with a liquid indium metal source at a temperature of 
(210+30)°C. 


correlation will not display any evidence of this effect 
and the directional correlation appears to be undis- 
turbed. Furthermore, one would expect the electrons of 
an inner shell to be responsible for such a short-lived 
on-off interaction and thus to be independent of the 
local environment of an atom. Hence the attenuation 
effects probably would be the same for sources of quite 
different structure. 

Dismissing the short-lived on-off interaction as 
very unlikely, we consider the correlation functions 
(17) and (18) extracted from the delay measurements 
on solutions and on liquid indium sources, respectively, 
as representative for the unperturbed directional 
correlation of the 172-kev—247-kev gamma cascade 
of In". This result agrees rather well with W°(@)=1 
— (0.175+0.010)P2(cos®) which was extracted from 
an analysis of correlation measurements on In!" sources 
of widely different structure (polycrystalline and single 
crystal sources).! 

The directional correlation of the Cd' gamma rays 
is characteristic for a cascade of a mixed E2-M1 
transition with an E2/M1 intensity ratio of 0.021 
+0,002 (6=+0.146, in the notation of Biedenharn 
and Rose’), followed by a pure £2 transition involving 
states of angular momentum quantum number 7/2, 
5/2, and 1/2. 
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The magnetic moment of the 247-kev (J=5/2) excited state of Cd! was determined from the effects of 
an external magnetic field on the directional correlation of the Cd! gamma rays. Two methods of measure- 
ment were employed. The observation of the attenuation of the directional correlation yielded for the mag- 
netic moment | s5/2| = (0.80+0.04) nm, taking into account the time-dependent quadrupole interaction in 
the liquid sources which were used for this measurement. The more accurate method of determining the 
azimuthal shift of the correlation pattern about the axis of the magnetic field gave a more precise value of 


the magnetic moment, j5/2= — (0.783+0.023) nm. 





1, INTRODUCTION 


ONSIDERABLE attention has been devoted re- 

cently to the study of magnetic moments of 
nuclei. The experimental material on the magnetic 
moments of nuclear ground states' has played an im- 
portant role in the formulation of theories of nuclear 
structure based on the independent-particle model with 
strong spin-orbit interaction®* and its extensions, in- 
cluding mixed configurations of nuclear states,‘ or on 
the collective aspect of nuclear motion.*~’ This role is 
due partly to the fact that magnetic moments can be 
measured very accurately—in fact, besides nuclear 
masses, they are the most precisely measured nuclear 
quantities—and partly to their relatively simple rela- 
tionship to the structure of nuclei. The latter statement, 
however, does not imply that we can predict exactly 
the value of the magnetic moment of a given nuclear 
state, because the actual magnetic moment vector wp is 
not a constant of the motion as is the nuclear angular 
momentum vector I. The significant numerical (or 
“effective”’) value wu; of the magnetic moment is given 
by the expectation value (p,) of the z-component of the 
magnetic moment operator pop calculated for the state 
of the nuclear system for which the total angular 
momentum If has its maximum projection along the 
z-axis (m=J). One often refers to this quantity simply 
as the “magnetic moment” p;. The direction of this 
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Steffen and W. Zobel, Phys. Rev. 97, 1188 (1955). 
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vector quantity coincides with the nuclear axis I. If 
the wave functions W(/) of the nuclear states were 
known the expectation value (u.) could easily be 
calculated using the well-known methods of quantum 
mechanics. Whereas the parities, and to a certain extent 
the angular momenta J, of states can be predicted on 
the basis of a rather qualitative and partial knowledge 
of the wave function of nuclear states, the computation 
of (u.) requires the exact knowledge of V including the 
amplitudes of normally rather insignificant admixture 
components. 

Since we have two nuclear constituents—neutrons 
and protons—with different intrinsic magnetic moments 
and since the nuclear magnetic moments depend on the 
distribution of the intrinsic and the orbital angular 
momentum between neutrons and protons, the nuclear 
magnetic moment, in general, cannot be expressed in 
terms of a simple Landé g factor as is possible for an 
atomic state. Consequently, any calculation of wy re- 
quires the assumption of a rather detailed nuclear 
model and the comparison with experimental magnetic 
moments provides a very sensitive test of the validity 
of such a model.®* 

One further complication should be kept in mind. It 
is the fact that when several nucleons interact with each 
other the meson field which is responsible for this inter- 
action may be different from that of a free nucleon and 
thus intrinsic magnetic moments might be altered if a 
nucleon is brought into interactions with other nucleons 
in a bound nuclear state.!° However, some evidence 
against this quenching theory of nuclear magnetic 
moments has been pointed out recently by de-Shalit." 

In view of these considerations it is desirable to have 
accurate information of magnetic moments of nuclei 
in their excited states. Such measurements are within 
the realm of present-day experimental techniques if the 
lifetime of the excited state under consideration is of 
such a magnitude that directional correlations involv- 
ing this state as an intermediate step can be influenced 


5 R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 
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by external magnetic fields.”-" From a precise measure- 
ment of this effect, the magnitude and sign of the mag- 
netic moments can be extracted.!*!® Few magnetic 
moments of excited states have been measured with 
this method, ic., Cd!" Ph™)* Ta@,® Np** and 
none had been determined with an accuracy good 
enough to draw any quantitative conclusions at the 
time this work was started. 

The magnetic moment ys2 of the 247-kev excited 
state of Cd"! (J=5/2) was the first magnetic moment of 
an excited state of a nucleus measured. In their pioneer 
work the Swiss group!’ obtained the value ps5, 
= (—0.70+0.12) nm. The error in this measurement 
was too large to decide whether the magnetic moment 
of the excited state is different from that of the ground 
state (I9o=1/2): w1y2= — (0.59492+0.00008) nm.! Fur- 
thermore, the measurements were made with sources 
where the static quadrupole interaction was consider- 
able, a fact which was not known at the time and there- 
fore no allowance was made for it. During the course of 
the work described in this paper the Swiss group re- 
peated the measurements of the magnetic moment 5/2 
with greatly improved accuracy.” Their result ys5,/2 
= (—0.725+0.047) nm, however, was not corrected for 
a possible time-dependent quadrupole interaction in the 
liquid sources which were used for these measurements. 

In the present investigation use was made of two 
different methods to determine the magnetic moment of 
the 247-kev Cd!" state: 


(i) The magnetic moment was extracted from the 
measured attenuation of the directional correlation of 
the Cd!" gamma cascade displayed by liquid sources as 
a function of the externally applied magnetic field. 
Owing to the interaction of the nuclear quadrupole 
moment with the fluctuating electric gradients in the 
liquid, which is not entirely negligible in sources of this 
kind,” the value of u5/2 obtained in this way must be 


corrected accordingly. 

(ii) The second method, which gives a result un- 
affected by the presence of a quadrupole interaction, 
if it is not too strong, made use of the relationship 
between the magnetic moment ys52, the magnitude of 
the external magnetic field H and the azimuthal shift 
of the correlation pattern about H as the axis. 
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2. INFLUENCE OF A STATIC MAGNETIC FIELD ON 
DIRECTIONAL CORRELATIONS IN THE PRESENCE 
OF A TIME-DEPENDENT ELECTRIC 
QUADRUPOLE INTERACTION 


The influence of a static magnetic field on a direc- 
tional correlation can be understood by a simple semi- 
classical model. A static field H exerts a torque on the 
magnetic dipole w; of the intermediate nuclear state 
of angular momentum Ih. The resulting Larmor pre- 
cession of the nuclear axis I about H, with angular 


frequency 
wm = aH /Th, (1) 


causes a reorientation of the nuclei in the intermediate 
state and consequently alters the directional correla- 
tion. The directional correlation, which, if unperturbed 
by extranuclear fields, is given by (compare I) 


kmax 


W(Q)=1+ ¥ Av°Px(cosO), (2) 
k=l 


will then not depend simply upon the angle © be- 
tween the propagation directions k, and k, of the two 
cascade radiations but will be a function of the orienta- 
tion of k; and kp with respect to the axis of the external 
magnetic field H. Calculations of the influence of the 
external magnetic field on directional correlations, 
neglecting electron shell interactions (J—J hyperfine 
coupling) have been made by Alder® and Lloyd.* If 
the polar angles 6), ¢1, and @2, ¢2 specify the directions 
of k; and ky in a coordinate system where H is in the 
z axis, then the directional correlation is given by 


W (01¢1,02¢2) 
Kmax l=+k A», 
= ya i e tem2Ut Vo 21911) Vox?" (B20), (3) 
k=0 l=—k 4k+-1 


where the Y»;?!(6,¢) are spherical harmonics and ¢ is 
the time during which the intermediate nuclear state is 
exposed to the magnetic interaction. If, in particular, 
the external magnetic field H is perpendicular to the 
correlation plane (defined by the propagation directions 
k; and ke of the two nuclear radiations) the directional 
correlation function becomes especially simple and use- 
ful. For symmetry reasons the correlation becomes 
again a function of the angle O= ¢:— ¢» and the time / 
only. As compared to the unperturbed correlation (2), 
the perpendicular magnetic field causes an azimuthal 
shift, 6=w»l, of the correlation pattern about H: 


W (0,am;t) = W°(O—wnt) 


Kmax 


=1+ > A x° Pox[_cos( O— wml) |, (4) 
k=1 


if the second radiation is observed at the time ¢ after 
the emission of the first radiation. If, in addition to the 


" %K. Alder, Helv. Phys. Acta 25, 235 (1952). 
4S, P, Lloyd, Phys. Rev. 82, 277 (1951). 
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external magnetic field H, a time-dependent quadrupole 
inter@tion (e.g., in a liquid source) is present, the A »o,° 
must B&multiplied with attenuation coefficients” 

Ry 


Goi (t) = e**** (S) 


(compare I) and the directional correlation is then 
given by 


Kmax 


W(O,cmf)=1+ YF Ao’e** Pofcos(@—wmt) ]. (6) 
k=l 


In practice, a directional correlation is determined by 
means of a coincidence analyzer which accepts the 
second nuclear radiation within a finite time interval, 
to, the resolving time, after the detection of the first 
radiation. If no artificial delay is introduced into the 
coincidence channel which detects the first radiation, 
the directional correlation observed is the weighted 
average of W(OQ,w,,,t) [Eq. (6) ] over the time interval 
é=0 to t= To: 


TO TO 
Wo(O,0m) = f W (O,em,0)e™*dt / f edt 
0 0 


X Kkmax 70 
0 


e>T0—] k=1 
(7) 


\=1/ry is the decay constant of the intermediate 
nuclear state. It must be recognized that this expression 
is correct only under the condition that each of the 
two radiation detectors accepts but one of the radia- 
tions involved in the nuclear cascade. In case the two 
detectors cannot distinguish between the first and the 
second radiation one must average over positive and 
negative values of wm, i.e., all terms in Eq. (7) which 
change sign if w, is replaced by —wm must be omitted. 
The magnetic interaction no longer causes a rotation of 
the correlation pattern, but a mere attenuation: 


x Px{[cos(Q— wml) jdt. 


km ax 


Wo(0,m)sym= 1+ 2 A x(wm)P(cos®), 


k=1 


(8a) 


where the A2x(wm) are complicated functions of wm, Azx, 
ro, and A°. The explicit expression of A2(w») for the 
case where higher A >;° terms can be neglected, becomes 


or 
4 
4(1 —e>7) (1 +rotv) +A (1 — e~ +2) 70) 





—A 2° 





20m TN 
sin2wy», To COS2WT 9 
1 +Yor N 


1+e-00%n( 


Se See (8b) 
6 A. Abragam and R. V. Pound, Phys, Rev. 92, 943 (1953). 
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It is evident that from a measurement of A», as a 
function of the magnitude of an external magnetic 
field H, the numerical relationship between H and wm 
can be established and by virtue of (1) the magnetic 
moment uy of the intermediate state can be extracted. 
This method requires, essentially, the measurement of 
the attenuation of the correlation anisotropy in the 
magnetic field, hence we call it the “attenuation method.” 
For a precise determination of u;, however, either the 
time-dependent quadrupole interaction in the source, 
characterized by x, or the unperturbed correlation 
(the coefficients A»,°) must be known accurately from 
other measurements. One might surmise that for the 
case where more than one coefficient A>2,° is important 
in the expansion of the unperturbed directional correla- 
tion function the quadrupole interaction can be elimi- 
nated if the H dependence of several of the coefficients 
Ax(wm) is known. In general, however, this proves to 
be a highly inaccurate procedure. 

It was pointed out by Abragam and Pound* that an 
accurate wu; determination is possible, without detailed 
knowledge of a (weak) quadrupole interaction in the 
source, if the magnetic field is kept at a constant value 
Hy and the coincidence rate at a fixed angle, @p say, 
which is proportional to W(@Qo—wmt), is measured as 
a function of ¢. An oscillating function of ¢ is then 
observed. The determination of the period 21/wm 
=2rIh/urH> thereof, then allows one to determine yy 
directly. Similarly, W(Qo—wn7) determined with a 
constant time delay T is represented by an oscillating 
function of H with a period of 2rJh/u;T. Again, the 
measurement of the particular values H; of the mag- 
netic field which correspond to / complete periods of 
W(@o—mT) (or known fractions thereof) allows one 
to compute directly the magnetic moment. From an 
experimental point of view the latter method is simpler 
than to vary / and was adopted for our measurements. 
Since the azimuthal shift of the correlation pattern 
about the magnetic field is observed with this tech- 
nique, we call it the “azimuthal-shift” method. Taking 
into account the finite resolving time 79 of the coinci- 
dence analyzer which records the second radiation 
between T—7) and T+ 70 after the emission of the 
first, and if the delay in one channel is given by T, the 
correlation function becomes 


T+10 
Wr(O om) = f W(O—wni)e-Madt / 
T-—r10 


T+10 
f edt. 

T—7T0 
If the time-dependent quadrupole interaction is small 
(AxtTw<1), the period of the time-averaged function 
7(@o,w@m) as a function of wm (with constant 7) is 
almost independent of the quadrupole interaction 


parameters Ax. If the P2(cos@) is the only important 
term in the expansion of the unperturbed correlation 


(9) 
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function, W7(@,wm) is given by the following expression : 
sinh[ (A+A2) 70 | ae 
sinh[A7» ] 


Ay 1 
Wr(O,em) =1-+— 
4 1+AgTN 


3 Af 1 








ian 
8 1+ Ad tw 2WmTN 
1+(— 


) sinh[ 70] 
1+Adrn 


X } e+2) 70 cos2[ O—wm(T— 70) ] 


—¢ (A+A2) 70 cos2[ O— wn (T+ To) | 


Wm TN 
+(— Jeoron sin2LO—wn(T— 70) | 
1+Xor N 


emt N 
-( ~ Ne O+2) 70 sin2[ O—wm(T+70)]}. (10) 
Cie oe 


3. APPARATUS AND PREPARATION OF SOURCES 
3.1 Geometry of the Detector Arrangement 


Three scintillation detectors (NaI(T1) crystals canned 
and mounted on DuMont 6292 Photomultiplier tubes) 
were used to observe the directional correlation of the 
Cd" gamma rays in an external magnetic field. Two of 
the detectors, I and II, are in fixed positions, and the 
third detector III is movable. A schematic diagram of 
the detector arrangement is shown in Fig. 1. 


3.2 Electronics 


The electronics part of the equipment—the block 
diagram is shown in Fig. 2—is rather conventional. The 
resolving time of the two coincidence analyzers can be 


varied from 80 to 200 millimicroseconds. The use of 
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Fic. 1. Schematic diagram of the detector arrangement. 
(The attenuation measurements were made without delay in 


channel III.) 
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Fic. 2. Block diagram of the electronics. 
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three channels permitted two simultaneous measure- 
ments of the directional correlation and thus improved 
the accuracy of the experiment. 

For the attenuation measurements, where no delay 
was employed, the integral pulse height discriminators 
in all three channels were set just below the photopeak 
of the 172-kev gamma radiation of Cd. This 
gamma-energy discrimination insures freedom from 
effects which result from backscattered radiation and 
eliminates, to a large extent, effects due to large-angle 
Compton-scattering of the gamma radiation. The 
crystals were selected and adjustments made in such a 
manner that the ratio of the detection efficiencies for 
the 172-kev and the 247-kev gamma ray was the same 
in all the channels. In this way the symmetry of the 
detection arrangement was the same for both gamma 
rays—an important requirement for the attenuation 
method. 

For the azimuthal shift measurements a delay of 
(37543) millimicroseconds was inserted into channel 
III. The delay was determined accurately by a high- 
frequency oscillator and an oscilloscope. To improve the 
genuine-to-chance coincidence rate ratio for these meas- 
urements, the discriminators in the channels without 
delay (channels I and II) were set just below the 247-kev 
photopeak. 


3.3 The Magnet 


A high-voltage low-current electromagnet provided 
the magnetic field at the radioactive source. The field 
over the extension of the source was uniform within 
0.2% up to fields of 7750 oersteds. The current which 
energized the magnet was stabilized and kept the 
magnetic field constant within 0.5% over a fifty-hour 
period. A proton resonance fluxmeter was used to deter- 
mine the magnitude of the magnetic field within 0.2% 

Elaborate shielding of the photomultipliers with Mu 
metal was necessary to eliminate any influence of the 
fringing field of the electromagnet on the detectors. 
Small-angle Compton scattering of the gamma rays at 
the pole pieces of the magnet, which are close to the 
radioactive source, might be expected to disturb the 
measured correlation. Using the gamma-energy dis- 
crimination employed for the attenuation measure- 
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ments as discussed above, the experimental A2 (H=0) 
coefficient of the Cd" directional correlation measured 
with the magnet in position differed from the value 
measured with the magnet removed by less than 0.003. 
For lower energy discrimination (Epjisc-~50 kev), how- 
ever, the difference in the experimental values of A» 
may be as large as 0.02. 


3.4 Preparation of the Radioactive In'! Sources 


The radioactive sources used for the 4y measurements 
were dilute aqueous solutions of InCl; and were pre- 
pared in the same way as described in I. Thus the 
information obtained there as to the presence of the 
time-dependent quadrupole interaction in sources of 
this kind should be immediately applicable to an in- 
terpretation of the results of the experiments described 
here. 


4. ATTENUATION OF THE Cd" DIRECTIONAL 
CORRELATION IN A MAGNETIC FIELD 


4.1 Experimental Procedure and Corrections 


The experimental determination of the directional 
correlation function W(@,H) requires the measurement 
of the coincidence rate C(Q,H) (corrected for chance 
coincidences, decay of the source, background, etc.) 
between two detectors (of finite size) as a function of 
the angle © subtended at the source by the axes of the 
two detectors. C(@,H) is proportional to Wo'(@,H), 
the time-integrated directional correlation function, 
W.(0,H), smeared out over the finite solid angle sub- 
tended by the two detectors and, if the extension of the 
radioactive source cannot be neglected, over the finite 
volume of the latter. 
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Neglecting the source correction and assuming 
cylindrical symmetry of the detectors, Frankel** has 
shown that Wo'(@) is of the same form as the theo- 
retical directional correlation W(@), but each term in 
the Legendre polynomial expansion (2) must be multi- 
plied with a geometry-correction factor Qo. (Qex<1)?7"8: 


kmax 
W,'(@) = 1+ PN QOx%A onP ox (cos@). (1 1) 
k=l 


The Qx are given by”® 
Ox = gax/ Qo, 


qux= f €1(8:) Pox (cos?) sinddd 
Detector 1 


x €2(82) Pox (cos?) sinddd, (12b) 


Detector 2 


where ¢;(#;) is the efficiency of detector i at the angle 3; 
between the counter axis and the direction of propaga- 
tion of the incident radiation. 

Strictly speaking, this method of correction is valid 
only if the directional correlation depends only upon 
the angle © between the propagation directions of the 
two cascade radiations. In the case of an external 
magnetic field, however, where the field H is applied 
normal to the detector axes and where the radiation in 
the divergent beam striking the finite size detectors is, 
in general, not exactly perpendicular to the direction 
of H, the theoretical correlation function which must 
be smeared out over the extension of the detectors is of 
the general form (3) and Wo’(@,H) must be calculated 
from 


J Cre irer)aOrerdea(Oue) sinO; sinO2d8 ded gid gs 





W,’ ( 0,H) = 


f €:(0y9;)¢2(02g2) sind, sind.d0,d0.d g.d¢2 


For symmetry reasons W'(0,H) is again a function of 
© and H only, but its form is considerably more com- 
plicated than Eq. (11). However, numerical calculations 
showed that the error introduced by using Eq. (11) in- 
stead of Eq. (13) is negligibly small, at least for the 
geometry and the fields used in these experiments. 
Thus, the much simpler correction method of Frankel, 
Eq. (11), was used throughout. The detector efficiencies 
¢;(8;) were determined experimentally by means of well 
collimated gamma-ray beams of the same energy as 
used in the correlation experiments.” It must be kept 
in mind, however, that the simplified procedure de- 


% S. Frankel, Phys. Rev. 83, 673 (1951). 

27 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
8M. E. Rose, Phys. Rev. 91, 610 (1953). 
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scribed above gives a good approximation only if, 
instead of the actually measured magnetic field H, the 
average normal component to the correlation plane H 
is used for the evaluation of the data. H is slightly 
different from H due to the divergence of the gamma 
radiation to the finite size detectors. In addition a very 
small diamagnetic correction must be applied. Allow- 
ance made for both effects results in H =0.988H. 

A typical run for one value of H was of twenty hours 
length. From the corrected coincidence rate measured 
at five different angles © the correlation coefficient 
A.(H) for a particular H was obtained from a least- 
square fit of the experimental points to a function of 
the form W.(@,A) =const(1+Q2A2(H)P2(cos@)). Ag 
is negligibly small for the Cd'"! gamma-gamma cascade 
(compare I) and higher terms do not exist. Some repre- 
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sentative experimental correlation curves are shown in 
Fig. 3. 


4.2 Computation of us/2 


The experimental values of A.(H) obtained for 
magnetic field strengths up to 7700 oersted are shown 
in Fig. 4. The data are plotted as a function of the 
average magnetic field 7. In order to extract from these 
experimental points a value for us/2 a comparison with 
the theoretically predicted Asz(wn) [Eq. (8b)] must 
be made. 

The computation of this function As(w,) requires 
knowledge of A”, A2, and ry. The values of A2°, As, and 
Ty are taken from I and from Simms and Steffen, re- 
spectively: A2°=—0.180+0.002, A2= (5.6+1.6) 10° 
sec!, ry= (122.313) 10-® sec. The resolving time 7 
used in the attenuation measurements was ro= (174+2) 
millimicroseconds. Inspection of Eq. (8b) shows that, 
whereas the errors of A2°, \2, and ro give small con- 
tributions to the error of the final result of j5/2, the 
uncertainty in the lifetime 7 seriously affects the value 
obtained for ps2. Ao(wm) was computed and plotted 
versus wm and then the H scale of the experimental 
curve A.(A) adjusted (by trial and error) to obtain 
the least-square fit to the calculated A2(wm). In this 
way the experimental constant of proportionality be- 
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Fic. 3. The directional correlation W,’(@,H) of the Cd™ 
gamma cascade observed with perpendicular magnetic fields H 
of different magnitude. (The curves were normalized to Wo’ (90°) 
=1 after the least-square fit calculation.) 





3 P. C. Simms and R. M. Steffen, Bull. Am. Phys. Soc. Ser. II, 
I, 207 (1956), and to be published in The Physical Review. 
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Fic. 4. The experimental correlation coefficient A,(H) as 
function of the magnetic field H. The curve corresponds to a 
magnetic moment of | 45/2! =0.80 nm. 


tween w, and H was determined as 


| wm/H | = (153575) sec~ oersted™, 


from which we obtain at once, by using Eq. (1), the 
magnitude of the magnetic moment of the 247-kev 
excited state of Cd! 


| 4s/2| = (0.80+0.04) nm (standard error). 


By far the largest contribution to the error is due to the 
uncertainty in ry and dz. 


5. AZIMUTHAL SHIFT OF THE DELAYED Cd" 
DIRECTIONAL CORRELATION IN A 
MAGNETIC FIELD 


5.1 Method of Measurement 


To determine the azimuthal shift as precisely as 
possible with the available experimental equipment the 
following technique was used. The three detectors were 
kept in fixed positions, such that the axes of the de- 
tectors I and III subtended an angle of ©o=3/4 at 
the source (Fig. 1). We denote by C(3r/4, +A) the 
(corrected) coincidence counting rate observed by 
these two detectors for a magnetic field H in the +2 
direction, and C(3m/4, —A) is the same but for A in 
the —z direction. Obviously, for H=0 the ratio R 
=C (34/4, +H)/C(3x/4, —H) is unity. The same is 
true for all values of H=H, which cause the direc- 
tional correlation pattern to rotate by an azimuthal 
angle of ¢/r/2 (l= integer). The same argument holds 
for the ratio R*(H)=C* (39/4, —H)/C* (3/4, +H), 
where C*(3r/4,+A1) are the coincidence counting 
rates of the detector pair II and III, whose axes also 
subtend an angle of @o*= 32/4 (compare Fig. 1). In 
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Fic. 5. The ratio R calculated as function of the Larmor ~ 
quency wm, and the experimentally measured ratio R(A) 
function of the magnetic field 7. 


fact, for perfect symmetry and for any field H, R*=R. 
From a comparison of the experimentally determined 
values H, of the magnetic field for which R(A,))=1 or 
R*(H,)=1, with the theoretical predictions, the mag- 
netic moment can be computed. It is evident [compare 
Eq. (6) | that, for a delay T and infinitely short resolv- 
ing tir time To of the equipment, R and R* become unity 
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for the azimuthal shift angles ¢;=wm!T= (AH wr/Ih)T 
=lr/2. 


5.2 Experimental Procedure 


The ratios R(M) and R*(H) were determined as a 
function of the magnetic field strength H with a con- 
stant delay of T=(375+3) millimicroseconds. The 
resolving time of the coincidence analyzers used for 
these measurements was ro= (98+ 2) millimicroseconds. 

A typical run for one value of 1 took about two days. 
The magnetic field was reversed about every hour and 
care was taken to have the same magnitude of the 
magnetic field in the two opposite directions. The ratios 
R and R* were then determined from the coincidence 
counting rates measured with magnetic field up and 
with magnetic field down. 


5.3 Results 


In Fig. 5 the experimental points for R(A) 
= (w*R*+wkR)/(w*+w), where w* and w are the 
weights of the measured values of R* and R, respec- 
tively, are plotted as a function of H =0.988H. No cor- 
rection for finite detector size was made in computing 
the experimental points for R(/7). 

From Eq. (10) R(w») can be calculated as a function 
of the Larmor frequency w»,. The explicit expression of 
this quantity R(wn) for Oo= 31/4 is given by 
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The function R(w,,), corrected for the finite size of the 
detectors, is shown as a solid curve in Fig. 5. The same 
values of A”, A2, and ry as in the previous calculation 
of As(w) were used. The values of H, and 2 for which 
R(A) becomes unity are practically independent of the 
quadrupole interaction parameter A». The adjustment 
of the Al scale to the wm-scale, such that the experi- 
mental points R(f) provide a least-square fit to the 
function R(w,), establishes the relationship between H 
and w» from which the magnetic moment ys5;2 can be 
computed : 


wm/H = — (151030) sec oersted—. 


In particular, the experimentally determined values of 
Ai, where R(A;)=1 are given in Table I. 
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From these data together with the direction of the 
azimuthal shift, we extract the magnitude and sign for 
the magnetic moment us5;2: 


us2= — (0.7830.023) nm 


The agreement with the result of the attenuation 


(standard error). 


TaBLE I. Experimental values of AH, for azimuthal 
shifts wslaieh of dail and z. 





Approximate value 
of corresponding 
- azimuthal shift 
Hi of correlation 
oersted pattern 


3030+ 60 —4.59X 10° w/2 
6210+ 100 —9.26X 108 7 














MAGNETIC MOMENT OF EXCITED STATE OF Cd!!! 


method is satisfactory. It is felt, however, that the 
result obtained with the azimuthal shift method is 
more reliable, since it is almost independent of the 
presence of any weak quadrupole interaction in the 
source. On the other hand, the fact that the two methods 
give results consistent with each other is an indirect 
indication that the time-dependent quadrupole inter- 
action in the dilute InCl; solution is correctly described 
by A2tw=0.07 (compare I). 


6. DISCUSSION 


The magnetic moment of the 247-kev excited state 
of Cd" is considerably larger than the magnetic mo- 
ment of the ground state, u1/2= — (0.59492+0.00008). 
The single-particle shell model without configuration 
mixing predicts for the magnetic moments of odd- 
proton and odd-neutron states of angular momentum / 
(the Schmidt limits)*: 


git (gs—g1) 
(ur — tee 


where / is the orbital quantum number of the odd par- 
ticle, and g,=5.585 or —3.826, and g;=1 or 0, are the 
spin and the orbital g factors for the proton and neu- 
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tron, respectively. According to this much over- 
simplified model, the magnetic moment of the ground 
state as well as of the first excited state of Cd" should 
be due to an odd neutron with its spin parallel to its 
orbital angular momentum. Both states would have 
the same moments, (u7)s»=—1.91. By taking into 
account configuration mixing, calculated on the basis 
of simple perturbation theory and estimates of the 
two-body interaction strengths and integrals deter- 
mined from the empirical data on pairing energies, 
Arima and Horie* computed the magnetic moments of 
the Cd! states. Their result, uij2=—0.49 and ps2 
=-—0.70 for the moments of the ground and first ex- 
cited state of Cd, respectively, agree fairly well with 
the experimental values. 
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Inelastic Scattering of Protons from Cl** and Cl*’+ 


J. P. Scutrrer, C. R. Gossett,* G. C. Puiiips, anp T. E. YounG 
The Rice Institute, Houston, Texas 
(Received February 24, 1956) 


The Rice Institute 180°-magnetic spectrometer was used in measuring the energies of inelastically scattered 
protons from targets of normal KCl and from NaCl targets enriched in Cl** and Cl*’. Bombarding energies of 
4.6, 4.7, 4.8, 5.0, and 5.6 Mev were used. One state of 1.713+0.010 Mev was observed in Cl*’ and two 
states at 1.220+-0.005 and 1.766+0.005 Mev are assigned to Cl* for energies of excitation below 2 Mev. 
No state below 2.0-Mev excitation was observed in K®, while the first excited state of Na* was determined 


as 437+5 kev. 





HE energies of low-lying levels in the nuclei Cl*® 

and Cl*’ have been measured accurately by using 

a 180°-magnetic spectrometer,' in conjunction with the 
Rice Institute Van de Graaff generator. These nuclei 
were excited by inelastically scattering protons whose 
bombarding energies ranged from 4.6 to 5.6 Mev. The 
energies of the protons were determined by measuring 
their momenta in the magnetic field of the spectrom- 
eter. From the proton energies the Q values for the 
reactions were determined. In the case of inelastic 


scattering, the Q value is the negative of the energy 
of excitation of the level to which the scattering 
occurred. From the manner in which observed proton 
peaks shifted with bombarding energy, the approxi- 
mate mass of the isotope responsible for the level can 
be determined. In this way peaks from impurities were 
identified. Since natural chlorine contains 75.4% Cl* 
and 24.6% Cl*’, it was necessary to use enriched isotope 
targets to assign the levels to the appropriate isotopes. 

Initial work on this reaction was done using natural 
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Fic. 1. Spectrum of protons scattered from a KCl target evaporated on a thin Ni foil. 
Levels assigned to Cl, Ni, and various contaminants are so indicated. 
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INELASTIC SCATTERING OF 


KCI targets evaporated on thin Ni and C foil backings. 
From this it was learned that three of the levels ob- 
served were due to Cl or K, as shown in Fig. 1. A 
repetition of the experiment under identical conditions 
using KI as a target indicated that none of the three 
levels observed corresponded to states in K*®, or that 
K*® did not have a state that was observed in the 
present work below 2.0-Mev excitation. This is in 
agreement with recent work by Sperduto and Buechner.” 
To obtain definite isotopic assignment of the levels in 
Cl, samples of NaCl with enrichment of the isotopes 
Cl and Cl’? to 95% and 67%, respectively, were ob- 
tained on a loan from the Oak Ridge National Labora- 
tory. The assignment of the levels, to a particular 
isotope, was made on the basis of relative intensities. 
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Fic. 2. Partial spectra of protons scattered from NaCl targets 
enriched in the Cl isotopes, per 500 microcoulombs of protons. 
The two peaks on the right are due to elastically scattered pro 
tons, while the three peaks on the left are due to inelastic 
scattering from Cl. The peak intensities were not in the exact 
ratio of the relative enrichments, because of the effects of reso 
nances in the compound nucleus and the difference in target 
thickness for the two targets. 


As is shown in Fig. 2, two of the levels, at 1.220 and 
1.766 Mev, can definitely be assigned to Cl*® while the 
1.713-Mev state is assigned to Cl*”. The fact that the 
ratio of observed intensities in Fig. 2 is not exactly the 
same as the ratio of isotopic abundances can probably 
be explained by a strong resonance in the compound 
nucleus. Many resonances are observed in the similar 
reaction of inelastic scattering on Ni, where intensity 
changes by factors of 5 are often observed in energy 
intervals of 2 kev. The isotopic assignment is based 
upon the data shown in Table I. 

2A. Sperduto and W. W. Buechner, Phys. Rev. 100, 961(.\) 


(1955 


TABLE I. Observed energy levels 


Energy of 
excitation 
(Mev) 
1.219 
.210 


PROTONS 


Protor 
bombarding 
energy 


(Mev) 


4.615 
4.713 


4.839 
4.630 
4.977 


4.975 
+ 0.005 


5.004 
4.615 
4.839 
4.713 


4.711 

4.977 

4.975 
766+ 0.005 


700 Sa 4.615 
700 5.604 


3+0.010 


0.431 
0.439 
\v=0.437+0.005 


® Target material designated NaCl* was an evaporated layer of NaCl 
with the Cl enriched to 95% Cl*®, while the target material designated 
NaCl? had the Cl enriched to 67% Cl’. 

b The intensity ratio is the ratio of the numbers of protons inelastically 
scattered to a particular excited state, from two targets of identical chemical 
composition and mass per unit area, but of differing isotopic composition. 
In this case, the ratio is the ratio of the number of protons inelastically 
scattered from a target enriched in Cl** to the number scattered from an 
equivalent target enriched in Cl? 


Pieper, Stanford, and Herrmann’ report states in Cl’ 
as 0.7, 1.1, and 1.7 Mev from the reaction S$®(a,p)Cl*. 
While the upper two states are in rough agreement 
with the present work, the inelastic proton scattering 
experiments showed no evidence for the state at 0.7 
Mev. However, the two levels in Cl** reported here are 
in almost exact agreement with those reported recently 
by Van Patter ef al.’ 

No level in the region of 1.713 Mev of excitation of 
Cl" had been reported previously. The S* beta decay 
only shows evidence for a state in Cl? at 3.1 Mev.’ 
The first excited state found for Na” is in good agree- 
ment with that reported by Donahue, Jones, McFlli 
strem, and Richards® by electrostatic analysis. 

3 Pieper, Stanford, and Herrmann, Phys. Rev. 98, 1185(A) 
(1955). 

4Van Patter, Swann, Porter, and Mandeville, Bull. Am. Phys. 
Soc. Ser. II 1, 39 (1956). 

5 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 137 (1946) ; H. 
Morinaga and E. Bleuler, Bull. Am. Phys. Soc. Ser. II 1, 30 (1956) 


6 Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89 
824 (1953). 
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Interpretation of the H*(p,n) Reaction* 


W. SELovEt 
Harvard University, Cambridge, Massachusetts 


(Received March 29, 1956) 


The angular and energy dependence of the H*(p,) reaction at energies up to a few Mev have been much 
analyzed for their possible indication of resonances in the “compound nucleus” Het. It is shown that the 
experimental data can be explained on the basis of “direct” interactions, without assuming that any com- 
pound-nucleus state is involved. A combination of “knock-on” and “pickup” effects is involved. 

In addition to removing the H*(p~,n) data as evidence for an excited state of He‘, the result of this work 
adds to previous evidence that the Born approximation can give a good account of the angular and energy 
variations in nuclear rearrangement collisions, even at energies as low as a few Mev. 





INTRODUCTION 


ECENTLY the H*(p,7) reaction has received con- 
siderable attention, especially because of the 
information one might hope it could give concerning 
(unbound) excited states of He'.!.? It is the purpose of 
this note to point out that the broad maximum in the 
total cross section for this reaction, at about 3 Mev, can 
be understood on the basis of a simple picture of the 
reaction as a rearrangement collision,’ so that the 
existence of a maximum does not give positive evidence 
for any excited states in He‘. That is, the energy de- 
pendence, and the nature of the angular distribution as 
well, can be understood on the basis of a “direct” 
interaction, without assuming that any “compound- 
nucleus” state is involved. 


REMARKS ON THE APPROACH USED 


The discussion given here is based on a rearrangement 
collision picture. This “direct interaction” viewpoint, as 
opposed to one involving a compound nucleus, has been 
applied to the (,p) reaction by Austern, Butler, and 
McManus,‘ following the success of the Butler type 
theory in accounting for the results of stripping and 
pickup reactions. The Butler type theory itself repre- 
sents a similar approach, corresponding essentially to a 
Born-approximation type calculation.® 

In the usual form of application of the Butler type 
theory it is assumed that the nucleus is opaque, and that 
the reaction takes place outside the nucleus. However, 
it has been pointed out that this may not be an appro- 
priate picture® and that in fact at higher energies, where 
the nucleus is more transparent, the interior region of 
the nucleus plays a dominant role.’ 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

¢ Present address: Brookhaven National Laboratory, Upton, 
New York. 

1N. A. Vlasov ef al., Soviet Physics JETP 1, 500 (1955). 

2 Willard, Bair, and Kington, Phys. Rev. 90, 865 (1953). 

8L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), 

4 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

5 See, e.g., R. Huby, Progr. Nuclear Phys. 3, 177 (1953); E. 
Gerjuoy, Phys. Rev. 91, 645 (1953), N. C. Francis and K. M. 
Watson, Phys. Rev. 93, 313 (1954). 

‘6 P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952). 

7 W. Selove, Phys. Rev. 98, 208 (1955). 


In the present note there are two differences from the 
treatment of reference 4. First, the nucleus is treated as 
transparent rather than opaque. With regard to the 
direct p-n interaction, this has the general effect of 
broadening and smoothing the angular distribution. 
Secondly, the interaction between the incoming proton 
and the “remainder” of the target nucleus (i.e., the part 
remaining when a neutron is removed) plays an im- 
portant role, in this special case in which H? is the target 
nucleus. Namely, this interaction is responsible for the 
production of neutrons giving the backward peak ob- 
served, through a “stripping” process, in which a 
neutron is stripped from the “incoming” triton. 

The nuclei involved, H* and He’, are treated as trans- 
parent in the calculation of both processes (p-n, 
stripping). For these light nuclei, this transparency 
viewpoint is probably reasonable even at the low ener- 
gies at which we propose to apply it (7 Mev and less),'* 
especially in view of the relative success which the 
transparent model has shown for the (p,d) reaction in 
Be® down to comparable energies.*.* The errors associated 
with this transparent-nucleus approach in the present 
case may be expected in any event to be no larger than 
those associated with our use of Born and “impulse’’” 
approximations or with our omission of possible com- 
pound-nucleus contribution to the cross section. 


QUALITATIVE DISCUSSION OF THE REACTION 


The calculations described below are made in a 
perturbation-theory way. We then have to do essentially 
with a matrix element between an initial and a final 
state. The wave function of the 3-nucleon target nucleus 
or final nucleus is taken as separable, in the manner 
indicated in Fig. 1. The (p,7) reaction in this case may 
be thought of as a rearrangement, which can be pro- 
duced by either of two interactions. One of these is the 
p-n potential V,,(ti—r2), the other is equivalent in 
Born approximation to the interaction between the 
proton and the “residual” nucleus, V,y(ti—rw). (The 
coordinate labeling is explained in Fig. 1. There are 


8S. Glashow and W. Selove, Phys. Rev. 102, 200 (1956). 

® J. Dabrowski and J. Sawicki, Acta Phys. Polon. 14, 143, 407 
(1955). 

0 G. F. Chew, Phys. Rev. 80, 196 (1950). 
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INTERPRETATION 


Fic. 1. Coordinates are measured from the center of mass, O. 
The vectors specifying the positions of the proton /, the neutron n, 
and the residual nucleus N (mass=2) are denoted mr, re, and rw, 
respectively. 


only two independent coordinates ; the three coordinates 
used are connected by the relation r;+r2+2ry=0.) 

The effect of V,, may be pictured physically perhaps 
most easily in the high-energy limit, in terms of a 
“knock-on” collision in which the proton directly ejects 
the neutron and takes its place. The angular distribution 
of the emitted neutrons will reflect the angular distribu- 
tion of the free p-n cross section. This Vy, process has 
been essentially treated by Chew and by Austern et al. 
It gives a very simple picture of the energy-dependence 
of the H*(p,z) reaction. Namely the reaction cross 
section oy3 is found to be roughly proportional to the 
free p-n cross section a», at an energy corresponding to 
(but not identical to) the energy of the incident proton. 
The H*(p,) cross section consequently tends to de- 
crease with increasing proton energy, because op, de- 
creases. The gentle decrease due to this effect, combined 
with the characteristic post-threshold energy depend- 
ence of a reaction, namely a steep rise followed by a 
leveling off, serves to explain the broad maximum 
followed by a gentle decrease, seen in the total H*(p,7) 
cross section. This argument when pursued predicts 
approximately the observed rate of decrease following 
the maximum. 

However, this V,, process does not predict the ob- 
served angular dependence. At low energies op» itself is 
isotropic. The corresponding theoretical result for the 
H'(p,2) reaction at low energies is an angular distribu- 
tion dropping slightly for backward angles. 

The experimentally observed backward peak thus is 
not explained by this interaction. However, as remarked 
above, the V py interaction does give an explanation. The 
effect here is due to the appreciable velocity of the H® 
nucleus in the over-all center-of-mass system. The V pw 
interaction serves to attach the proton to the “residual” 
nucleus, while the neutron is detached, and proceeds 
with the (total) momentum which it had before the 
collision. Now the magnitude of the final neutron 
momentum is fixed by the energetics of the reaction, 
since He’ is left in a definite single state. For a neutron 
to be released in a given direction the H*® nucleus must 
initially be in a suitable state of internal motion. Now 
comes the essential point: for a neutron which will be 
emitted in the “backward” direction—i.e., opposite to 
the initial proton direction—the center-of-mass motion 
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Fic. 2. Kinematics in the center-of-mass system. The lengths of 
the arrows represent velocities. In cases (6) and (c) the neutron 
momentum has the same magnitude as the proton momentum. 


of the H® serves to “catapult” the neutron out. Thus, as 
shown in Fig. 2, the internal momentum in the H? 
nucleus required to furnish a neutron in the backward 
direction is much less than for a forward-emitted neu- 
tron. (Momentum will be expressed here in units in 
which #= 1.) If we neglect the binding energy difference 
between H* and He’ and take the initial proton mo- 
mentum and the final neutron momentum to have the 
same magnitude, then from Fig. 2 we see that for a 
backward-emitted neutron the internal momentum re- 
quired is only half that for a forward-emitted neutron— 
the kinetic energy only one-fourth as great. Moreover, 
it is easy to see that the internal momentum of the final 
He’ nucleus has essentially the same magnitude as the 
internal momentum of the initial H* nucleus. Conse- 
quently, the matrix element for this “‘stripping”’ process 
produced by V py involves the square of the momentum 
wave function for the appropriate value of internal 
momentum. The dominant backward emission is thus 
connected with the fact that the internal momentum 
distribution for H® falls fairly rapidly for increasing 
momentum. Madansky and Owen!" have also pointed 
out that this type of “heavy-particle stripping” can 
contribute a backward peak of neutrons. 

The angular dependence of the stripping contribution 
can be used in principle to obtain information on the 
triton wave function. However, such an analysis is not 
pursued here, since the approximations involved in the 
present treatment are almost certainly too crude to 
provide very accurate information of this kind. To see 
whether this treatment is capable of accounting for the 
H*(p,n) data, however, requires only a rather crude 
description of the properties of the H* wave function— 
principally just its approximate range. 


CALCULATION 


In this report, effects due to spin and to the Pauli 
principle are not discussed in detail. The writer has 
investigated these effects in detail for H*(p,m) for the 
case of purely central forces and has found that in this 
case the effects do not modify the predictions as to 
energy and angular dependence of the cross section. 


11 ],, Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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They enter into the magnitude of the cross section, but 
only in simple ways such as factors of two or one-half. 
The theory used here is expected to give fairly good 
results for the energy and angular dependence of the 
cross section, but not for the absolute magnitude, 
judging from previous experience with the transparent- 
nucleus (p,d) theory.'"? Consequently, the effects of spin 
and Pauli principle are not important here, at least on 
the assumption of central forces. To keep the calculation 
of reasonable magnitude, the effect of tensor forces is 
not examined ; at the low energies under consideration, 
this procedure is not likely to affect the results seriously. 

The approximations made here in order to carry out 
the calculation involve principally (i) the form of the 
mass-3 nuclear wave function, (ii) the use of the impulse 
approximation for calculating the V,, matrix element, 
and (iii) the use of the Born approximation for calculat- 
ing the V,w matrix element. 

For the wave function of the mass-3 nucleus we take 
the form 


0(Fo,03,84) = u(t2— 3 (tst+14) w(ts—44). 
=u(ro—ry)w(r3—Fr4), (1) 


where » is assumed to be symmetric in ro, rs, 4. In 
calculating matrix elements involving, say, the inter- 
change of neutron 2 and proton 1, we shail neglect any 
effects due to structure of the residual nucleus, i.e., due 
to the form of w. Now we know the correct wave func- 
tion can be expanded in a sum of products of the form 
>; uw;. To take only the single term (1) may seem 
roughly equivalent to assuming that the “residual’’ 
neutron-proton pair in H*, say, are in a deuteron ground 
state. From recent work of Werner" we know this to be 
not a very good description. However, there is at least 
one approximate form for 0(r2,rs,r;) which satisfies the 
requirement that it be symmetric with respect to the 
three nucleons and at the same time is separable in the 
form of (1), namely a Gaussian 


vg=explL—(re+ret+re)],  (rotrj+ry=0) 


fstrs\? s 
=exp| —3{ r.—-—— expl—43(r3—1,)? J,etc. (2) 
? 


Hence the assumption of factorability in the form (1) is 
felt to be a reasonable one. As to the further assumption 
that the form of w does not play an important role, this 
is essentially in the spirit of the Born and impulse ap- 
proximations. Henceforth we shall omit entirely the 
function w, and use, for example, “(r.—ry) alone as the 
wave function for the initial nucleus. 

The matrix element involving an incoming proton of 
momentum k, and an outgoing neutron of momentum 


2See reference 8, and also W. Selove, Phys. Rev. 101, 231 
1956). 
18 A. Werner, Nuclear Phys. 1, 9 (1956 
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k. can then be written, by standard techniques," as 


H’ = f arsi(t,—ry) 


Xexp[ — ike: (4/3) Jus*(11—ry) 
XLV pn(ti— te) + Vay (re—ry) ]¥, (3) 


where W is the exact wave function of the system. (The 
small numerical factors appearing ubiquitously result 
from reduced-mass effects.) We discuss the two terms 
separately. 

For the calculation of | V,,| we start with the impulse 
approximation. As discussed above, we may have some 
hope that even at the low energies involved here this 
approximation may give the essential features which 
would result from a more accurate calculation. The 
matrix element takes the form‘: 


| Vion = f dpe *a)eu(o)k Pon k), (4) 


where ¢o and gy, are, respectively, the Fourier trans- 
forms of uo(re—ry) and u;(r;—ry), q satisfies the 
momentum conservation condition 


q= p+ 3(ki—k,), (5) 
and the matrix element (k’|r|k) corresponds to the 
scattering amplitude for an isolated pn system, from an 
initial relative momentum 


k=}(k,—k,)jnitial= $[ (4 3)k;— p | 


(5a) 

to a final relative momentum 

k’=3(k,—K.,,) fina = 3Lq— (4/3)k2 | 
=4(2k,:+p—2k,). 


(5b) 
The r,, matrix elements are in general off the energy 
shell. For pk, ko, one can nevertheless argue that 
Yon| can be moved outside the integral (4). This 
condition is not really met in the present case, and one 
cannot be very certain of the validity of such a pro- 
cedure. However, another approach to the problem, 
which we now discuss, suggests that such an approxi- 
mation may indeed be reasonably good. We consider the 
use of the Born approximation to calculate |V,,|. In 
this approximation direct and exchange contributions 
are treated separately, and take slightly different forms. 
(This is in contrast to the impulse-approximation treat- 
ment, where the over-all properties of the potential V ,,, 
are handled at once.) 

One can make an argument that the Born approxi- 
mation may give the principal features of the results 
for a rearrangement collision even though it may be 
quite inadequate for treating a nucleon-nucleon collision 
itself. The argument is on the basis that the target 
nucleon involved is “spread out,” so that the replace- 
ment of the exact wave function W in (3) by the “‘initial- 
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state” wave function exp[_ik,: (4/3); }uo(re—ry) may be 
a reasonable approximation. Moreover, we again can 
note the experience with the (p,d) rearrangement colli- 
sion, where the Born approximation seems to give good 
results.* Finally, we may try to improve the Born 
approximation, in somewhat the spirit of the impulse 
approximation, by replacing any nucleon-nucleon matrix 
elements, that arise, by the equivalent experimental 
values. 

Dealing here with a nonexchange potential, the Born- 
approximation form of | V,,| can be put into the form 
(dropping a Jacobian) 


[=f dreiesten ey ) 


x fake (kek) -$Ry -*(R+-3r)u9(R—4r), (6) 


where r=r,—r2, and R=r,+1r2. We expect the range of 
V to be considerably smaller than that of u, or mo, and 
it is consequently a good approximation to take 


uy* (R+41r)uo(R—4r) ~u*(R)uo(R). (7) 


(6) now is factorable. The second integral can be 
converted back to momentum space, whereupon (6) can 
be written 


| Vpn| ~ f dreiesreo eV 
x f dpe s*(o+8kx—k:) o0(0). (8) 


It is of interest also to write down the form which (6) 
takes if we convert #,; and % to momentum space, with- 
out making the approximation (7). In this case, we 
obtain 


Von = J dpe*(p-+3[ki—ks]) ¢0(p) 
x f dre (p~ kek) f(r), (9) 


Comparison of (8) and (9) shows that the approximation 
(7) has the effect in the Born-approximation matrix 
element (9) of replacing the internal momentum p of the 
struck neutron by 


Peffective= § (ke— k;) 


in the second integral of (9), i.e., in the nucleon-nucleon 
scattering factor. 

On comparing (4) and (9) we see that the r,,, matrix 
element, which corresponds to the momentum change 


Ak=k’—k= p—k.— 4k, (11) 


corresponds to the Born-approximation matrix element 
for this same momentum change—that is, the second 


(10) 
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factor of (9). In the spirit of modifying the Born ap- 
proximation toward an impulse-approximation form, we 
may retain the identification of [r,,| and the Born 
factor even after the approximation (7). We infer then 
that under that approximation we may make the 
replacement (10) in |rp,| as well as in the equivalent 
Born factor. We can now remove |7,,| from the integral 
in (4), which is the procedure we set out to justify. 
(4) then reads 


| V sal (| Ppn| )eftectivel (Ke—ky), (12a) 


. ki—Sk,  Sky—k\ 
( | Ton | effective = ( me. | Yon | — ) (12b) 
6 


6 


where 


and 


F(k:—k;)= f dpo/*(p+3[ki—ks]) o0(0) 


= f aR s00-40-84*(R)ua(R), (12c) 


We have thus finally arrived at the expression (12), 
from which we see that |Vp,| takes the form, familiar 
for such problems, of the product of a nucleon-nucleon 
scattering amplitude with a nuclear “form factor.” The 
latter, F, corresponds to the form factor which arises in 
a treatment of the scattering of waves of wave number 


19 


2k, by a density distribution w,*(R)mo(R), ~ | wo(R)|? 
in the present case. The nucleon-nucleon amplitude 
(| pn| effective is essentially on the energy shell, since 
ko~k,, and so can be directly related to a free pn 
scattering, with a relative momentum and a momentun 
change obtainable from (12b). One sees that for forward 
emission of neutrons (k2~k,) the effective collision 
momentum is }k, and the equivalent pm scattering is 
backwards; and for backward emission the effective 
collision momentum is k, and the equivalent pm scat- 
tering is forwards. Thus the behavior of (|fpn| effective 
with angle is such as to make forward emission of 
neutrons slightly preferred. For a H*(p,7) reaction with 
protons of laboratory energy Eo, the equivalent free pn 


44 The fact that the approximation (7) has the effect of making 
the replacement (10) in (|r|) can be given a rough physical 
interpretation. It can be noted that the value (10) gives the 
minimum product of the internal kinetic energies in the initial and 
final nuclei. This product is proportional to |p|?|q|?; with the 
condition (5), minimizing this product just gives (10). The fact 
that the approximation (7), which rests on the assumption that V 
is of considerably shorter range than 1, results in the minimization 
of this product can be understood in the following way: The 
dominant contribution in the matrix element (4) comes from 
values of p in the neighborhood of the value which maximizes 
¢s*(q) ¢0(p)(|r|). If V is of considerably shorter range than mo or 
uy, then the dependence of the third factor on p (in Born approxi- 
mation this factor corresponds just to the Fourier transform of V) 
will be weaker than the dependence of the first two factors. The 
dominant contribution in (4) then comes from the region of p 
values which maximizes ¢s*(q) go(p). If uo and wy are of long range 
then ¢o and gy will fall rapidly with increasing momentum, and 
a prance ¢s*(q) go(p) will become a maximum near a minimum 
of |p| |q|. 
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collision for forward-emission is at Eo, that for back- 
ward-emission is at (9/4)Eo. (In the present case, for 
energies of a few Mev, the angle of the equivalent free 
collision is unimportant, since the experimental scat- 
tering is isotropic.) 

The form factor F will also have a behavior favoring 
forward emission. F is equal to unity for forward emis- 
sion. Its value for backward emission can be estimated 
by using a reasonable approximation for the wave 
function «. Such an estimate gives a value of the order of 
0.85 for Eo=5 Mev. 

If one now calculates the value of the total cross 
section, including the density-of-states (phase space) 
factor which plays a prominent role near threshold, 
according to 


vie f tr f dQ| Vpn|°C1—(4E,/3E)}', (13) 


where £; is the center-of-mass threshold energy, one can 
fit the energy dependence of the total cross section 
reasonably well. The absolute magnitude of o; is not 
given well by this procedure, but this is not surprising in 
view of similar experience in the (p,d) case,* in which the 
Born approximation has been found to give a good 
account of energy and angular variations while giving 
absolute values incorrectly by a factor of the order of 5. 

As for the angular dependence of ¢, the results so far 
would give a forward peaking, with a ratio a°: 790°: o180°, 
at 5 Mev, of about 1.3:1.0:0.7. When this is compared 
with the experimental ratios of about 2:1:6 it is seen 
that the theoretical result gives the qualitative form of 


3.3 Mev 




















Fic. 3. Angular distributions. The experimental data are shown 
by solid lines. Calculations for the angular dependence of the 
stripping contributions are shown dashed, normalized at 140°. 
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the forward-hemisphere data, but does not give the 
backward peak. As discussed above, the latter can be 
explained by a stripping’ process. Or, in alternative 
words, a “pickup” process, in which the incoming proton 
“picks up” the “residual nucleus” unit and continues 
forward, as He’, leaving then the neutron going back- 
wards. Most of the contribution to the total cross 
section comes from angles near 90°, where the stripping 
process does not contribute strongly ; hence the previous 
discussion of the energy dependence of the total cross 
section is not changed by inclusion of the stripping term. 

This stripping process occurs as a result of the inter- 
action V,w(f2—rwv). The stripping term was discussed 
above qualitatively as due to the interaction Vy rather 
than Vv. Now to be precise one cannot speak of either 
of these potentials as “causing” the reaction—the tran- 
sition probability amplitude given by (3) involves an 
integral equation for the exact wave function ¥. How- 
ever, in Born approximation the matrix element does 
have the perturbation-theoretic characteristic form 
JS Weinai* VYVinitiat. In this approximation the matrix ele- 
ments of the two potentials V,y and V,y are equal, 
according to the well-known “post-prior’”’ equivalence.* 
Thus in the Born approximation the matrix element 
may be written in the form /YWrinai*V pwVinitial, Which 
happens to be also more physically suggestive than if 
written with Vy instead. 

We then proceed to evaluate the matrix element V py 
in Born approximation. Since the residual nucleus is 
being treated as structureless, the result is identical in 
form to that for the (,d) pickup process as first written 
down by Chew and Goldberger.!® 


| V pn| = f d(e—ty)d(es—t5) 


Xexp[— ike: (4/3)re ju y*(t1—1w) Vpn(ti— tw) 
Xexp[iki . (4/3)r1 }uo(re— ry) ° (J 4) 


On expressing r; and r2 in terms of r—ry=r and 
r2a—ryvy=s, this becomes 


| V pv | = f ase i( ka+4e1) +8445 (g) 


x f dru,*(1)V py (nett -", (15) 


This is now factorable. The second factor can be trans- 
formed in the usual way (see reference 15), giving finally 


| V pw| = — ¢o(kot+$ki) 9 s* (ki +-$ke) 
X[(4mB/3n*)+ (ki+$k2)*], 
where B is the binding energy of a proton in He’, m is 


the mass of a nucleon, and ¢o and gy are the Fourier 
transforms of u and u;, as before. Thus the differential 


(16) 


18 G. Chew and M. Goldberger, Phys. Rev. 77, 470 (1950). 
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cross section for this process has the behavior 


4mB 2 
a~| o(n)| (+) ‘ 
3h? 


n= |kit3ke]. 


(17a) 


(17b) 


For a proton energy (laboratory) Eo, one readily finds 
n*= Ey(5+3 cosé)/8, where @ is the angle between k, and 
k», and n? is here expressed in energy units. 

Calculations have been made from (17a) for the 
angular distribution resulting from the stripping process. 
For convenience in the calculation u(r) was taken to be 
a Hulthén function (e~*’—e~8")/r, with a determined 
from the binding energy and @ taken as 1.7a, a value 
which makes u’’=0 for r=3.5X 10- cm. This approxi- 
mation to « probably has too strong high-momentum 
components. 

The results of using this approximation are compared 
with the experimental data, in Fig. 3. The theoretical 
peaks are broader than the experimental ones. At least 
part of this difference could be made up by taking a u 
“smoother” than the one used, while still having proper 
asymptotic behavior. It does not seem worthwhile to 
pursue this, since the peak could also be narrowed by 
interference effects between |V,,| and |Vpw|, and 
since the entire calculation is only approximate. (The 
rather sharply-featured dip in the angular distribution 
is suggestive of interference effects, but could also be 
produced by a model in which H* and He’ are taken to 
be partially opaque rather than completely trans- 
parent.) The essential conclusion to be drawn from the 
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present work is that the major features of the data can 
be accounted for on the rearrangement-collision 
viewpoint. 

The results of this work are of interest from two 
standpoints. Firstly, the H*(p,z) reaction data have 
been considered to give the principal evidence for the 
existence of an excited (although unbound) state of Het. 
From the results of the present work, the H*(p,m) data 
do not provide such evidence for a state of He‘, and thus 
they give no evidence for the existence of a state of H‘ at 
corresponding energy. The existence of these states 
would be important for the interpretation of certain 
scattering and hyperfragment data. 

Secondly, this work provides additional evidence that 
the Born approximation can give a good account of 
nuclear re-arrangement collisions, even at energies as 
low as a few Mev. This result is of interest because it is 
difficult to establish a criterion for the validity of the 
Born approximation in a rearrangement collision—no 
such simple criterion can be stated as can be, for 
example, for the use of the Born approximation in 
simple scattering. The results of the present work add 
to previous evidence that the Born approximation can 
give a good account of the angular and energy variations 
in rearrangement collisions, although the absolute values 
may not be given with much accuracy. 
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Spin of N"*+ 


B. J. Toprer 
Brookhaven National Laboratory, Upton, New York 
(Received March 21, 1956) 


Observations have been made on the intensity ratio of the 6.13- to 7.11-Mev gamma rays of O" following 
decay of N'* in order to test the possibility that the ground and first excited states of N'* have spin 0— and 
3— as preliminary results of recent calculations by Elliott have predicted. The ratio was obtained with N™ 
made by the O'*(n,p)N' reaction and by the F'*(n,a)N'® reaction. For the first reaction, the ratio was 
obtained for two ages of the N'*. The constancy of the resulting intensity ratios implies that the theoretical 


prediction is not correct. 


HE spin of N'* is commonly taken to be 2— on 

the basis of the character of the beta decay to the 
ground state and excited states of O'*%.! Preliminary 
results of recent calculations by Elliott at Harwell 
predicted? four low-lying states (including the ground 
state) in agreement with experiment. These states were 
found all to have negative parity with spins 0, 3, 2, 
and 1 but the order was unreliable because of their 


+t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Millar, Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951). 

21D. H. Wilkinson, private communication. 


closeness. Although the same calculations gave good 
agreement for the odd-parity levels and gamma-decay 
branching ratios in O'*, there appeared to be a serious 
disagreement in the beta decay of N'* to O'®, Assuming 
N'® to have 2— for its ground state gave reasonable 
agreement for the ff values to the O'® 2— state at 
8.87 Mev’ and the 3— state at 6.13 Mev,‘ but there was 
a factor of the order of 10° between theory and experi- 
ment for the ff value to the 1— state at 7.11 Mev.‘ 


~ 4 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
4F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
77 (1955). 
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Fic. 1. Three-crystal pair spectrum showing the 6.13-Mev and 
7.11-Mev O"* gamma rays following decay of N"*. 


Elliott noticed that this discrepancy could be removed 
if in fact N’* had spins 0 and 3 for its two lowest levels. 
These states would both decay by beta emission since 
the M3 isomeric transition would have a single particle 
speed of about 4000 seconds (assuming an energy of 
113 kev‘). According to the theory, the 0— level would 
decay to the O'* 0+ ground state and 1— state, while 
the 3— level would decay to the 2— and 3— states. 
The lifetimes for these two transitions would be, ex- 
tremely roughly, 5 and 20 seconds, respectively, which 
are to be compared with the apparent over-all lifetime 
of 7.35 seconds. 

In order to investigate this possibility, observations 
were made of the intensity ratio of the 6.13- to 7.11- 
Mev O'* gamma rays both as a function of the age of 
the N'* and the reaction producing it. Presumably the 
0— and 3— states of N'* would not have exactly the 
same half-life nor would they be populated the same in 
different reactions. The gamma rays were detected by 
a three-crystal pair spectrometer and the data were 
recorded using an Atomic Instrument Company 20- 
channel pulse-height analyzer. 

A constant source of N’* activity was first obtained 
by means of the O'*(,p)N'® reaction by using a con- 
tinuous flow water target with Li’(d,z) neutrons from 
the Brookhaven National Laboratory research Van de 
Graaff generator. After irradiation, the water flowed 
through small diameter copper tubing to a nearby 
laboratory for observation. By inserting a length of 
large-diameter tubing in series with the small tubing so 
as to hold up a given unit volume while not affecting 
the gross flow rate, one can effectively let the N' 
decay before counting. Two observations were made 
using a flow of 5.1 seconds per cubic inch. With the 
“delay” in, the intensity fell by a factor of 2.95 while 
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there was no apparent change in the flow rate. Assuming 
a 7.35-second half-life, the hold-up then amounts to 
11.5 seconds. The observed 6:7-Mev intensities are 
14.5:1 without holdup and 14.9:1 with holdup, each 
to a_ statistical uncertainty of about The 
intensities were calculated by determining the peak 
height, correcting for width, and dividing by the pair 
cross section.® Figure 1 shows a typical three-crystal 
pair spectrum taken without holdup. The other data 
are similar. 

From these results, one concludes that either the 
3— and O— states have the same half-lives with a 
probable error of +7% or that only one state is 
involved. Since the 6.13-Mev 3— state of O' is strongly 
fed, the N'® state feeding it could not be of spin 0—. 
Also, a 3— N'® state would not feed the 1— O'® state 
at 7.11 Mev. One might perhaps hope then that the 
upper small peak of Fig. 1 is not due to a 7.11-Mev 
gamma ray but rather to a gamma ray of energy 6.91 
Mev. This is already doubtful from the observed in- 
tensities since a 3— to 2+ beta transition is first for- 
bidden. However, in order to check this possibility, 
a careful determination was made of the energy of the 
“7-Mev” gamma ray relative to the known 6.13-Mev 
gamma ray. This determination was made using a 
technique similar to the earlier runs but with higher 
dispersion. Assuming an energy of 6.130 Mev for the 
prominent gamma ray, the resulting energy was found 
to be 7.116+0.020 Mev. One must therefore conclude 
that if one state is involved in the decay of N’®, it 
cannot have spin 0— or 3—. 

N'® was next made by means of the F'(n,v)N'® 
reaction. Teflon targets were used and neutrons were 
produced using 2.3-Mev deuterons on a deuterium gas 
target. Since in this case the detectors were situated in 
the intense neutron flux, data could be recorded only 
with beam off target. The Van de Graaff generator and 
scalers were alternately activated and deactivated by 
means of a one-cycle-per-minute motor and cam-relay 
system. Beam was on target for about 30 seconds and 
then scalers were activated for about 25 seconds with 
beam off, and so on. It was not found necessary to 
remove high voltage from the photomultipliers during 
the neutron irradiation. The data obtained were similar 
to Fig. 1 and a ratio of 14.3: 1 wasfound for the 6: 7-Mev 
intensities with the same uncertainty as before. This 
ratio and the previous two can be compared with the 
earlier 12.5+3.1 of Millar et al.’ 

Excepting the improbable coincidence that the theo- 
rized O— and 3— states of N'® have the same half-lives 
against beta decay and that they are populated the 
same in two reactions within about +7%, one 
must conclude that only a single state of spin 2— is 
involved in the decay of N"*. 

The author wishes to thank D. H. Wilkinson for 
suggesting this problem and D. E. Alburger for helpful 
discussions. 
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5 Mann, Meyerhof, and West, Phys. Rev. 92, 1481 (1953). 
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Alpha Spectrum in the Li’(p, y)Be**(«)He‘* Reactiont 


E. C. LaVier,* S. S. HANNA,t AND R. W. GELrnas§ 
Department of Physics, The Johns Hopkins University, Baltimore, Maryland 


(Received February 15, 1956) 


The alpha-particle spectrum in the Li’(p,y)Be**(a)He* reaction was observed with magnetic analysis 
from 1.0-5.5 Mev, corresponding to excitation energies in Be’ from 2-11 Mev. In addition to the well-known 
structure at E.x=2.9 Mev, very broad structure in the region of E.x= 10 Mev was observed. No evidence 
was obtained for the existence of levels between 3 and 10 Mev. 


RANSITIONS to the ground and first excited 

states of Be* have been well established! in the 
Li’(p,y)Be*(a)He* reaction. Recently, experimental 
evidence has been reported for states at 4.1, 5.3, and 
7.5 Mev.* We have investigated the spectrum of 
charged particles from the proton bombardment of 
Li’ using magnetic analysis at a bombarding energy 
of 0.44 Mev, and at angles of observation of 70° and 
90°. The Li’(p,y) process is resonant at 0.44 Mev with 
a width of 12 kev. 

In a study of the alpha spectrum in this reaction, it is 
necessary to consider the effect of the recoil imparted 
to the Be® nucleus by the radiation. Six hypothetical 
cases are illustrated in Fig. 1. The solid lines show the 
calculated shape of the alpha spectrum in the laboratory 
frame of reference, assuming the natural line shape 
shown by the dashed lines. For narrow levels the recoil 
broadening is about +0.2 Mev, in alpha energy, while 
for broader levels the effect is relatively much less 
significant. 
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Fic. 1. Recoil broaden- 
ing of alpha groups from 
Li? (p,ya) He! for six hypo- 
thetical levels in Be*. An 
isotropic gamma emission 
is assumed. I is the full 
width at half-maximum 
of the level measured in 
alpha energy. 
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1 The evidence is summarized in F, Ajzenberg and T. Lauritsen, 
Revs. Modern Phys. 27, 77 (1955). 

2 W. E. Burcham and J. M. Freeman, Phil. Mag. 41, 921 (1950), 
have studied the alpha spectrum up to Eg=2.2 Mev with mag- 
netic analysis. 

3E. K. Inall and A. J. F. Boyle, Phil. Mag. 44, 1081 (1953). 
E, K. Inall, Phil. Mag. 45, 768 (1954). 


Targets of Li’(99.8 percent)‘ metal deposited on 
aluminum backings were bombarded with proton beams 
of 1 to 2 microamperes. The resonance reaction was 
monitored by recording the high-energy gamma rays 
with a Nal scintillation counter. As sharp structure 
was not anticipated in the alpha spectrum, the entrance 
slit of the spectrograph was widened to 0.10 or 0.15 
inch® in order to increase the observed yield. The 
lithium targets used ranged from 25-60 kev thick for 
the protons. The instrumental and target broadening . 
can be judged from the Li®(p,v)He® peaks which arise 
from the small residual amount of Li® in the target. 
Actually, structure from the Li’(p,ya)He* reaction 
should be considerably less broadened by target thick- 
ness because of the sharp resonance response of the 
reaction. 

The data are presented in Fig. 2 (@=90°) and Fig. 3 
(9=70°). The reaction products were recorded in 
nuclear emulsions, each exposure in the spectrograph 
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Fic. 2. Spectrum at 0=90°. The circles represent the 
He‘ count; the crosses the He’ count. 


‘Obtained from the Isotopes Division, Atomic Energy Com- 
mission, Oak Ridge National Laboratory. 

5 R. W. Gelinas and S. S. Hanna, Phys. Rev. 89, 483 (1953). 
For a 0.10-inch slit the geometric solid angle is about 10~* sterad. 
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Fic. 3. Spectrum at 6=70°. Below Eg=1.8 Mev the actual 
count is about one quarter that indicated by the given scale. 
Above 3.7 Mev the count is about one and a half times that 
indicated. 


covering a range from E to about 2E. The spectrum in 
Fig. 3 was obtained in three exposures. Some 3X 10* 
alpha particles were accumulated in about 70 hours of 
bombardment. The region around E..=3 Mev, which 
has been observed before,? was not studied in very 
great detail. There is, moreover, evidence of a small 
contribution from the Al?’(p,a2)Mg” reaction, from the 
target backing, which makes the data around E,=1.7 
Mev quantitatively unreliable. All the data were 
corrected for the variation with energy of the acceptance 
angle of the spectrograph and for the increasing loss of 
a*+ particles toward lower energies because of electron 
capture. The spectrum in Fig. 3 (but not that in Fig. 2) 
has been converted to a linear energy scale. 

The a and He’ peaks attributed to Li*(p,@)He’ are 
identified with certainty, since He* particles can be 
distinguished from a particles by range in emulsion 
following magnetic analysis. The target is known to 
contain approximately 0.2 percent Li®. The assignment 
made to the O'*(p,a)N'® reaction was substantiated 
by an exposure at a bombarding energy of 1.0 Mev. 
The same target was used, except that it had been 
allowed to oxidize thoroughly in air for several days. 
Not only was the yield in this peak greatly enhanced 
over the Li’(p,va)He' yield, but the energy of the group 
was changed by the proper amount for identification 
with the O'8 reaction. 


TABLE I. Comparison of results on states in Be®. AEg is a half- 
width at half-maximum measured in alpha energy. 





Present experiment 
AE, €x- Min. 
pected in observable 
laboratory intensity 
percent 


Inall* 

Observed 
Eex in Be’ SEQ 
Mev Mev 


0.04 
0.07 
0.07 


Observed 
intensity 
percent 


1840.3 


1.740.3 0.5 
1.0403 





41- 
5.3 
75 


* See reference 3, 
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AND GELINAS 

The appearance of these impurity peaks makes it 
possible to estimate quite accurately the intensity of a 
group from Li’(p,ya)Het* which would be just discernible 
in the alpha “background.” The O'* peak falls in the 
region of overlap between two exposures and the 
structure, which is somewhat outside statistics, was 
recognized immediately in both runs. The intensity of 
this peak is 0.10 percent of the total Li’(p,ya)He‘ alpha 
intensity, including the ground-state transition.* The 
prominent Li*(p~,«)He*® peak is 1.9 percent of the total 
intensity. Using these percentages as a guide and allow- 
ing for greater expected peak widths, the figures in 
Table I were estimated for the minimum observable 
intensities of alpha groups corresponding to levels at 
E.x=4.1, 5.3, and 7.5 Mev. For comparison the intensi- 
ties reported by Inall* are included in the table. Level 
widths obtained from his data were used to estimate 
the widths expected in the present experiment (see 
Fig. 1). 

In the method used by Inall the alpha particles were 
detected in coincidence with the gamma rays, and an 
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Fic. 4. Conversion of the integral curve of Inall to a differential 
spectrum (schematic). The dashed curve takes account of the 
recoil broadening anticipated when the alpha particles are ob- 
served irrespective of the direction of emission of the associated 
gamma rays. 


integral spectrum was obtained by means of absorbing 
foils. Hence an observed level width contains, in addi- 
tion to the natural width, the experimental broadening 
from the absorbing foils and from the detector, and a 
small amount of recoil broadening because of the non- 
zero solid angles employed. We have not attempted to 
estimate the magnitude of these effects, since the widths 
expected in the present experiment are very insensitive 
to these corrections and in any event an upper limit is 
obtained by neglecting them. 

On the basis of intensity alone the failure to observe 
these alpha groups is perhaps not decisive. The dis- 
crepancy is highlighted, however, if the integral curve 
presented by Inall is converted to a differential spectrum 
as is done schematically in Fig. 4. Even after allowing 
for recoil broadening, in the manner indicated by the 
dashed curve, the spectrum differs from the results in 
Figs. 2 and 3 in a fundamental fashion, especially with 


The intensity ratio of the excited-state to the ground-state 
transition was taken to be 1:2. R. L. Walker and B, D. McDaniel, 
Phys. Rev. 74, 315 (1948). 
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regard to the breadth and over-all extent of the 2.9-Mev 
level. In Fig. 4 this level does not contribute to the 
yield above E.x=3.5 Mev. This is contrary to the 
evidence in Figs. 2 and 3, unless one attributes the 
entire yield above E.x.=3.5 Mev to the presence of 
levels which are very much broader than those ob- 
served by Inall. 

The logarithmic plot of the data in Fig. 5 serves to 
emphasize some very broad structure in the region of 
Eex=10 Mev. A level in Be® in this vicinity has been 
observed through other reactions. There is an indication 
of similar structure in the alpha spectrum of the 
L15(8)Be™* (a)He* decay.’ Recently Moak and Wisse- 
man® with the Li®(He*,p)Be* reaction, and Nilson and 
Jentschke® from alpha-alpha scattering, have given 
evidence for a level at about 12 Mev. Some older 


7R. T. Frost and S. S. Hanna, Phys. Rev. 99, 8 (1955). 

§C. D. Moak and W. R. Wisseman, Phys. Rev. 101, 1326 
(1956). 

®R. Nilson and W. K. Jentschke, private communication. 
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Eg, in Be® 
Fic. 5. Semilogarithmic plot of the spectra. The vertical dis 
placement of the curves is, of course, arbitrary. The dashed line is 
merely a visual extrapolation. 


measurements locate a level at 11 Mev. In view of the 
great breadth of the level and the incomplete coverage 
of it in the present experiment, it is probable that the 
same level is involved in all these experiments. 
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Atomic Masses of Ni°* and Ni*’} 


Puitie C,. EastMAn,* Nett R. IsENor,t G. RONALD BAINBRIDGE, AND HENRY E. Duckwortu 
Department of Physics, Hamilton College, McMaster University, Hamilton, Ontario 


(Received March 20, 1956) 


Mass spectrographic measurements are reported of the mass differences C2H,O.— Ni® and C;H,O— Ni*®. 
These results are used, together with existing data, to discuss certain discrepancies between transmutation 
and mass spectroscopically determined masses in the Fe-Ni-Zn section of the atomic mass table. 


I. INTRODUCTION 


T has been pointed out! that in the Fe-Ni-Zn 
section of the atomic mass table there exist dis- 
crepancies between mass spectroscopic and transmu- 
tation data. Further, these differences suggest that the 
masses of the nickel isotopes, as determined by mass 
spectroscopic methods, may be too low by ~0.6 mmu. 
If such an error indeed be present in these mass values, 
its correction would cause the disappearance of most of 
the discrepancies in this region. With this in mind, some 
new mass studies of nickel isotopes were undertaken in 
this laboratory, and are reported herein. 


Il. EXPERIMENTAL 


The masses of Ni** and Ni® have been redetermined 
using only hydrocarbons as comparison and dispersion 


+ This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command, the National Research Council of 
Canada, and the Shell Oil Company of Canada. 

* Holder of a National Research Council of Canada Bursary. 

t Holder of a Shell Oil Company of Canada Scholarship, 
1954-1955. Now in the Department of Physics, University of 
New Brunswick, Fredericton, Canada. 

1 Kerr, Taylor, and Duckworth, Nature 176, 458 (1955). 

2 A. M. Wapstra, Physica 21, 385 (1955). 


lines. The hydrocarbons CyHy and C;H¢O, came from 
pump oil vapor, while C2H,4O2 was obtained from glacial 
acetic acid, introduced into the source region through a 
slow leak from a variable temperature reservoir. Nickel 
ions were obtained from NiCls in the crucible of a 
modified Shaw source.’ The mass spectrograph was a 
Dempster double-focusing instrument‘ possessing a 
resolution of about 1 part in 7000. 

The effect on the doublet spacing of pressure changes 
in the analyzer section of the mass spectrograph has 
also been investigated, and will be reported in the 
Canadian Journal of Physics. 


Ill. MASS OF Ni* 


Several photographs of the Ni°*—C;H¢O doublet 
were obtained in March, 1955 and May, 1955. From 
these were chosen the eight best-matched, low-pressure 
doublets, which were then measured by four individual 
observers. After routine statistical analysis, the follow- 
ing mass difference was obtained : CsHgO— Ni®8= 106.52 
+15 mmu. From this, the Ni®* mass is calculated to 
be 57.95380+15 amu. C” and H! were taken to be 

3A. E. Shaw, Phys. Rev. 75, 1011 (1949). 

4H. E. Duckworth, Rev. Sci. Instr. 21, 54 (1950). 
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TABLE I. Comparison of the new Ni® and Ni®® atomic mass values with some others previously reported. 








Nier* Duckworth> New values 
Mass 
difference 


(mmu) 


90.82+ 15 
106.524 15 


Mass 
(amu) 


59.94939+ 15 
57.95380+15 


Mass 
(amu) 


Comparison 
mass 
C2H,Oz 
C;H,O 


Comparison 
mass 


Nu- Mass 
clide (amu) 


Ni® 59.94887+29 C; 59.94926+ 14 Si® 
Ni®® 57.95333410 C.Hio 57.95375+15 Si®, COH, C:Hs 


Comparison 
mass 








* See reference 6. 


> For doublets including Si*® and Si®, see reference 8. For doublets including COH and C2Hs, see reference 7. 


12.0038174+18 and 1.0081439+5 amu, respectively, 
as recently determined® by Scolman, Quisenberry, and 
Nier. The dispersion line was C,Hp. 


IV. MASS OF Ni® 


Twelve well-matched Ni®—C:H,O2 doublets were 
selected from plates taken in September, 1955, and 
January, 1956. These were measured by three observers 
whose weighted result was C2H,O.— Ni®=90.82+15 
mmu, which leads to the mass value Ni®=59,94939 
+15 amu. In this case, the dispersion line was C;H,0. 


V. DISCUSSION OF RESULTS 


Table I gives a comparison of our new mass values 
with those of Nier® and Duckworth’:* which have been 
corrected using the carbon and hydrogen values men- 
tioned above. These new masses agree well with the 
previous values from this laboratory, which were ob- 
tained from different doublets. Our considered mass 
values for these two nuclides are now Ni®*=57.95378 
+12 amu and Ni®=59,94932+11 amu. These, as 
before, are higher than those obtained by Nier and his 
colleagues. 

We had hoped that this work would remove the 
discrepancy between the mass spectroscopic and trans- 


TABLE II. The Ni®—Ni** mass differences, as derived from 
transmutation and mass spectrographic data. 





Ni® —Ni58 
(amu) 
1.99606+1 
1.99554+ 14 
1.99554+ 16 


Source of data 








Transmutation* 
Nier (Minnesota)> 
Duckworth (McMaster)° 


* See reference 11. 
> See reference 6. 
¢ Considered values, this paper. 


5 Scolman, Quisenberry, and Nier, Phys. Rev. 100, 1245(A) 
(1955). 

® Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

7H. E. Duckworth and R. S. Preston, Phys. Rev. 79, 402 
(1950). 

§ Duckworth, Johnson, Preston, and Woodcock, Phys. Rev. 
78, 386 (1950). 


mutation values for the Ni®—Ni** mass difference. 
However, as can be seen from Table II, this is not the 
case. Instead, we have obtained identically the same 
answer as Nier and his colleagues, which differs from 
the transmutation value by ~0.45 Mev. This discrep- 
ancy is particularly disturbing when one reflects that 
these two nuclides are connected, transmutation-wise, 
by a series of four reactions, for each of which the 
Q value has been determined*’ with high precision. 

Some months ago we reported" the new mass value 
Zn™= 63.94909+15 amu, from which, using accurate 
transmutation data, one may compute Cu®=62.94923 
+15 amu. This may be combined with the new Ni® 
value to compute the energy difference 


(Cu®+H!')— (Ni®+ He*)=3.9+0.2 Mev. 


This figure is of interest in connection with the Ghoshal 
experiment” for testing the compound-nucleus theory. 
In this experiment, the compound nucleus, Zn“, was 
formed by both proton bombardment of Cu® and by 
alpha-particle bombardment of Ni®. To produce the 
same degree of excitation of the compound nucleus as 
that produced by protons, the alpha particles should 
require additional energy of this amount, that is, 
3.940.2 Mev. This energy shift has been found experi- 
mentally to be 7+1 Mev (Ghoshal) or 6.4+1.0 Mev 
(John), seriously disagreeing with the value derived 
from mass data, and, possibly, representing a black 
mark against the compound-nucleus concept. An in- 
crease in the values of the nickel masses by 0.6 mmu. 
would make this disagreement greater. Moreover, it 
would not improve the Ni®—Ni®* mass spectrographic 
mass difference relative to that derived from transmu- 
tation data. This makes the previously suggested!” 
changes in the nickel masses somewhat less attractive. 


®D. M. van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

1G. M. Foglesong and D. G. Foxwell, Phys. Rev. 96, 1001 
(1954). 

“Kerr, Isenor, and Duckworth, Z. Naturforsch. 10a, 840 
(1955). 

12S, N. Ghoshal, Phys. Rev. 80, 939 (1950). 

18 Walter John, Jr. (private communication). 
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New Isotopes: Er!” and Tm?”*+ 


D. R. NeETHAWAyY AND M. C. MIcHEL, University of California Radiation Laboratory, Berkeley, California 


AND 


W. E. Nervix, University of California Radiation Laboratory, Livermore, California 
(Received March 27, 1956) 


Two new isotopes, Er!” of half-life 49.8+-1 hr, and Tm"” of half-life 63.6+0.3 hr, have been found. The 
mass assignment of Tm!’ was proven by direct mass separation, and that of Er!”? by genetic relationship. The 
Tm!” isotope was found to emit a 1.5-Mev §~ particle, y rays of 1.79, 1.44, 1.09, 0.40, 0.18, and 0.076 Mev, 
and a K x-ray of 0.049 Mev. The mass assignments of Er!®®, Er!”!, and Tm!” were verified. 


N unknown thulium activity with a 2- to 3-day half- 
life was first reported by Folger, Stevenson, and 
Seaborg.! During the course of some recent work on the 
high-energy fission of uranium, this isotope was studied 
more closely and found to have a half-life of about 63 hr, 
and an erbium parent of about a 2-day half-life. It was 
decided to prepare enough of the thulium isotope for a 
mass separation so as to characterize the isotopes more 
completely. 

Accordingly, 18 mg of Er,O3 were irradiated with 
neutrons for three days in the Materials Testing Reactor 
at Arco, Idaho. The expected reactions were 

Yb! Yb!” 
1B B- 
1.9 yr 63 hr 
(n,y) 
Tm!!! ee \ Tm!” 
1a B- 
7.5 hr ? 
(n,y) 


an Er! 72 


——— > 





(n,y) 


Er’? —— > Er 


There were no interfering side reactions since there are 
no other active erbium isotopes decaying to active 
thulium isotopes. 

After irradiation the thulium was separated from the 
erbium by means of an ion exchange column packed 
with Dowex-50 resin and eluted with 1.0M lactic acid 
of pH 3.10. Thirty percent of the thulium fraction was 
then mass-separated, using a time-of-flight isotope sepa- 
rator in use at this laboratory. The mass 172 fraction 
had an activity of ~15 000 disintegrations per minute 
which decayed with a half-life of 64 hr. Least-squares 
analyses of tive Tm'” samples obtained from Er'”, 
formed both from uranium fission and by double neutron 
capture, gave an average of 63.6-+0.3 hr for the half-life. 

In order to measure the half-life of the parent, Er'”, 
a series of column separations was made periodically to 
separate the thulium growing in from the main erbium 
fraction. Seven separations were made over a period of 


+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Folger, Stevenson, and Seaborg, University of California 
Radiation Laboratory Report UCRL-1195 (revised), May, 1951 
(unpublished). 


14 days. It was necessary to correct for the thulium and 
erbium chemical yields and for the different growth 
times for each sample. The thulium chemical yields 
were determined by adding 2.7 mg of Tm'® carrier pre- 
vious to each separation and weighing the final thulium 
sample as Tm,O3. The erbium chemical yields were 
determined by assaying the erbium fraction previous to 
each separation and counting the 9.4-day Er'® present. 

The amount of radioactive daughter substance, N», 
present in an initially pure sample of the parent, ,, at 
some time ¢ is given by 


N,(t)= 
he—Ai 


N (ee), 


Thus a correction can be made for the different growth 
times by using the expression 


r No(ts) é Aits__@ 
N2(corr) =———= A 
N2(t) e At et 


where /, is some standard time chosen as a reference, and 
t is the actual growth time. The foregoing expression 
was used to correct the growth of each sample to an 
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Fic, 1, A plot of Ay: (corr) vs time, to give Er!” half-life. 
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arbitrary standard time of 48.0 hr. It was necessary to 
assume a value of \, to obtain an approximate half-life 
and then make successive approximations. The corrected 
thulium activity is then, finally 


(es — @- hets ) 
Avm(corr) = Arm (obs) Spas, 


1 
x , 
(Tm yield) (Er yield) 





where A7,,(obs) is the activity extrapolated to the time 
of separation. 

A plot was then made of the log of Arm(corr) vs the 
time to which the growth was corrected. A straight line 
resulted over a period of seven half-lives, as shown in 
Fig. 1. A least-squares analysis gave a value of 49.8 hr 
for the Er'” half-life. In consideration of the errors 
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inherent in this milking technique, the probable error is 
set at +1 hr. 

The 8 end-point energy of Tm!” was estimated by 
means of an Al absorption curve, giving a value of 1.5 
Mev. The y-ray spectrum was investigated by using a 
50-channel pulse-height analyzer and a Tl-activated 
Nal crystal. Gamma rays of 1.79, 1.44, 1.09, and 0.076 
Mev were found, in addition to the 0.049-Mev K x-ray. 
Two less prominent y rays of 0.40 and 0.18 Mev were 
also noticed. 

In addition the mass assignments of 10-hr Er'® and 
7.5-hr Er'” were verified by a mass separation of 0.1% 
of the original erbium sample. The mass assignment of 
1.9-yr Tm!” was also verified during the thulium run, by 
direct separation. 

The authors wish to express their appreciation to the 
staff of the Materials Testing Reactor and of the 184-in. 
and 60-in. cyclotrons in Berkeley for their aid in making 
the irradiations. 
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Transient Nuclear Induction and Double Nuclear Resonance in Solids* 
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(Received December 7, 1955) 


The behavior of transient nuclear induction signals from solids 
is described by a stochastic model based on a Markoff process. 
The model assumes the presence of local dipolar field fluctuations 
in a crystal due to a set B of coupled nuclei. These fluctuations 
can destroy or enhance the observed precessional coherence of a 
different set A of nuclei in the crystal. Coupling among A spins 
is assumed negligible. The spin echo of A formed at a given time 
t has an amplitude determined by the magnitude and rate R of 
field fluctuations. For values of Rt between zero and the order of 
unity the echo amplitude decreases, reaches a minimum at 
Rim, and increases for Ri>1. For R larger than the spin A static 
line width (when R=0) in units of frequency, line narrowing 


I. INTRODUCTION 


ELAXATION times and line shapes in nuclear 

resonance experiments are often due primarily to 
one mechanism. In that case, with the analysis pre- 
scribed by one model, it is useful to determine how the 
nuclear relaxation should vary with changes in param- 
eters of the system. We propose a model for the 
relaxation of free nuclear induction spin echo signals 
from nuclei which do not couple appreciably among 
themselves, but which lose spin precessional phase 
because of local magnetic field fluctuations caused by 
neighboring unlike spins in the crystalline lattice. The 
g. Submitted in partial fulfillment (by B. H.) of requirements 


for the degree of Doctor of Philosophy, in the Faculty of Pure 


Science, Columbia University. 
t Present address: Physics Department, University of Cali- 


fornia, Berkeley, California. 


becomes effective, and is reflected in terms of increased lifetime 
and amplitudes of echo signals. The effect of B spin (Na®) con- 
tinuous wave resonance upon the echo relaxation of A (Cl) is 
studied in NaClO;, a nuclear quadrupole system. For sufficiently 
weak cw rf excitation of Na, the behavior of Cl®* echoes roughly 
follows the behavior predicted by the stochastic model for changes 
in local field fluctuation rate R. The effect of coherent oscillations 
of local fields at larger cw rf excitation is discussed. Zeeman 
splittings of the Na* quadrupole resonance are studied by the 
double resonance method. The decay of spin echo signals in 
liquids, as a result of molecular diffusion, is conveniently described 
by the stochastic model. 


resulting transient signals are related to line shapes 
observed in steady state resonance. The proper- 
ties of our specific model may be generalized qualita- 
tively to apply to the general case of frequency fluctua- 
ations due to a variety of effects, and to account for 
observed effects due to double nuclear resonance in 
solids. From the point of view of signal transients our 
discussion includes some features of the statistical 
treatment of line shapes in solids by Anderson and 
Weiss! and Anderson.? 

Let the observed relaxation of a collection of nuclei, 
denoted by A, be caused by dipolar field fluctuations 
at A which arise from neighboring unlike spins, denoted 

1P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953). 


P. W. Anderson, J. Phys. Soc. J 5°3 9, vod eens R. Kubo 
and K. Tomita, J. Phys. Soc. Japan 888° (195 





TRANSIENT NUCLEAR 
by B. Assume negligibly weak dipole-dipole coupling 
among the A spins and ascribe the dipolar field fluc- 
tuations experienced by the A spins to a continued 
reorientation of spins B because of (1) magnetic dipole 
coupling among B spins and (2) the forced magnetic 
resonance of the B spin system. The precessional fre- 
quency of A therefore suffers fluctuations due to the 
component of fluctuating magnetic field along the z 
axis of A spin quantization. Transverse dipolar fields 
of B acting on A in the xy plane are neglected as non- 
secular perturbations, and the spin-lattice thermal re- 
laxation times of A and B are assumed infinite. The 
effect of lattice motion on all spin-spin interactions is 
ignored. Double nuclear resonance is applied as follows: 
while the A spin resonance is observed directly, either 
in the steady state or by spin echoes, the B spins are 
simultaneously subjected to a continuous wave (cw) 
spin resonance. The modified local field fluctuations due 
to the forced resonance of B in turn vary the relaxation 
time for spin A precessional coherence. Thus A indi- 
cates the double resonance of B. If the coupling between 
A and B spins is sufficient, double resonance is readily 
detected and can be used to study this coupling. More- 
over, it becomes possible to find extremely low-fre- 
quency nuclear resonances of the B system and to 
measure their line shapes by plotting changes in the 
relaxation of indicator nuclei A as the frequency of the 
oscillating field producing the B spin resonance is 
varied. Such low-frequency resonances occur when the 
direct magnetic dipole or electric quadrupole interaction 
of spin B is so small that the combination of an insuf- 
ficient surplus spin population with a low transition 
frequency prohibits direct observation of the B reso- 
nance. Indirect observation of the B resonance requires 
sufficient coupling between systems A and B. Hence, 
the relaxation or line width of A and B should not be 
strongly determined by other processes such as line 
broadening due to paramagnetic impurities or short 
thermal relaxation times. 

Double spin resonance experiments of different types 
have already been reported. Pound? first applied the 
double resonance method to excite different transitions 
of a given species of spin in order to study relaxation 
time effects. Overhauser, Slichter, and Carver‘ intro- 
duced the double magnetic spin resonance of different 
spins in order to enhance nuclear spin polarization by 
rf saturation of electron spins which couple with nuclei. 
Double resonance experiments in liquids by Royden 
and by Bloom and Shoolery® have demonstrated the 
coherent effect of forced reorientation of nuclear 
neighbors upon the indirect spin-spin interaction in 
organic molecules. In solids, where dipolar coupling is 
important, one would expect that the spin A line width 


3R. V. Pound, Phys. Rev. 79, 685 (1950). 

4A. Overhauser, Phys. Rev. 89, 689 (1953); 92, 477 (1953); 
T. R. Carver and C. P. Slichter, Phys. Rev. 92, 212 (1953). 

5 V. Royden, Phys. Rev. 76, 543 (1954); A. L. Bloom and J. N. 
Shoolery, Phys. Rev. 97, 1261 (1955). 
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would be markedly narrowed if the forced reorientation 
rate of spins B were large enough to average the local 
dipolar fields at spins A to a smaller value. This aver- 
aging effect is similar to the motional narrowing effect 
in liquids® and to the line narrowing obtained by the 
mechanical rotation of liquid samples in a fixed inho- 
mogeneous external magnetic field carried out by Bloch 
and Arnold’ and by Carr.’ In order for mechanical 
rotation to be effective, the rotation rate must exceed 
the spread of Larmor frequencies due to the fixed 
inhomogeneity. Similarly, the double resonance line 
narrowing method in solids requires in our model that 
the reorientation rate of a majority of spins B exceed 
at least the spread in Larmor frequencies of spins A 
that exists in the absence of B resonance. In our experi- 
ments the spin echo envelope lifetime of A*increases or 
decreases at the onset of the B resonance, depending 
upon the combined effects of internal coupling among 
the B spins and the intensity of the rf field applied for 
B resonance. For a large enough intensity of this rf 
field the spin echo envelope lifetime lengthens until the 
thermal relaxation time 7; and the coupling among 
spins A became important in determining the echo 
decay. For T; infinite and no coupling among A spins, 
the echo envelope in our model should have an infinite 
lifetime in the limit of infinite reorientation rate of 
spins B since the free precession of spins A would no 
longer be perturbed by fluctuations of local fields which 
are then averaged to a zero value. 

The change of nuclear polarization by the Overhauser 
effect‘ will not be important in our double resonance 
experiments to be discussed here for two reasons. First, 
the relaxation time for possible exchange of spin 
momentum between spins A and B is very long com- 
pared to observation times in which our signals last 
because of phase coherence; and second, spins B, upon 
rf saturation, will not have a sufficient Boltzmann 
population factor to provide a significant transfer of 
angular momentum to spins 4. 

A stochastic diffusion model is employed to obtain a 
qualitative prediction of the foregoing effects. We shall 
show that the fluctuations of magnetic fields at spins 
A can be followed qualitatively by use of standard 
probability functions well known in the theory of 
stochastic processes. A tracer technique, so to speak, 
is at our disposal to measure the transient behavior of 
the average field. The initial local field at spins A is 
prescribed by the steady state local field distribution 
(best approximated as Gaussian) at the time a first rf 
pulse initiates the free precession of A. At a later time, 
following a second (reversing) pulse, the A spins return 
a spin echo signal, which signifies a constructive inter- 
ference of their macroscopic moment vectors. The 
diffusion model accounts for the manner in which the 


6 Bloembergen, Pound, and Purcell, Phys. Rev. 71, 466 (1947). 

7 F. Bloch, Phys. Rev. 94, 496 (1954) ; W. A. Anderson and J. T. 
Arnold, Phys. Rev. 94, 497 (1954). 

8H. Y. Carr, Harvard thesis (unpublished). 
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individual spins that compose these moment vectors 
lose precessional phase as indicated by attenuation of 
the echo amplitude. Therefore, from echo measure- 
ments the average behavior of time varying local field 
fluctuations due to neighbors B can be inferred. 


II. DIFFUSION CONCEPT OF LOCAL FIELDS 


A treatment of field fluctuations in solids is logically 
preceded by a brief review of a similar effect upon the 
free precession of nuclear moments in liquids. Nuclear 
ensembles in low viscosity liquids, e.g., protons in 
water, have a natural line width of the order of one 
cycle per second. In order to resolve such narrow lines, 
the applied polarizing magnetic field Hy must be suf- 
ficiently homogeneous so that the spatial variation AH 
of the field across the sample volume has a value 
AH<1/(yT2), where y is the nuclear gyromagnetic 
ratio and 7: is the total relaxation time. If AH>>1/(y7>), 
the observed line width is determined by the field 
inhomogeneity AH. The double pulse echo method 
would allow a precise, independent measure of T: 
despite the unavoidable AH encountered in practice, if 
it were not for the Brownian motion of molecules in the 
liquid. This motion averages out the broadening due to 
neighboring dipolar fields, produces a longer T2, but 
changes the Larmor frequency of nuclei by displacing 
them into the differing magnetic fields imposed by the 
fixed spatial field gradient dH/dx. The Brownian fluc- 
tuation of the position coordinate « produces a fluctu- 
ation in precessional phase, and the echo therefore 
attenuates in a time usually shorter than 7». 

From our treatment of field fluctuations in solids we 
shall present a reformulation of the spin diffusion theory 
in liquids in the appendix and correct some previous 
results. In former papers® a Larmor phase probability 
was used to describe the effect of self-diffusion in 
liquids upon the spin echo: moment vectors were 
assigned fixed initial frequencies which were to be re- 
membered for certain time intervals while diffusion 
affected only the phase. In this paper we apply directly 
a probability distribution in Larmor frequency itself, 
which, after all, is the physical variable which fluc- 
tuates. When this is done, our results conform with 
those obtained by Carr and Purcell’ and take into 
account the “refocusing effect” of diffusion discussed 
by them. 


III. FORMULATION OF THE FREQUENCY 
DISTRIBUTION FOR SOLIDS 


The notion of diffusion in the liquid case can be 
extended to solids. Local dipolar fields due to spins B 
now play the role of an inhomogeneous field AH, 
formerly imposed by an external magnet. Initially we 
prefer to adhere to the A-B spin model set forth in the 


9 FE. L. Hahn, Phys. Rev. 80, 580 (1950). 
10 T. P. Das and A. K. Saha, Phys. Rev. 93, 749 (1954). 
uH. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 
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Introduction since the analysis for it allows some degree 
of rigor and the results are qualitatively useful. Later 
AH» can be considered rather loosely as the equivalent 
local field at spin A from any combinations of (1) 
unlike neighboring nuclei, (2) neighboring electron 
spins, and (3) spin-spin coupling among spins A them- 
selves. Nuclei A, which serve as an indicator of AH, 
fluctuations, do not move through space. Instead, AH, 
diffuses in the following sense: if AH, increases at 
certain A sites in the crystal, there will be a corre- 
sponding decrease of AH z at other A sites, or vice versa, 
in order to preserve the invariance of the instantaneous 
distribution of local field amplitudes seen by the A 
spins. The assumed distribution is the Gaussian 


1 
P (60) aE Sea exp[ —6,?/ (26 a’) |, (1) 
64 (2x)! 


69= aA g=a—a, (2) 


where 


and 


f P(6o)d5y=1. 54 TA (AH 8) rms (3) 


—00 


is the root-mean-square deviation in angular frequency, 
4o is the frequency difference from exact spin resonance 
w determined by a spin magnetic or quadrupole inter- 
action, and wo is the instantaneous precessional or 
transition frequency. 

It is important to distinguish the role of P(6o) in our 
calculations from the distribution function or line shape 
which is actually measured in a resonance experiment. 
P(6o) expresses the a priori probability that a certain 
number of spins precess instantaneously at a frequency 
do. This is nearly true in solids because at any instant 
of time the local field distribution will correspond 
roughly to the binomial distribution of a large number 
of B neighbor spin orientations. When AH, becomes a 
random function of time, P (69) is still the a priori weight 
function, but the measured line shape is determined 
by the time average of expl—iys/AHa(t’)dt’], and 
will reduce to P(69) only in the limit that AH, is 
constant. Convenience dictates the choice of a Gaussian 
distribution function because the integrals that arise 
can be evaluated. Thorough discussion of these assump- 
tions is presented in references 1 and 2. 

The frequency deviation due to the dipole-dipole 
interaction between the ith A spin and N neighbors of 
type B is obtained from the Hamiltonian 


N Ip; 


3r4ipj(tais ‘Is; 
K=yaysnl sid a » (4) 


5 


i=l! 7437 TAiBj 


where J is the spin operator and r4;,; is the distance 
between the ith A spin and the jth B spin. The line 
broadening of A is caused by the z component of field 
produced by B neighbors: 


(AHz).= 5;(t)/ya, 
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which appears at A. We define 
N 
6()=yayah > mp;()Gi; (5) 


j=! 
as the frequency deviation of the ith A spin, where 
G,;= (1 —3 cos’ 4 ipy)/TaiBy, 


604i; is the angle between rai; and the z axis of quan- 
tization, and mz; is the magnetic quantum number of 
the jth B spin. 

Let a number of spins, Ss=nP(6)Aé, out of all the n 
spins A in the crystal be characterized at any instant 
of time by the isochromatic frequency lying in the 
interval between 6 and 6+<Aé, and let us explicitly 
examine how the configuration of all B nuclei produces 
this narrow range of 6. The symbol & shall now be used 
instead of i in (5) to distinguish those A spins which 
lie in this interval. For each of the Ss; nuclei A, (5) 
yields the relation 


b,=yaveh{meiGirtmpeGiet:::+mpnGin}, (6) 


where k=1, 2, ---, Ss. Due to crystalline symmetry it 
is possible for a certain number of B spins to have the 
same G factor, distinguished by a certain radius r and 
a certain cos’@. With this in mind, (6) is rewritten as 


8} $2 
bx=Vaveh{Gi(d mar, s)e+Go(dX mae, si t--: 


s=l s=1 


sp 


4+-G,(5 me, s)at->>-+Gr(X mar,,)s). (7) 


s=1 


The sum >> %2; mz,,., for example, means that all B 
spins having the same geometric factor G,, namely s, 
of them, are to be summed over fixed quantum numbers 
m which describe their individual spin states. The sub- 
script k is dropped from the G factor, written in (6), 
and is used instead to distinguish the m values of those 
B spins in the configuration which produces 6;. Now 
Gi, Go, «++, G,, «++, Gp represent for any 6, all the 
distinctive G factors which can apply. These factors 
are the same for each A spin in the periodic lattice, 
neglecting the correction due to crystalline boundaries. 
If ali of the S; equations expressed by (7) are added 
together, the 5,’s sum to give 5S;, where 6 corresponds 
to the average value in the interval between 6 and 
5+<Aé for the local field spread which the set of Ss spins 
A experience. This sum, in terms of the right-hand sum 
of (7) is 


P 
6=[y4 © GMs, |/Ss, (8) 
p=l 


S$ s8=8p 


M;,=Yph a tp id MBp, ak 


k=1 8=1 


depending upon the number P of different 
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geometric factors G,. We can define M;, as a sub- 
ensemble magnetic moment due to those B spins which 
(1) have the pth geometric factor, and (2) contribute to 
local fields at spin A that see the average frequency 6. 
Of course a single B spin which contributes to M;, can 
at the same time be a member of other moments My, 
in other sets Sj, and can also be a member of other 
moments M;,- within the same set .S;. Therefore it is 
possible, in general, for a particular B nucleus to be a 
member, simultaneously, of macroscopic moments M5, 
which are distributed from positive to negative values. 
The separately labeled M;, moments, however, can be 
defined physically. The presence of an excess B spin 
population due to polarizing electric or magnetic fields 
is ignored here, since it would have negligible effect at 
normal temperatures. Actually in the definition of M5, 
the number of equivalent B spins (having the same G,) 
contributing to 6 should be slightly less than s,5s, 
since a B spin can be counted more than once; namely, 
it can have the same G, factor with respect to two or 
more A spins which happen to see the same 6. This 
correction is not of critical necessity. Even so, for 
small 74x, first of all, it is unimportant for those values 
of line widths encountered in solids; and second, for 
large rag the correction would not modify the essential 
behavior of 6 since G, is then negligibly small. 

To give a stochastic treatment of AH or 6 fluctua- 
tions we seek a law for the distribution of 6 involving 
the time ¢. Now that 6 has been expressed in terms of z 
components of B spin submacroscopic moments, we 
shall follow an M;, which is assumed to decay according 
to the classical equation 


dM ;,/dt= —RM;,j,, (9) 
so that 


M;,(t)=M;,(O)e-*'*, (10) 


where R is the decay rate. The average value 6(t) seen 
by the same set of Sip spins A at time ¢ (define 6= 6, 
at /=0) is obtained by combining (8) and (10): 


b= doe Rt. (11) 


At t=0 the relationship 5= 5)~ 4 applies if Ado is chosen 
arbitrarily small, so that all A spins in the set Ss=<o 
individually see nearly the same deviation do. At a later 
time ¢, however, the actual 6 seen by each of the A spins 
takes on a random value, but the average value 6 for 
all of them is still given by (11). The decay rate R is 
the same for all M3, moments, which means that all B 
spins have equivalent perturbing environments. Let 


R= (1/Tz)+R,, 


(12) 


where 7'z is the natural time constant for decay of M5, 
due to mutual spin-spin flipping or exchange among the 
B spins. R,, which will be defined explicitly later, 
describes an additional decay due to a weak applied 
double resonance rf field acting on B. Later our 
treatment will allow for higher intensity of double 
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resonance rf fields. For the present, let there be no 
double resonance and R,=0. 

The relaxation time 7 here plays a role similar to 7», 
the transverse spin-spin relaxation time applied by 
Bloch” to M, and M,, but now M,, replaces M,,y. 
Exchange of the z component of angular momentum 
occurs among different moments M;,, but the total 
angular momentum of the B system, which is conserved, 
is zero. Mutual flipping among B spins belonging to 
the same M;, does not count as a relaxation process for 
that M;,. At the same time, it is a relaxation process 
when the B spins are looked upon as members of dif- 
ferent M;,’s. Another interpretation may be attached 
to Eq. (9). Namely, Tz acts like the spin-lattice thermal 
relaxation time 7) in the sense that a given M;, moment 
transfers magnetic energy and angular momentum to 
neighboring spins which are members of foreign M;, 
moments which can be of opposite sign. Hence, M;, 
does not arrive at a finite thermal equilibrium value 
My, as expressed by the well-known equation” 


dM.,/dt= —(M.—M,)/T,, 


but becomes zero since Mo is zero. Although Mp for all 
the B spins may be finite, its effect at normal tem- 
peratures on the line width of spin A is negligible, 
as previously mentioned, and does not enter into our 
treatment. 

It is necessary to find a function P(6,t; 69) 20 which 
is the probability that the frequency deviation of 
nucleus A is 6 at time / if it had the value 69 at /=0. 
We want P(6,t; 50) to satisfy the following conditions: 


(D) f P (50) P(5,t; 50)d5)= P(6), (13) 


—0 


where P(6) is defined by Eq. (1) (there 5) — 4); 


(11) 6= f 6P(6,t; 5o)d5=be—* ¢, 


—o 


which was obtained in (11); and furthermore 
(IIT) f P(6,t;50)d5=1, lim P(8,t; 50) =P(8), (15) 
t-+00 


with 
lim P(6,t;59)=0 for 66. 
t—0 


Condition (I) states that the instantaneous 6 spectrum 
of spins A must be a stationary Gaussian distribution 
independent of the time. This is not to be confused with 
the measured spectrum, which is also independent of 
the time. Condition (II) establishes the relationship 
between P(6,t; 9) and the behavior of M;,. All of the 
conditions above follow from the requirements of a 
random Markoff process. Thorough reviews of this 


~ 2F, Bloch, Phys. Rev. 70, 460 (1946). 
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process and related problems in diffusion are given by 
Uhlenbeck, Ornstein, Wang, Chandrasekhar, and Kac." 
Conditions (I), (II), and (III) are uniquely satisfied by 





P(5,t; 50) = | 


1 
pot 


(6—doe~* *)? 
Xexp|-—_~ | (16) 
25 42(1—e-2*) 

This solution for our model can be interpreted as the 
probability distribution which is obtained for 6 if the 
stochastic differential equation 


d5/di+ Ré= F (t) (17) 


describes the variation of 6 experienced by a single 
spin A. F(t) is a fluctuating driving term, proportional 
to a fluctuating magnetic torque, assumed independent 
of 6 and varying much more rapidly compared to the 
variations of 6. We can compare 6 to the velocity u of 
a gas molecule of mass m, whose Brownian motion as a 
free particle is developed from the Langevin equation 


du/dt+ (f/m)u= A (t), (18) 


where f is the coefficient of friction and mA(t) is a 
fluctuating force due to collisions. Uhlenbeck and 
Ornstein, and Chandrasekhar" show in detail how Eq. 
(18) leads to the distribution P(6,t; 59) if w is replaced 
by 6; f/m, by R; and u4?=kT/m, by 647. The stationary 
Maxwell-Boltzmann distribution of velocities is then 
the analog of the instantaneous frequency distribution 
P(6o) in our model. 


IV. DAMPING OF THE FREE NUCLEAR PRECESSION 
FOLLOWING A PULSE 


First let a short, intense rf pulse rotate the entire A 
spin macroscopic moment vector Mo by 90° into the 
xy plane. If the pulse width is ¢,, seconds and 6t,<1, 
then the A spins retain precessional coherence during 
the pulse, and each of the component moments MyP (4p) 
are in phase at ‘=/,, with an initial precessional fre- 
quency 69. A 90° pulse satisfies the condition ysHity 
=n/2 where H, is the intensity of the effective rf field. 
The effect of field fluctuations upon the free precession 
of the A ensemble during the time ‘2¢, can be de- 
described if ¢ is divided (let t.<t) into K equal steps 
of short duration At«K1/R, where K is very large and 
KAt=t. However, At is still so large that 6 varies 
smoothly, but very little, while F(t) in (17) undergoes 
many fluctuations. After the first time interval At the 
probability that those A spins, which form the moment 
| Fo| =P(So)Mo, arrive at a new frequency 4, is given 

13 G. E. Uhlenbeck and L. S. Ornstein, Phys. Rev. 36, 823 
(1930); M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 
17, 323 (1945); S. Chandrasekhar, Revs. Modern Phys. 15, 1 
(1943) ; M. Kac, Am. Math. Monthly 54, 369 (1947). A convenient 


collection of these papers is in Noise and Stochastic Processes, 
edited by Nelson Wax (Dover Publications, New York, 1954). 
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by P(6:,At; 59) from (16). During At, the average Fo 
precession frequency is ~(59+61)/2, but because of the 
large number of successive changes in frequency still 
to come, there will be little error in the final result 
from the assumption of 69 as the average frequency. 
The fraction P(6,,At; 59) of each possible moment F» 
in the initial spectrum contributes a new moment, 
| F;| = P(6:)Mo having a frequency 4; at t= At, where 
the function ¢<1 contains a decay and phase factor 
which makes F< /) at the same position in the spectrum 
for which 6;=6o. This is the result of phase fluctuations 
of nuclei which migrate out of initial frequencies 59 to 
the final specific frequency 6;. The process is expressed 
by the integration 


F,= iM f P (59) P (61,At; 5o)e 804 td5 


—o 


(19) 
7™= iM oP (61) exp{ —a(At)’, 4+-76,¢At} ’ 


where (=e—*4¢* and a=26,4?(1—{¢). The first term in 
the exponent of the factor ¢ accounts for the attenuation 
and the second term expresses the phase of the new 
moment F; at time At. The previous argument is 
repeated for succeeding time intervals. For example, 
during the next interval, between ‘= At and t= 2At, the 
distribution of moments F; contributes to a new 
moment F» at frequency 52. As time increases in steps 
Al, 2At, ---, (K—1)At, K At, the initial moments before 
each step are, respectively, Fo, F, ---F x2, Fx—1 with 
respective frequencies 60, 61, -:, 5x-2, d6x-1. At time 
i= KAt, the Kth moment is given by 


Fe= f F x_\P(6x,At; Ox e™K-14td5 x1, (20) 


— 


F x_, is obtained after K—1 integrations of this form 
in which K=1, 2, ---, K—1. After these successive 
integrations, 


iM K-1 
Fx= exp{ —6x?/ (26.47) +iAtKKox > 
64(2r)! i=0 
Se | 
—}(A4P? (1-9) D(C e)?}. (21) 
7=0 «l=0 
Expressing the sums in close form, e.g., 
K-1 
(1-—3")/(1-y= 2s, 
1=0 
and using relationships 
t=KAt, 
we find 
iM o 
Fre exp{ —5x?/ (2647) +7(6x/R)(1—e-*') 
54(2m)! 
—[6.42/(2R*) [1 +2Ri— (2—e-**)*}}, 


cK=e-Rt) RAtK1, ¢~1—RAl, 


(22) 
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The observed transient nuclear induction signal 7 at 
time ¢ following the 90° rf pulse is proportional to the 
sum of all precessing Fx moments in the spectrum, 
namely 


«o 


T= f F xd6x = Mo exp{ — (64/R)*(e-® ‘+ Rt—1)}. 


(23) 


Anderson? obtains (23) as the correlation function or 
Fourier integral corresponding to the line shape for a 
model which applies Markoff-Gaussian statistics. 


V. SPIN ECHO 


Before discussing the properties of 7, the damping of 
spin echo signal £ will be derived so that E and T can 
be compared. Let a second (180°) rf pulse be applied 
at ‘= 7 under the conditions that held for the first pulse, 
except that yaHit,=. If 7 is sufficiently large, the 
signal T will have attenuated to zero by the echo 
arrival time 27. It is then valid to assume that the first 
pulse is coherent with the second pulse, even though the 
two pulses are actually incoherent." 

Let «4 and v, represent the real and imaginary com- 
ponents, respectively, of the A spin magnetization in a 
frame of reference rotating at the pulsed rf frequency 
w; and let H; lie along the real axis in the direction of 
ua for both pulses, which implies the coherence referred 
to above. Therefore, the complex magnetization at 
time 7 is Fx=(u4)x+i(va)x, given in (22). When a 
180° pulse is applied at ‘=7, the component (#4 x is 
unaffected, but (v4)x is suddenly rotated by 180° about 
H, and transformed to —(v4)x. The analysis of free 
precession decay after ‘=7r+/, thus starts with a 
moment F'x*, analogous to Fy=iMoP(6o) at t=ty, 
where Fx* is the complex conjugate of Fx. Although 
the special case of a 90°-180° echo will be treated 
here, the results for attenuation of the echo E and 
the transient TJ are the same for any combination 
of tipping angles of the paired pulses. Only the over-all 
signal amplitudes will differ, depending upon constant 
factors involving trigiometric functions of yaH ity. 
Successive integrations are again carried out, each of 
the type given by (20), and the initial moments prior 
to the time (K+1)At, (K+2)At, ---, (L—1)At, LAt 
are, respectively, Fx*, Fx4:, --:, Fr-1, Fx. The fre- 
quencies 6 again are distinguished by the corresponding 
time intervals. Note especially that the 180° pulse at 
t= KAt=r requires the integration 


Ls) 
Fram f Fx*P(8x41,Al; dx)e®*4 dix. 
2 
14 Coherence is implied if rf oscillations of the second pulse are 
in phase with oscillations that are imagined to continue beyond 
the time oscillations actually cease beyond the first pulse. Double 
rf pulses in our experiments are incoherent since a self-excited 
oscillator is gated directly. Pulse coherence may be obtained by 
gating rf amplifiers which are preceded by a cw oscillator. 
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Using the relationships KAi=7r, LAt=1, [4=e~*' for 
t>r+t, and T(r)+0, we find 


iM, , 
= exp{ —§,?/ (26.47) +i(54 /R) 
54(2x)? 


X (e-Br— e- RY) — [5 2/(2R*) 27-1) 


+e*7"{2y(t—1)—1}+e-77(4—7") ]}. (24) 


The observed echo signal E is obtained from the 
integration 


« 


E= f F ,d5,= My exp{ — (64/R)*[Rr—-1 


e te-Ft4R(t—r)e227]}. (25) 


At t=2r7 the echo signal has the maximum value 


Ewax= Mo exp{ — (64/R){Rr—1+ (14+Rr)e2""]}. (26) 


VI. PROPERTIES OF THE SIGNAL DAMPING 


The transient T, Eq. (23), and the echo signal E£, 
Eq. (25), behave as follows for the conditions indicated : 


R=0: 
T= Mo exp{ —64°f/2} ; 
E= Mo exp{ —642(t—2r)*/2};  Emax=Mo. 
RiK1: 
T = Mo exp{ —647(F/2+ RF/6} ; 
E = My exp—6a*{ (t—27)?/2+§R[127' (t—1)—-F }}; 
Emax © Mo exp(—2647Rr*/3). 


(27) 


R= (tand 7 finite): 


T= E=M). 
Ri, Rr>1: 
T = My exp(—6.47t/R) : 
| od My exp(—647/ R). 


In (27) R=O implies that the local field AH is abso- 
lutely static. The signals then have the shape to be 
expected for free induction in an external inhomo- 
geneous field with a Gaussian distribution, as predicted 
for liquids. For R= © in (29), an infinite reorientation 
rate of spins B averages out the effect of AH, and the 
coherence of free precession is undisturbed. In (28), 
the condition Rr<1 is of interest in order to com- 
pare to the effect of self-diffusion in liquids, which 
is reviewed in the Appendix. In liquids the probability 
distribution used for the frequency is 


P(8,t; 80) = (2eDt)- exp{ — (5—60)?/(4D0)}, (31) 


(30) 


where D is the molecular self-diffusion coefficient of 
the spin-containing molecule. However (16) does not 
reduce to (31) in the limit Rr<1, letting D=Ré,?, 
because of an extra term 5oRA/ in the numerator ex- 
pression of the exponent, which cannot be neglected 
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in the Markoff analysis. Also, (31) does not obey the 
conditions expressed by (13) and (14), so that we 
would not expect the diffusion theory in liquids to be 
the limit of behavior of diffusion in solids for low D 
values or small 7. Yet in this limit the free induction 
signals in solids are characterized by decay terms in 
the exponent proportional to # and 1°, which also 
appear in the liquid theory. 

The results in the limits Rt, Rr>1 in (30) are 
interesting since they confirm the result which Ander- 
son and Weiss! obtain for rapid exchange of local fields, 
where the line shape in the stationary state becomes 
Lorentzian. Later it will be pointed out that this line 
shape corresponds to the ordinary exponential decay 
law of the induction transient, and the line narrows 
further or the transient lasts longer, as R becomes 
greater than 647. Note that the time constant for the 
echo envelope decay is twice as large as the time 
constant for the decay of the free induction tail, since 
the echo occurs at t=27r. The echo formation in our 
model appears to involve a partial refocusing or re- 
clustering of random spin vectors—an annulment of 
phase incoherence because of the phase reversal which 
follows the second pulse." For the microscopic relaxa- 
tion process pertaining to T» in liquids, this refocusing 
effect, if it did apply, would not be observed if T2~T7i, 
since loss of signal due to 7; cannot be recovered. But 
even for T,;>>T> in liquids this refocusing effect does 
not occur because the local field fluctuations which 
nuclei experience are uncorrelated among themselves 
[ Eq. (14) would not apply ], whereas in solids there is 
such a correlation. In our model, where T;= ©, only 
(1) the spectrum intensity and (2) correlation of Larmor 
frequencies about zero frequency enter into the deter- 
mination of spin echo signal decay. We have experi- 
mentally applied the Carr-Purcell technique" only to 
the case Rt<1 in a solid, expecting to see some echo 
enhancement because of the train of 180° reversing 
pulses which follows a first 90° pulse. However, we 
observed no appreciable effect. We have not carried 
out the analysis to see how effective refocusing would 
be for the case Rr1, but it appears that the Carr- 
Purcell method would be much more effective in the 
limit Rr>>1, since many field fluctuations are necessary 
for the refocussing to be effective. 

Plots proportional to the exponents in (23) and (26), 
shown in Fig. 1 are useful in studying the decay. The 
exponent in 7(¢) is given by A= (64/R)*(e~**+ Rt—1), 
and in Emax it is given by 


B= (64/R)*[Rr—1+ (14+-Rr)e?”"], 
In Fig. 1 the plots give 


ya=A (64)? = (2 +2—-1)x7? 
and 


ya=B(bgr)?=[e**(x+1)+2—-1]a? 


as a function of x for ¢ and 7 fixed, where we define 
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x= Rt for y4 and «=Rr for yg. The exponents in T(r) 
and Emax(7) in (27), (28), (29), and (30) are confirmed 
by the plots in the various limits. Emax=e~“’ is minimal 
when *min=Rr=1.35 because yg passes through a 
maximum at this point. This minimization is expected 
physically when the time 27 necessary for the birth of 
an echo is of the order of the reorientation time 1/R 
of the perturbing local fields. If the conditions (a) 
27>1/R or (b) 271/R apply, for the same 7 above, 
the echo in comparison is much less attenuated. This 
follows because the fluctuation rate appears negligibly 
small in case (a), or the effect of many fluctuations 
averages nearly to zero in case (b). 

Plots of T(t) as a function of s=¢ and Emax(7) as a 
function of s=2r are given in Fig. 2 for different values 
of P=(64/R)?. Throughout these plots a value of 
64=2.94X10* radians/sec is assumed as a typical rms 
value for chlorine quadrupole resonances observed in 
our experiments. The value of 54 chosen is not particu- 
larly significant, but it is important to note how 7(t) and 
Emax(7), aS functions of R and ¢ or 7, confirm roughly the 
behavior of free nuclear precession in solids. We do not 
expect that the Cl quadrupole free precession in salts 
such as NaClO; and p—CesH,4Clz would be confirmed 
quantitatively by our A—B spin model (Cl=spin 4; 
Na, H=spin B). The theory is only useful in predicting 
the general behavior and orders of magnitudes of certain 
parameters in quadrupole systems. The A—B spin 
model pertains to a purely magnetic interaction of spins 
with a common axis of quantization. The quadrupole 
chlorine-sodium or chlorine-hydrogen systems involve 
more than one axis of quantization, and the selection 
rules and energy states are somewhat different than 
those which occur in a purely magnetic coupled spin 
ensemble (J=}). Experiments in crystals involving 
magnetic coupling alone need to be carried out to 
confirm our theory more closely. Our approach to the 
diffusion problem was motivated by experiments in 
quadrupole resonance, where it was convenient to 
perform the double resonance, and for this reason the 
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Fic. 1. Plots of exponents ya and yz of the functions 
T(t) and Emax(r), respectively. 
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Fic. 2. Plots of free induction tails, 7, and echo envelopes, EF, 
for various values of the parameter P=(54/R)*?. The dotted 
lines plot nearly pure exponential decays for P=0.01, according 
to Eq. (30). The echo envelope lifetime is a minimum at P™1, 
which is the condition at which true line narrewing becomes ap- 
parent (see Eq. (39)). 


experimental results discussed in this paper are confined 
to measurements of quadrupole precession. 

Figure 2 confirms several features of free precession 
observed in solids. Special effects, such as multiplet 
structure of the resonance, must be excluded. Empiri- 
cally T(t) and Emax(r) are observed to obey an 
exp{—(t/T2')?} law, where 7,’ is a measure of the 
relaxation time. Although the A—B spin theory does 
not specify a unique decay law, the theory fits this 
empirical law for ¢ or 7 in the theory not too close to 
the origin. The fit of T(t) and Emax(r) to observed 
signals for all ¢ and +r can be made rather good by 
adjusting R and 6,4. Another important feature is the 
fact that the echo envelope Emax(7) usually has a life- 
time greater than the 7(¢) signal. This is implied in 
Fig. 1, where exponents are plotted. For Rr, Ri«1 
the echo amplitude is markedly larger than the induc- 
tion tail. In systems of only like spins, 7(¢) and 
Emax(t) have comparable lifetimes, where the echo is 
observable at 27 when r~1/64. Since the spins are the 
same, 64 and R=1/7, are now closely related so that 
54~R if we stretch our model to apply in this case. 
Consequently Rr~1, and Emax is close to its minimal 
value, as discussed previously, and its plot versus + 
exhibits a short lifetime, nearer to a slightly shorter 
lifetime for T(t). 

In the A—B spin system, if the B spin has a transition 
frequency determined by a quadrupole interaction, an 
internal change in R can be brought about by the 
application of a small magnetic field Ho. A Zeeman 
splitting of the zero field quadrupole levels occurs if 
vshH y<e’qQ, where e’gQ is the quadrupole interaction. ° 
In NaClO;, for example, Emax is quite close to its 
minimal value. With Ho present, the relaxation time of 
Cl is always increased, because the Zeeman splitting of 
the Na quadrupole levels reduces fluctuations of AH,. 
This occurs because a given Na nucleus in the field Ho 
will couple less with Na neighbors distributed among 
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several Zeeman energy levels. The distribution in local 
fields at Cl sites is primarily due to Na neighbors, since 
the dipole interaction among Cl nuclei is negligible. 
The empirical lifetime 7,’ of the echo envelope varies 
with the effective Ho field as the NaClO; crystal orien- 
tation angle ¢ is varied with respect to the direction of 
a fixed external magnetic field. The reader is referred 
to a previous discussion"® of this effect. It demonstrates 
how the reorientation parameter R, a complicated 
function of Ho and gy, must vary in the A—B spin 
model in order to account roughly for the observed 
Emax(7). 


VII. CALCULATION FOR LINE SHAPE FROM 
THE INDUCTION TRANSIENT 


Theorems presented by Anderson and Weiss!” for line 
shape calculation can be applied and interpreted in 
terms of free precession to justify that the line shape is 
given by the Fourier transform 


r= f ei’ T(r')dr’. (32) 


=——_ 


Kubo and Tomita’ obtain (32) in a rigorous fashion. 
Here 7 is the measured frequency deviation relative to 
the line center at w, and T(r’) is given by Eq. (23) with 
KAt=r1’' instead of KAt=t. We refer the reader to the 
above authors for further details concerning the 
theorems which we shall write down without proof as 
we apply them. 

For a specific spectral line the spectrum of radiation 
or absorption of a quantum-mechanical system of spins 
can be written as 


9 


r0)=| f u(te"'dt) , 


(33) 


where the matrix element of the dipole moment operator 
S:=)>_; Sz; of 7 spins, summed over all states, gives 


u(t) => (m|S.|n) exp{—i(En—E,)t/h}. (34) 


The sum is implied to be over only those energy levels 
m, n that satisfy the relation E,,—E,=tw within the 
spectral line under consideration. It can also be shown 
that 


t+r’ 
u(t+7’)=p(t) exp| = if anit + f sat] 
(35) 


where 6(¢’) is identified with the fluctuating frequency 
referred to previously. This form of (35) has been 
previously used*"’ in the analysis of the diffusion 
problem in liquids. Equations (33) and (35) combine to 


18 E. L. Hahn and B. Herzog, Phys. Rev. 93, 639 (1954). 
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give 


« C-) t+r’ 
I(n)= f e''dr’ f exp| _ J s(rnat la 
“> 2 t 
% t+r’ 
-f cw (exp|—if acenar}) dr’, 
1 t Av 


It is convenient to let n—wo—7 since the line is 
described in terms of frequency differences from the 
line center. Anderson and Weiss attribute 4(¢’) to 
diagonal elements of the dipole-dipole Hamiltonian 35C 
given by (4), which change in a random manner be- 
cause of external influences, such as the exchange 
narrowing effect in paramagnetic resonance. Our A— B 
spin model specializes the effect of the diagonal element 
due to the z component of the local field AH from B 
spins. This viewpoint can now be generalized. 

The transient signal T(r’) can be identified as an 
autocorrelation function 


T(r’) « (u(t)u*(t-+7'))n 


t+r’ 
«(ex|-if aenatl) , (36) 
t AV 


which represents the average of the memory of the 
precessional component Fx(r’) in (22) at t+r’ (let 
t=() if it had the value F(0) at time 7’=0. Fx and Fo 
are radiative macroscopic moments, proportional to the 
expectation values of S, and, therefore to u(t+7’) or 
u(t), respectively, expressed in Eqs. (34) and (35). It 
must be emphasized that the time /+7’, as it appears 
in (36), implies that the rf pulse is applied at =0, and 
the free precession and correlation of moment vectors 
is measured as a function of 7’. Here we are applying 
an extension of the Wiener-Khintchine theorem to a 
nonstationary process.'® Instead of averaging over all 
t in (36), we average over the ensemble frequencies 
beginning at the pulse time /=0. If the pulse width ¢,, 
is sufficiently short so that matuw<1, then all of the 
moment vectors are rotated by the same angle @ 
(which need not be just 7/2) with respect to the z axis, 
and it is valid to state that Fy>=iMoP(5o) is propor- 
tional to u(0) at t=0. If the pulse condition matw2 1 
exists, then only certain portions of the spin spectrum 
would be excited because of inadequate Fourier com- 
ponents in the pulse. Consequently the line shape I () 
in (32) would not be truly represented because of dis- 
tortion of T(r’) brought about, effectively, by ‘“‘holes” 
in the summation over the m, n states in (34). In fact, 
for this case J(n) would represent, in part, the Fourier 
spectrum of the pulse itself, and the result would be 
quite complicated. 

The echo function E given by (25) represents a dif- 
ferent type of autocorrelation than the function T(z’), 
and the question now is, what is the meaning of J(m) in 


“16D, G. Lampard, J. Appl. Phys. 25, 802 (1954). 
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(32) if T(r’) is replaced by E? First consider E= Emax. 
The envelope of Emax is plotted as a function of 27, and 
is a measure of the memory of refocusing or con- 
structive interference of moment vectors. This memory 
is affected only by random frequency fluctuations and 
not by components of the local field which remain rela- 
tively static throughout ‘=2r. However, during the 
interval r— 27 there is some degree of cancellation of 
random phase accumulated in the first time interval r. 
This is clearly seen in the experiment of Carr and 
Purcell where the influence of self-diffusion in liquids 
and gases is nearly eliminated by the application of a 
succession of 180° reversing pulses. It appears that if 
Emax Were used as the correlation function in (32), then 
I(n) would represent some sort of partial contribution 
to the actual line shape that pertains only to the effect 
of dynamic fluctuations of local field. The use of T(r’) 
in (32) permits /(n) to include contributions from both 
static and dynamic effects on the local field which 
determine the true line shape. 

It is more difficult to give a general physical inter- 
pretation of J(n) if E is considered from the point of 
view of echo shape. Experiments in liquids indicate 
that the echo shape is made up of two tail signals 
T(r’) placed “back to back.’’ However this is not 
generally true in our diffusion model, although it is 
nearly or actually true in certain limits of Rr, as shown 
in (27), (28), (29), and (30). The echo shape is a 
function of times 7; before and 72 after the echo maxi- 
mum time /=2r if we replace ¢ by 2r—7, and 27+ 72, 
respectively, in (25). The “back to back” signals could 
be represented separately by the autocorrelation 
functions 


E(11)=(F (27- 71) F* (27))av 
and 
E(r2)=(F (27) F* (27+ 72))m, 


where F is the precessing monochromatic magnetic 
moment at the instant of time noted. 

From our model, in agreement with other authors,’ 
we reasonably conclude that the entire measured line 
shape in steady state experiments would be determined 
by the integration 


1)= f exp[inr’— (64/R)?(e~*®"’+Rr’—1) ]dr’, (37) 


where 7'(t)=7(r’) in (23) is introduced into (32). The 
line shape is of interest in the following limiting cases, 
referring to (28) and (30): 


R=0 or Rr<1: 
I(n)~ Mo exp{ —n’/ (2647)} 
which was originally assumed. 


R=; 


I(n) is a delta function, an infinitely sharp line. 
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Rr>1: 
M(647/R 


2 
yee: 
n) + (5.42/R)? 


Anderson and Weiss have pointed out that the best 
model for the rough computation of line shapes and 
frequency moments is the Gaussian-Gaussian case, 
which is suitable for the description of exchange in 
paramagnetic resonance. Our A—B spin model, based 
on a Markoffian-Gaussian process, requires that 


(39) 


(t)5(t-+7’)) a 


(8) m 


where the last term is the correlation function of the 
frequency. The Gaussian-Gaussian case? assumes that 


5=6o exp{ —(Rr’)? ‘4}. 


According to Anderson and Weiss for the latter case, 
the signal correlation function or transient induction 
would be given by 


| Baar’ pk pax? 
T(r’) ~exp| - f exp( as 
R 4 
+([26.4?/(#R*)[1—exp(—4ar{ Rr’}?) ] ; (40) 


This also gives the same results for the limits discussed 
previously for the Markoff case. 

If the behavior of T(r’) is deduced only in the limit 
of large or small 7’, the limits Rr’<1 and Rr’>1 
would be misleading in arriving at the approximate 
description of T(r’). Sampling the behavior near r’=0 
would determine the shape of the wings of the line 
spectrum; and T(r’) for r’>>0 determines more cor- 
rectly the shape near the center of the line. This can be 
understood from the fact that those precessing nuclei 
which first get out of phase see a large 5p and are situated 
in the wings of P(69)—these nuclei are the main cause 
of attenuation of T(r’) near r’=0. For 7’>>0 they 
become completely out of phase and contribute little to 
T(r’). Then those spins with 49 nearer to zero begin to 
lose coherence and these are important in determining 
the shape of T(r)’. 


VIII. EFFECT OF THE DOUBLE RESONANCE ON 
INDUCTION TRANSIENTS AND THE LINE WIDTH 


In Eq. (12) an extra term R, was included in R to 
account for additional random reorientation of B spins 
brought about by weak double resonance. From first- 
order perturbation theory, 


R,=W sy rH ?T xo, (41) 


where 1/7'so is the rms value of the line width of spins 
B, Hz is the magnitude of the double resonance per- 
turbing rf field, and Wg is a resonance weight factor. 
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For a general double resonance treatment, however, it 
is not valid to introduce R, in this manner. The 
Markoff diffusion model, as we have applied it in the 
absence of double resonance, implies that there are 
irreversible processes in which initial configurations of 
B spins never recur within an observation time. For 
arbitrary intensity of double resonance, however, the 
moment configurations M,, would oscillate in time. It 
is necessary, therefore, to modify the previous diffusion 
model in order to account for these oscillations, under- 
damped or overdamped, of 6(/) about a mean value, 
where the drift of the mean value is determined by ir- 
reversible processes. We shall invoke the diffusion model 
for the bound oscillator which is treated by Ornstein 
and Uhlenbeck and reviewed by Chandrasekhar." First 
the macroscopic behavior of M;, is treated at exact 
resonance using the Bloch equations,” out of which an 
average 4 is obtained for the same purpose that 4 in (11) 
was obtained in the case for no double resonance. A new 
probability function P(6,t;6o) is then obtained and 
applied to calculate the free induction transients T and 
E, again by the Markoff method. 

The submacroscopic moment M,, is described in the 
frame of reference rotating at we, the applied double 
resonance frequency. We now write Mz in place of 
M;,,. Transverse components of magnetization ug and 
vp, defined earlier in the case of A spins, become asso- 
ciated with Mx because of the presence of H». The 
macroscopic equations of motion are assumed to be 


(42) 
(43) 
(44) 


dvzp/di—ugdwt+woM p= —vp 'T Bo, 
dup/di+vgAw= —up/T xo, 
dM g/dt—vz02= —Ms, ‘Ts, 


where Aw= wo, g—wz is the deviation from the resonance 
center, T'2» is the transverse or total relaxation time of 
the B spins, Tz is the relaxation time corresponding to 
the natural reorientation rate defined previously, and 
we=ypH>e. We assume that JT, and Tx are unaffected 
by H2, particularly if H2 is weak. For Aw=O0 the differ- 
ential equation for Mg is 


@M ,/d?+6(dM 2/dt)+aM g=0, (45) 


where 


B=(1 Tp) +(1/T ao), a=we’+ (TT Bo) 1 


The solution of (45) is 


i Bil B Bil 
Ma(t)=Ma(0)e-** [oun] +(—) snh( )| 
2 By 2 


2 dM3(0) Bil 
ianmee i € + sinh( ), (46) 
By di 2 


where 
A= [{ (1/T,)—-(1 T Bo) }?—4w2? |}. 


As written, M(t) expresses the case for overdamping 
where @; is real. For the periodic case f; is imaginary 
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and for critical damping §; is zero. Inserting (46) into 
(8) gives the average value. 


= ;' Bil Bis Bil 
6= iu] cosh () + — sinh () 
2 Bi 2 


260 Bil 
——-e m2 sinh(—). (47) 
Bi 2 

The appearance of the derivative 4) here leads to the 
question whether, for a given initial frequency 4o, 
there is a distribution in 69. For such a general treat- 
ment it is necessary to evaluate integrals of the type 


SS 


~~" -@ 


xe 


P (60) P( 50) P(6,At > 5,80) 


X P(5,At; 5o,50)e%4 d5oddy (48) 


for the Markoff step analogous to (19). The prob- 
abilities P(6,At; 50,49) and P(5,At; 60,69) must be deter- 
mined so that they are jointly consistent with conditions 
(13), (14), (15), using the average values of 6 and 6 
obtained from (8). 

Our experimental quadrupole data does not warrant 
such an involved treatment using (48) so its application 
shall be deferred and presented in a later paper. Instead, 
we find it is sufficient to assume that 69 in (47) is 
correlated in a definite way with é, such that 


59 = Cbs, (49) 


where C is a constant involving we, Tz, and Tz. In 
this way it becomes possible to predict the rough 
behavior of double resonance for rf fields H» not too 
large, such that 


we <4{(1/T 20) — (17's)} =1/2T*. (50) 


1/T* is defined as the static contribution to the line 
width of B spins, or the spread in Larmor frequencies 
due to spatial variations in local fields along the z axis. 
The constant C is determined by requiring at ‘=0 that 
Mx(0)=CM (0) and at t=At that Mp(At)=CM (Ad). 
Applying these conditions to (46), and using (8), we 
find C=— (6+ £,)/2. Evidently (50) must apply, or 
M zg, which is a real quantity, could become imaginary. 

The transient functions T(t) and E(r) for double 
resonance will have the same form as (23) and (25), 
respectively, repeating steps beginning with (19), except 
that now R= (6+ ,)/2=—C replaces R=1/T,, and 
54” must be modified. Consider the behavior of R in the 
limit w27*<1. We would expect R— { (1/T'g)+w2?T ao}, 
where w2’7's) compares to R,=W gw2?T x defined in 
(41). Instead, as a property of our model, R — { (1/78) 
+w-T*} is the proper limit. In spite of this, it will be 
convenient later to use R, in place of w2*7* for purposes 
of qualitative discussion of double resonance in 
NaClOs, particularly since Tsy~7™*. 

Now the question of modification of the @ priori spin 
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spectrum by double resonance must be considered. 
In the absence of B spin-spin coupling, the double 
resonance field H» at resonance (Aw=0) must create a 
new stationary distribution of moments 1,40 and 
Mz, which results in the reduction of 64? to a lower 
value 64”. The moment Mg (w2=0), defined in the 
absence of double resonance, can be thought of as being 
tipped slightly when w20, so that Mz makes an angle 
6 with respect to the z axis. Therefore 


cos 6| rg =» = M g(w2=0)/[M g?(w2 #0) +05" (we ¥0) J}. 
When the entire ensemble is averaged, then 
64° =6,4" cos’é. (51) 

Using the fact that 
Ms=—}(8+6:)Mz 


together with (44), one finds 


(at Tp=~) 


where 


or 0< 9/4. 


The transient induction signals with double resonance 
are now written as 


264’ \? 
T(t)=Mo exp} —( ) 
B+Bi 


X Le +8 24. (B+-8,)t 2-1) 


T ims) T= 0.48 ms 
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26.4’ w 
E(r)= Mo exp| —( ) {(8+81)7/2 
B+B, 


—1+[1+ (6+f1)7/2 Je“ +4) 7} 


where 6,” is given by (51). Using (53) we obtain curves 
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Fic. 3. Theoretical plots of percentage change of spin A echo amplitude as a function of w: for various values of r and Tp. 
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(b) 


Fic. 4. Experimental plots of percentage change of Cl* echo 
amplitude in NaClO; as a function of the cw rf field H2=we/yna 
applied to obtain Na* quadrupole resonance. The increase in 7, 
with Ho inferred from these curves corresponds roughly with the 
trend indicated by the theoretical curves in Figs. 3(b) and 3(c). 
The value of 1/7* for the inverse line width of the B spins in the 
theory was not chosen particularly to correspond with 1/7* of 
Na® in NaClOs. 


in Figs. 3(a), 3(b), and 3(c) which plot the theoretical 
percent echo amplitude change, 


Emax (we - 0) = fe (we = we) 


—X 100, 


} ee (we = 0) 


for fixed values of 7=0.75, 1.00, and 1.25 milliseconds. 
Each of the figures plots curves for 1/7, fixed at 
1/T x’, 1/2T»’, and 1/4T,’, where 1/7 ,’=1.02X10* 
sec. For all the curves 1/7*=7.2X10* sec and 
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64=2.94X10* rad/sec. These numbers were chosen as 
a rough approximation to the parameters involved in 
the double resonance in NaClO; of Na* (spin B) with 
yp=7.24X 10° and Cl*® (spin A) with ya=2.62X 10°. 
The number for 1/7* is particularly arbitrary, since it 
assumes a virtual spread of AH,=1 gauss for the Na 
line. This value includes the effect of quadrupole 
broadening in our experiments because of thermal 
gradients over our samples. Actually AHrms=0.44 
gauss is the computed value due to nuclear Na neighbors 
alone. ! 

The curves compare qualitatively with experimental 
plots of Cl echoes obtained in NaClOs;, as shown in Figs. 
4(a) and 4(b). The limitations in making a comparison 
to a quadrupole system are discussed in the next section. 

Line narrowing by double resonance occurs if the 
reorientation rate R of local fields is rapid compared to 
the inverse of the observation time ‘=r’ of nuclear 
precession. When 7(¢) expressed by (52) is integrated 
in (32) to obtain /(n), an expression identical with (42) 
is obtained for Rr’>>1, except that 64 — 64’ and 


R— (1/Ts)+ (1/2T*)[1— (1-427) ?* J. 
Narrowing becomes effective when 
ba’ S (1/Ts)+ (1/2T*)[1— (1—402T™)*], 


insofar as our limited theory is concerned, where 
2weT* <1. In this range 64’ varies from 64 to 64/2. As 
one would expect, the breadth of the B spin spectrum, 
1/T*, must not be excessive if Hz: is to be effective in 
flipping a sufficient number of spins. If there is an 
appreciable spin flipping rate 1/74 among the A spins, 
we would have to be larger in order to affect the line 
width, and would not have as much influence in deter- 
mining the line width. We have not considered 1/74 in 
our treatment but it may be included crudely by adding 
1/T4 to 1/T, in Eq. (44), so that narrowing becomes 
effective when 


84’ S (1/2T4)+ (1/Ts)+ (1/2T*) 
—4C{(1/T4)+ (1/T*)}2— 4a}. 


The addition of 1/7’, in this way is essentially a trans- 
formation in which the A spins appear not to couple, 
but the B spins virtually have a larger reorientation rate 
by the amount 1/74. Redfield!’ and Abell and Knight'® 
obtain narrow lines in solids with increases in rf fields, 
before rf saturation broadening sets in, where only one 
species of nucleus is subjected to cw resonance. In terms 
of our model, these experiments may be considered as 
though the A and B spins are identical, serving both 
as indicator nuclei and sources of field fluctuations. 
There is the added complication, of course, of spin-spin 
coupling among the indicator nuclei. Also it should be 
emphasized that we have neglected any dependence of 
Tx and Tso on H2, which would be particularly im- 


" A. G. Redfield, Phys. Rev. 98, 1787 (1955). 
18 DE). F. Abell and W. D. Knight, Phys. Rev. 93, 940 (1954). 
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portant for H» large, as indicated by Redfield.!” This 
dependence should arise for reasons which account for 
the change of relaxation of the A spins. 

Figures 5(a), 5(b), and 5(c) show echo signals from 
Cl** in NaClO; as they pass through a minimum with 
increasing values of H» applied at the Na resonance. 
Figure 6 indicates the variation of the echo amplitude, 
for fixed r and given values of (647)*, as a function of 
x= Rr. The dotted line shows how the echo amplitude 
varies with application of the double resonance field H2, 
where the initial echo amplitude is determined by 
Rr at H.=0. 


Fic. 5. Oscilloscopic displays of double resonance effect upon 
Cl* echo amplitude. Trace a shows the normal echo (H2=0) in 
NaClO; with 2r=2.25 msec and Hp=25 gauss along lattice cell 
edge. Traces 6 and c display amplitude changes due to Na* 
resonance at 395.1 kc/sec (X resonance) for H.=0.3 g and 1.0 g, 
respectively. Trace d shows the echo in p—CsH,Cle completely 
attenuated at 2r=3.4 msec with Ho=19.9 g. Resonance of a 
portion of the proton spectrum with H,=6.7 g at 88.9 kc/sec in 
e lengthens the echo lifetime radically. 


IX. EXPERIMENTAL PROCEDURE AND RESULTS 
Apparatus 


The extension from single to double resonance is 
rather simple: a second coil C forming part of a tuned 
circuit and driven through an amplifier by a calibrated 
oscillator is placed around the sample to produce the 
second magnetic field H2 (see Fig. 7). If the double 
resonance is nuclear magnetic, the usual geometric 
arrangement of coil axis perpendicular to orienting 
magnetic field Ho must exist. 

As before, the spin echo is observed directly on the 
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Fic. 6. Theoretical plots of echo amplitude variation. The solid 
curves are plots of Eq. (26) with H.=0 for different values of 
(647)*. For r fixed at 1 millisecond and (647)?=8, the single dotted 
curve shows the echo amplitude variation as R increases with 
increase in H2. R is then replaced by (1/8)+(1/8:), and Eq. (53) 
is used to obtain the plot. “The abscissa ‘x=6,4r’ should read 
x= Rr.” 


oscilloscope, but now the natural signal amplitude 
when Ho=0 is compared with its height for various 
values of Hy. The presentation has been facilitated by 
switching H» on and off electronically at the end of 
alternate triggered sweeps at a slow repetition rate. 
This assures equilibrium for the H» resonance exists 
when rf pulsing starts near the beginning of sweeps. 
Large amplitude variations are thus graphically por- 
trayed, but slight changes within the noise region on 
the signal are obscured due to screen persistence. The 
alternation presentation has been used mainly for 
qualitative indication of resonance. Photographic 
display without alternation is preferable for quanti- 
tative study. Finer details of amplitude changes may 
be observed with the “box car” integrating system.!® 
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Fic. 7. Experimental arrangement for obtaining double 
resonance. 


19 R. E. Norberg and D. F. Holcomb, Phys. Rev. 98, 1074 (1955). 
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Fic. 8. Effect of Na® resonance upon Cl** echo in a single NaClO; 
crystal. The magnetic field Ho is perpendicular to the 100 plane. 


The magnitude of the linearly polarized field 2H, at 
the sample site was measured with a nonresonant 
pickup loop of known parameters inserted into the 
double resonance coil which was tuned to resonance for 
various driving frequencies. No more than a maximum 
H, of ~5 gauss at 400 kc/sec could be applied because 
of interference due to 30-Mc/sec harmonics from the 
400-kc/sec power amplifier which overloaded the high- 
frequency receiver. These harmonics interfered with 
the chlorine echoes observed at about 30 Mc/sec. 


Double Nuclear Quadrupole Resonance 


Earlier measurements indicated that neighboring 
sodium nuclei in NaClO; are the main contributors to 
Cl** echo decay. In an attempt to simulate the effect of 
Zeeman decoupling discussed in Sec. VI, the double 
resonance of Na* was performed at a frequency of 400 
kc/sec corresponding to the axially symmetric pure 
quadrupole interaction.” The cw rf field H» increases 
the reorientation rate R of Na beyond its value 1/7, 
established by internal spin-spin coupling alone in the 
presence of Ho. Figure 8 shows the percentage change 
of echo amplitude as a function of H» for a fixed Ho 
field and rf pulse spacing r. A NaClO; single crystal 
orientation with the 100 plane perpendicular to Hp is 
chosen to provide Zeeman level spacings which allow 
three resonances for either nucleus, each of spin J=3/2. 
Throughout the time that all three Cl transitions are 
excited by short rf pulses and the Cl echoes are observed 
at ~30 Mc/sec, the cw resonance of a single Na transi- 
tion (X, Y, or Z) is carried out. When the Na resonance 
corresponding to X is excited, the rf transition rate is 


*” J. Itoh and R. Kusaka, J. Phys. Soc. Japan 9, 434 (1954). 
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calculated to be four times the rate for transitions Y 
or Z. This follows for transitions between pure 4.3/2, 
¥_3/2 States and the mixed states 


4. = (2/3) Wayet (1/3) "Yay 
o—-= (1/3) Pyiye— (2/3) Paya 


for this specific crystal orientation. Although our clas- 
sical theory cannot apply in all respects to quadrupole 
systems, it at least confirms the order of magnitude in 
the difference of depths and positions of the minima 
in Fig. 8. This is seen by replacing w2* by W gw:? in Eq. 
(53). Neglecting a slow dependence of 64’ on H for the 
sake of simplicity, Eq. (53) then passes through a 
minimum for (8+ 61)r/2~1, as shown before in Eq. 
(26) for Rr~1. Since 7 is the same for both plots, then 
we expect to have Ry ~ Ry,z at the minimum of the X 
and Y, Z curves, respectively. From our foregoing as- 
sumptions, the ratio 


W 8, x/Ws,y, z= Hp», x*(min)/H2, y, (min) =4 


and 


should apply. A ratio of 4 is observed as seen in Fig. 8. 

The difference in the depth of each of the minima 
results from the fact that the reduction factor cos’# 
introduced in (51) applies to a different fraction of B 
spins when X is excited than when Y or Z is excited. 
The matrix elements for the various transitions serve 
as weighting functions so that 6,4’ cos*@x should be 
replaced by 64?(2 cos’*@x+1)/3=U-x for the two simul- 
taneous transitions, and 5,4? cos’#y z should be replaced 
by 64?(cos*y, z+5)/6=Uy,z tor the Y or Z transition. 
Since Ux<Uy,z, then (53) will behave such that the 
X minimum is not as deep as the Y, Z minimum, and 
the echo signal increase for the X resonance is much 
faster with increasing Ho. 

The plots of percentage echo amplitude changes in 
Figs. 4(a) and 4(b) were made with cw excitation of 
either the Z or the Y resonance of Na. In the theoretical 
plots of Fig. 3(a), (b), and (c), 64? cos’@y,z was not 
replaced by 64?(cos*@y,z+5)/6, nor was Wy,z(~1) 
introduced. However, these changes would not seriously 
alter the qualitative confirmation of relative positions 
of curve depths and minima shown by the experimental 
curves. 

By means of double resonance, the Zeeman splitting 
of the Na* quadrupole transition in a small magnetic 
field Ho was traced as a function of crystal orientation 
(Fig. 9). The measured spectrum agrees well with the 
first-order perturbation theoretical values”! for the eight 
possible resonances. In units of yHo/(2mv2), the 
frequency separations from the zero field transition 
are given by +A/, where Af=v3(cosp) (2—cos*p)! and 
p can assume the values g-+7/4. Further details 
regarding the Zeeman splitting and crystal orientation 
angles ¢ are given in a previous discussion.’® 


% R. Livingston, Science 118, 61 (1953); Ting, Manring, and 
Williams, Phys. Rev. 92, 1581 (1953). 
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Figure 10 plots the Cl echo amplitude as a function 
of the applied double resonance frequency which 
traces through the triplet Na resonances indicated in 
Fig. 8. The percentage increase or decrease of amplitude 
maxima of the outer lines (Y, Z transitions) and central 
line (X transition) relate to the plots in Fig. 8. 

An important reason for not expecting complete 
agreement between our theory for a system of pure 
magnetic coupling and the experiment in NaClO; lies 
in the fact that complete reversal in space of the M;, 
submacroscopic moments is not caused by Hy. A 
nuclear quadrupole moment undergoing resonance can 
only shuttle back and forth among either the positive 
or negative angular momentum states, but not among 
both. For this reason the Cl free precession lifetime of 
induction signal T(t) could be increased only slightly 
by intense values of H» applied to Na, nor could the 
echo shape be changed appreciably. Although the loca] 
field fluctuations due to Na can be averaged to a lower 
value, double resonance cannot reduce a static field 
distribution which remains when the Na nuclei are 
locked in directions of either positive or negative 
angular momenta that do not easily interchange. This 
separate grouping of spin states can be broken down, 
however, by transitions between the mixed Zeeman 
states ¢, and ¢_. These transitions can be induced 
either by internal fluctuating fields or an externally 
applied field. Itoh” has observed the transition directly 
by an absorption experiment, which must of necessity 
rely upon a sufficient Boltzmann population excess of 
spins. We have observed this transition at y= 16 kc/sec 
indirectly via double resonance in a weak Zeeman field 
(Hy~8 gauss) oriented according to the conditions 
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Fic. 9. Zeeman splitting of Na® quadrupole levels in NaClO;, 
measured from observation of maximum changes of chlorine echo 
amplitudes. (Zero-field frequency = 396 kc/sec.) 
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Fic. 10. Percentage change in Cl** echo amplitude as a function 
of rf frequency applied to obtain Na* resonance in NaClO;. The 
Zeeman spectrum of Na® is plotted out in accordance with the 
transitions and conditions indicated in Fig. 8. For increasing 
amplitude of Hz the resonance radiation broadening of the Na* 
resonance is reflected in terms of a broad response in the chlorine 
echo amplitude. 


discussed for Fig. 8. The resonance condition is 
y= (1/22)V3ynoHo. 


The spin population difference then was negligible and 
unimportant here; yet the indicator Cl echo amplitude 
was markedly decreased by the forced shuttling of Na 
between the two states, causing strong variations in 
Na—Cl dipolar coupling. Echo enhancement was not 
observed. 

In the absence of a small magnetic field Ho it was 
difficult to affect the chlorine echo lifetime by resonance 
of Na at ~400 kc/sec. We attribute this to the fact 
that transitions at a much lower frequency occur 
between mixed Zeeman states ¢, and ¢_ which arise 
from magnetic dipole-dipole coupling among Na nuclei. 
It would be necessary to obtain a Na resonance not 
only at 400 kc/sec, but also simultaneously at a low 
frequency ~1/7* before the chlorine echo can be 
enhanced. With Ho applied such that ynaHo>1/7%, 
then the ¢, = ¢_ transitions due to internal Na— Na 
coupling is markedly reduced, and only the 400-kc/sec 
resonance is sufficient to influence the chlorine echo. 

A similar study of the Na* double resonance at 400 
kc/sec has been made in NaBrO3;, which has a lattice 
isomorphic with NaClO;. Echo amplitude changes for 
Br* at 150 Mc/sec are quite similar to those previously 
described. 


Nuclear Magnetic-Nuclear Quadrupolar 
Double Resonance 


The chlorine quadrupole interaction in para-dichloro- 
benzene has already been examined and proven most 
useful in studying crystalline phase transitions. Free 
induction measurements at room temperature of the 
pure quadrupole transition for Cl** at ~34 Mc/sec 


#2 C. Dean and R. V. Pound, J. Chem. Phys. 20, 195 (1952). 
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Fic. 11. Zero external magnetic field double resonance of 
protons in p-dichlorobenzene as it affects the free precession of 
Cl*, The upper trace of the chlorine echo envelope is given for no 
double resonance (H,=0). Assuming an exp[—(¢/T:’)*] echo 
envelope lifetime dependence, T:’=0.95 msec. In the middle 
oscillographic trace all the conditions are the same except that 
protons are subjected to double resonance at 11.6 kc/sec with 
H2=2.3 gauss. T;' increases to 1.11 msec. The sweep speed for 
these two traces is 220 usec/cm division. The lower traces indicate 
the free precession chlorine signal after the first pulse. A double 
exposure indicates first an induction signal lifetime of 7,=0.3 
msec for H,.=0 gauss and then a lifetime 7;=0.4 msec for H,=2.3 
gauss. 


show that the signal 7(¢) has a lifetime ~0.5 sec, the 
spin echo E(r) signal has a lifetime ~0.95 msec, and 
T,~18.5 msec. The echo lifetime is rather insensitive 
to the lengthening effect!® of a small applied magnetic 
field because the mutual flipping rate among the 
protons providing the local field variations is hardly 
reduced by Ho. No new frequencies are introduced, 
whereas H» produces new levels in a quadrupole system 
(I>1/2). This field, in conjunction with local dipolar 
fields, establishes the magnetic resonance frequency of 
the protons. 

Because a B-spin system with J=1/2 should agree 
better with theory developed so far, the double reso- 
nance of the protons was performed. A large increase, 
but never a decrease, of echo amplitude under proton 
double resonance is observed in Fig. 5(d), (e). This is 
contrasted with the Cl echo in NaClO; which passes 
through a minimum. This fact implies that the proton 
mutual flipping rate is already larger than the echo- 
minimization value, and (8+ ;)r>1 applies in Eq. 
(52). Our search of the proton spectrum in this way 
shows a complicated multiplet structure due to con- 
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figurations of proton neighbors. Since only a narrow 
section of the proton spectrum can undergo resonance 
at one time for a moderately weak H2, a large number 
of the protons continues to flip at the “natural” rate, 
and the echo lifetime cannot be increased to the 7; of 
Cl** even though in principle 7; is the upper limit if 
the dipolar coupling among Cl*® nuclei can be neglected. 
Furthermore, in such low-frequency resonance the 
observed spectrum may not be symmetric about an Ho 
field which is comparable to the local fields and hence 
sufficiently weak to have the splitting extend to negative 
frequency values. A “‘fold-over” effect then takes place 
in which the usually neglected oppositely rotating 
component of the linearly polarized rf field H: can 
cause transitions and add to the spectrum by its double 
resonance effect upon the indicator echo. Because of 
these complications no attempt was made to compare 
the observed signals to theory, except in a qualitative 
way. 

The zero-field transitions of protons at frequencies 
established by the average value of their mutual local 
fields alone* is also observable by double resonance, 
without the requirement of a net proton spin population. 
The echo amplitude increase was so slight, however, 
that a thermal gradient™** had to be produced in the 
crystal to permit echo observation unimpeded by 
decaying tail signals after narrowly spaced pulses. 
This artificial broadening of the quadrupole levels led 
to a shorter JT, but did not affect the echo lifetime in 
p-CsHiCle, thus confirming that the protons provide 
the echo relaxation mechanism. In Fig. 11 the echo 
relaxation was observed to lengthen from 0.95 msec to 
1.11 msec with H.=2.3 gauss at 11.6 kc/sec, where the 
main peak of the proton zero-field spectrum appeared 
to be. 


Sources of Error 


Lack of temperature control of the samples during 
the measurements explains some of the deviations from 
theory since the quadrupole interaction is temperature 
dependent. For example, the experimental error of the 
Zeeman spectrum data (Fig. 9) should include the 
shift of the central resonant frequency as the tempera- 
ture changed slightly. The existence of thermal gra- 
dients over the crystals can be particularly pernicious 
when one relates the effect of double quadrupole 
resonance to increasing H» values since the static line 
with 1/7* plays an important role in the theoretical 
description. Quantitative agreement between Fig. 8 
and Fig. 10 therefore cannot be expected because the 
measurements were made when “thermal equilib- 
rium,” or the same 7* due to thermal gradients if any, 
was assumed to have been reached. 

Slight misalignments of the crystals in Ho could not 
be avoided. When crystalline orientations were known 

% F, Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 


% M. Bloom, Phys. Rev. 94, 1396 (1954). 
*5 Bloom, Hahn, and Herzog, Phys. Rev. 97, 1699 (1955). 
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from other information, the echo modulation pattern 
(Fig. 4 of reference 15) itself served to determine the 
angular setting ¢=0° for NaClOs, for example. 

For large values of Hy (215 gauss) the various 
chlorine transitions were not equally excited by the rf 
pulses because it was difficult to satisfy the required 
conditions 1/t.<yciH and yo itw~2/2. These con- 
ditions insure that there are sufficient Fourier com- 
ponents in the rf pulses to excite all of the chlorine 
Zeeman levels, and to obtain sufficient echo amplitudes. 
Unequal excitation of the X, Y, and Z resonances, for 
example, of the chlorine Zeeman spectrum (similar to 
that of Na, since Cl has spin J=3/2) also introduces a 
certain complication. In a quadrupole system, terms 
like e*4* should be averaged instead of e*“*) [see (19) ], 
where A is a constant factor different for the various 
transitions but of the same order of magnitude.”> These 
terms arise from computation of the Zeeman effect. 
We make no attempt to include this in our theory. Such 
a complication does not prevent NaClO; from dis- 
playing at least the qualitative aspects of our theory, 
which applies only to a purely magnetic coupled system. 


X. CONCLUDING REMARKS 


A statistical model for the precession of spins in solids 
has been presented under the following main assump- 
tions; (a) collections of nuclei specified by an average 
Larmor frequency obey classical nuclear induction 
equations; (b) fluctuations of local fields are followed 
by the Markoff process, using standard probability 
functions associated with this process; (c) indicator 
nuclei do not couple with each other. Although observed 
effects in quadrupole systems have been presented as a 
justification for our model, which applies to a purely 
magnetically coupled system, these effects are very 
similar to those which occur in solids where spins 
undergo pure magnetic resonance. Investigations are 
being continued in systems of purely magnetically 
coupled spins to check our model more closely, and to 
complete measurements which will show what happens 
in the limit of extremely intense rf fields applied to the 
B spins. Equation (48) must then be introduced into 
the calculations instead of (19) in order to account 
generally for the effect of double resonance, and to 
avoid certain artificial assumptions. Although the 
assumption of correlation between 59 and 69 (Eq. 49) 
allows a limited description in the region of small rf 
fields H», it cannot be generally correct. It leads to such 
a solution for T(t), that the second moment of the line 
shape is given by 

@T(t) = 
nee -f I (n)n*dn=6.4”, 
d? | tao 
where T(t) is given by Eq. (23) and 6,4” is given by 
Eq. (51). Here the second moment 64” is not invariant 
with respect to H», which it should be,”* just as the 


—e 


= A, G, Redfield (private communication). 
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second moment is invariant with respect to any 
exchange type effect.!.? 

The property that the echo amplitude passes through 
a minimum for Rr1, or that the echo envelope lifetime 
passes through a minimum for increasing R (see Fig. 3), 
should be considered in the measurement of what is 
thought to be the usual relaxation time, or inverse line 
width 1/72. In general the echo envelope is not a true 
measure of J; except in the limit that we deal only 
with liquids of sufficiently low viscosity where the 
local magnetic fields fluctuate sufficiently rapidly and 
where there is no crystalline structure which would 
impose a correlation among these fluctuations. Ex- 
plicitly by correlation it is meant that it would not be 
possible to define an average local field 6= 6) exp(— Ri) 
as deduced in Eq. (11). This is not to be confused with 
the correlation function introduced by Bloembergen, 
Pound, and Purcell,® where they show in liquids that 
essentially (6°),e~*/e applies, where r, is effectively the 
time between molecular collisions. From echo envelope 
measurements Holcomb and Norberg” infer that the 
inverse line width 1/T, decreases at the melting points 
of Li and Na metals. It is reasonable to expect that 
the fluctuation rate R of local fields due to diffusing 
nuclear neighbors will satisfy the condition Rr~1 or 
64/R~1 as the temperature is increased. In order to 
account for this effect our echo relaxation theory would 
have to be modified to include correlations both in 6 
and in (6*)4. Thus, assuming T; to be a true measure 
of echo envelope lifetime, T: would pass through a 
minimum. A true measure of JT; would be obtained 
from a measurement of T(t), Eq. (23), or from a line 
shape measurement, after correcting for any external 
field inhomogeneity. 
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APPENDIX 


Consider the effect upon spin precession of the self- 
diffusion of molecules in liquids. Let the solution to the 
diffusion equation for a free particle apply: 

P(x,At) = (4rDAt)“? exp[_—2*/(4DAt) ], 
where x is the displacement in time A¢ and D is the 
self-diffusion coefficient. A constant linear field gradient 
G=dH,/dx shall be assumed along the x direction, and 


spin precession takes place about the z axis. The change 
in Larmor frequency in time A/ is 5—69=xyG, so that 


P(5,At; 59) = (4rkAl)? exp{ — (6—5)?/(4RAt)}, (A) 
where k= (yG)*D. 
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In comparison with Eq. (1), we let the stationary 
distribution P(59) be a constant here, namely, unity. 
For a short time Af a molecule will not diffuse very far 
(~10~ cm/sec for H,O). The actual form of P(do) is 
therefore not very important since 59 hardly changes in 
a measurement. In gases or superfluids with large D, 
this assumption breaks down. The explicit form of 
P(éo), determined by external field inhomogeneity and 
the sample shape, must then be used, and P(6,At; 59) 
should include any dependance upon reflecting barriers, 
such as the walls of the container which holds the spin 
sample. 

The diffusion decay law for the echo envelope in 
liquids is obtained by the same procedure applied in 
obtaining Eq. (26), except that (A1) replaces Eq. (16) 
with t—> At and P(6o)~1. For a 90°-180° pulse 
sequence the echo decay function which determines the 
lifetime of the echo maximum at ‘=27, or L=2K, is 
given by 


K 
Emax (27) ~exp{ —k[2(At)? © 7? 
?7=1 


K 
—2(At)?r ¥ j+KAtz}}. 


j=1 


For K large and KAt=r, 


Emax (27) ~exp{ — (2/3)kr*}. (A2) 


Let a third 180° pulse be applied at time ‘= T for T> 2r, 
and consider the image echo® which occurs at ‘= 2T—2r. 
Therefore 


K 
Exmax(2T —27)~exp{ —k[ (At)* > f 
7=1 


M-—L 


L—K 
+At © (jAt—r)?+At Y (jAt—T+2r)?}}, (A3) 
7=1 


j=1 
where 
KAt=r, (L—K)At=T—-r, 
and 
(M—L)At=T—2r. 
Upon reduction, 


Ena 2T— 2r) ~exp{ act (2/3)kL ( T- 2r)8+ r*)} ‘ 
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In the Carr-Purcell method," after a 90° pulse is 
applied at ‘=7, a succession of 180° pulses is applied 
at t=3r, 5r, 77, «++, Sr. The 180° pulses may be 
numbered from 1 to m. Then we can extend Eq. (A3) 
above to apply to this case by writing the amplitude of 
the echo following the Sth 180° pulse as 


K 
EmaxL7(S+1) }~exp{—k[ (A)? © 7? 
j=l 


2K K 
+(n—1)(A/)  (jAt—7)°+-40E (jAt—7)*}}.. (AS) 


The last two summations combine to cancel the term 
independent of m in the second summation. Therefore 
(A5) reduces to 


Emax t(S+1) ]~exp{ —k#/(12n?)}, 


where {=2nr and KAt=r. (A6) is in agreement with 
the result obtained by Carr and Purcell, and shows 
how the attentuation due to diffusion is reduced by the 
refocussing effect of many 180° pulses. 

Now instead of applying a 90°-180°-180° three pulse 
sequence, let three pulses with arbitrary rotations 
6,-62-4; be applied. In addition to the image echo formed 
at t= 2T—2r, the unusual stimulated echo® is formed at 
t=T++7, proportional in amplitude to sin, sin6. sings. 
We will not discuss other echoes formed at 2T and 
2T—+7, which are of the same type as the one at 2r. 
Calculation of diffusion attenuation of the echo at 
t= T+-7 requires our averaging method to be applied to 
the function [cosé(t)t]a[cosé(t)t],. The term [cosé(t)t Ja 
is to be averaged first in the interval 0 </<7r using 
Eq. (A1). In the interval r << T, the term [cosé(#)r ]a 
describes the spectrum of spin magnetism along the z 
axis, with 6(¢) a diffusing variable. Therefore only a 
single integration is necessary in the interval r <¢<T, 
using (Al), with At replaced by T—r. The term 
[cosé(t)t], applies to free precession in the interval 
T <t<T+r after the third pulse at 7, and has the 
same average as [cosé(f)t], in the interval 0<¢<r. 
These operations give® 


Eax(T+17)~exp{ — kL (2/3)1?+ (T—1)7*]}}. 


(A6) 


(A7) 





PHYSICAL REVIEW VOLUME 


103, NUMBER 1 JULY 1, 1956 


Compound Nucleus Effects in Deuteron Reactions: C1*(d,p)C!* 


Jerry B. Marron* AND GusTAv WEBER{ 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 


(Received March 20, 1956) 


By using an angular distribution chamber with observation ports at 5° intervals from 5° to 165°, the 
C8(d,p)C™ reaction has been studied as a function of the bombarding energy and angle of observation 
over the range of deuteron energy from 0.6 Mev to 3.0 Mev. A CsI crystal, with a resolution of 4.5 percent 
for the ground state protons from C+-d, was used as a detector. Excitation curves were obtained at angles 
of 20° and 135°. A number of broad maxima were observed, the most pronounced effects occurring near 
E«=1.4 Mev. Twelve angular distributions were measured, at Ey=0.64, 0.78, 0.87, 0.98, 1.23, 1.39, 1.48, 
1.58, 1.74, 1.99, 2.36, and 2.84 Mev. Those distributions obtained below 1.5 Mev are well described by a 
power series expansion in cos, involving terms up to cos‘@. The variation with energy of the angular distri- 
butions suggests that for these low bombarding energies the major part of the cross section is probably 
due to compound nucleus formation. For energies above 1.7, a maximum in the distributions occurs near 
0=25°. This peak becomes more pronounced at the higher energies and indicates that for EzS1.7 Mev, 


the stripping process becomes increasingly important. 


INTRODUCTION 


S the first step in a program designed to investigate 

compound nucleus effects in deuteron reactions, 
the C¥(d,a)B" and C'*(d,t)C reactions were studied! 
in an effort to learn something of the properties of the 
N'™ nucleus at high excitation energies. Additional 
details concerning these energy states as well as infor- 
mation regarding the competition between compound 
nucleus formation and the stripping process may be 
obtained through an investigation of the C'(d,p)C™ 
reaction. 

Previously, a rather thorough study of this reaction 
had been made in the range of deuteron energy from 
0.2 Mev to 0.7 Mev by Endt and his co-workers.? An 
excitation curve at 90° from 0.7 Mev to 1.9 Mev was 
obtained by Bonner and the Rice group.’ The present 
measurements extend the region of detailed investi- 
gation up to 3 Mev; in the range of bombarding energy 
from 0.6 Mev to 3.0 Mev, twelve angular distributions 
and excitation curves at 20° and 135° were obtained. 

In the (d,a) and (d,/) experiments it was necessary to 
use magnetic analysis to separate the desired reaction 
products. The investigation of the protons from C"+d 
was not undertaken with the magnetic spectrometer 
since the Q-value for the C(d,p)C™ reaction is suffi- 
ciently high (5.944 Mev) to make possible the separa- 
tion of the ground state proton group with pulse-height 
analysis in a crystal scintillator. The energy release in 
the C"(d,p)C™ reaction is only 2.723 Mev, so that no 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. A report of this work 
was given at the Washington meeting of the American Physical 
Society, April, 1956 [J. B. Marion and G. Weber, Bull. Am. Phys. 
Soc. Ser. II 1, 210 (1956). 

* National Science Foundation Postdoctoral Fellow. 

{International Cooperation Administration Research Fellow, 
on leave of absence from the Max Planck Institut fiir Chemie, 
Mainz, Germany. 

1 J. B. Marion and G. Weber, Phys. Rev. 102, 1355 (1956). 

2 Koudijs, Valckx, and Endt, Physica 19, 1133 (1953). 

3 Bennett, Bonner, Hudspeth, Richards, and Watt, Phys. Rev. 
59, 781 (1941). 


difficulty is encountered in the use of a target which is 
a mixture of C® and C*. 


EXPERIMENTAL PROCEDURE 
A. Angular Distribution Chamber 


The extension of the C"+d experiments to include an 
investigation of the ground state protons required the 
construction of a suitable angular distribution chamber. 
The features which were desired in the chamber were: 
(a) a wide range of possible observation angles, (b) ease 
and accuracy of beam alignment, (c) accurate posi- 
tioning of targets, (d) reproducibility of detector posi- 
tions, and (e) secondary observation ports subtending 
large solid angles at the target position. 

The diameter of the chamber body is 8 inches and 
33 observation ports, $ in. in diameter, are located at 
5° intervals from 5° to 165°. These ports are covered 
with a 0.9-mg/cm? Mylar foil. Secondary observation 
ports, 3 in. in diameter, are located at 15° intervals 
from 15° to 150° in the opposite wall of the chamber. 
Into these holes are inserted plugs through which were 
drilled }-in. holes and are covered with 0.8-mil alumi- 
num foil. In order to use a }-in. port, the plug is removed 
and a detector housing is inserted with O-ring seals. 
For normal operation, with the }-in. and }-in. ports, a 
CsI crystal and photomultiplier tube are enclosed in a 
steel housing located entirely outside the chamber. In 
order to allow the detector to rotate to 165° without 
interfering with the beam tube, the crystal is mounted 
off-center on the phototube face and the tube housing 
is correspondingly offset from the axis of the supporting 
arm. A quartz window waxed into the chamber wall at 
0° permits accurate beam and target alignment. The 
beam is stopped on a 20-mil piece of tantalum which is 
insulated from the chamber by a Koroseal bushing. 
The beam-stop may be rotated out of the path of the 
beam when it is desired to view the beam spot on the 
quartz. Positioning pins at several locations insure the 
reproducibility of both target and detector geometry. 
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Fic. 1. Pulse-height distribution in the CsI crystal of the 
ground-state protons from the C#(d,p) and C(d,p) reactions. 
The target was a 30-kev carbon foil, enriched to 60% C. The 
bombarding energy was 2.00 Mev and the observation angle was 
30°. The resolution of the C"(d,p) peak is 4.5%. 


B. CsI Detector 


A thallium-activated CsI crystal, attached to a 
DuMont 6291 photomultiplier tube, was used as a 
detector. An 80-mil-thick piece of CsI, ;4-in. in diam- 
eter, was cut in a mill. The surfaces of the crystal cut 
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Fic. 2. Excitation curves for the ground-state protons from the 
C8(d,p) reaction at observation angles of 20° and 135°. The 
target thickness varies from 38 kev at 1 Mev to 22 kev at 3 Mev 
and the energy scale is uncorrected for target thickness. The 
arrows indicate the energies at which angular distributions were 
measured. 
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in this manner were quite rough and it was found that 
the resolution was considerably improved by careful 
polishing. This was accomplished by rubbing the crystal 
with the fingers under running water. Since CsI is 
soluble in water, a gentle rubbing suffices to produce a 
smooth surface. About 10 mils of material was removed 
during the polishing procedure and the crystal was 
quickly dried to prevent pitting by water spots remain- 
ing on the surface. The crystal was mounted on the 
phototube with vacuum grease and covered with 
0.2-mg/cm? aluminum leaf which acted as a light shield. 

A pulse-height distribution taken with the crystal 
prepared in the above manner is shown in Fig. 1. The 
target was a 30-kev thick carbon foil enriched to 60 
percent C and the pulse-height peaks are due to the 
ground-state proton groups from the C'¥(d,p)C™ (Q 
=5.944 Mev) and C(d,p)C® (Q=2.723 Mev) reac- 
tions. The bombarding energy was 2.00 Mev and the 
angle of observation was 90°. A 3-mil aluminum foil 
was inserted between the target and detector to remove 
the deuterons, so that the protons had to traverse 0.9 
mg/cm? of Mylar, about 0.5 cm of air, and 3 mils plus 
0.2 mg/cm? of aluminum before reaching the detector. 
Even under these conditions, the resolution of the 
C8(d,p) group was 4.5%. For protons of higher energy, 
the resolution is even better. Under the same conditions, 
the protons from the B'°(d,p)B" (ground state) reaction 
(E,=9.95 Mev) gave a resolution of 3.2%. 


C. C'® Target 


The target used in this experiment was the same as 
that used in the investigation of the C¥(d) and 
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Fic. 3. Angular distributions of the ground-state protons from 
the C'4(d,p) reaction at deuteron energies of 0.64, 0.78, and 0.87 
Mev. The curves were calculated from the coefficients listed in 
Table I. 





COMPOUND NUCLEUS 
C3(d,t) reactions. The measurements of the target 
thickness and C® enrichment have been described 
previously.' The thickness to 1.00-Mev deuterons was 
38 kev when the target was oriented at 45° to the beam 
direction. The C® enrichment was 60%. 


RESULTS 


Using the apparatus described previously, excitation 
curves for the C(d,p)C™ (ground state) reaction were 
measured at 135° for the range of bombarding energy 
from 0.6 Mev to 3.0 Mev and at 20° for Ez=1.0 Mev 
to 3.0 Mev. The §-in. ports were used (angular resolu- 
tion +0.9°). These curves are shown in Fig. 2. Angular 
distributions over the range of observation angle from 
5° to 160° were measured at the twelve bombarding 
energies indicated by the arrows along the abscissa of 
Fig. 2. These angular distributions are shown in Figs. 
3, 4, and 5. The energies indicated on the latter curves 
are the bombarding energies minus one-half of the 
target thickness and therefore correspond to the deu- 
teron energies at the center of the target. The excitation 
curves and the angular distributions were internally 
consistent to better than 2% and no normalization 
has been made. The differential cross sections were 
transformed from the laboratory system to the center- 
of-mass system by using the tables of Marion and 
Ginzbarg.* 

The angular distributions of Figs. 3 and 4 have been 
fitted with a power series expansion in cos@ up to cos‘# 
and the coefficients are given in Table I. The data 
obtained at the higher bombarding energies (Fig. 5) 
could not be well represented by using terms only up 
to cos‘@ and a further fit was not attempted. The solid 
curves of Figs. 3 and 4 are those obtained from the 
coefficients listed. The dotted portions of the curves in 
Fig. 4 represent what are considered to be significant 
departures from the cos‘@ expansion. The angular 
distribution taken at 0.64 Mev is in good agreement 


TABLE I. Values of the total cross sections and the coefficients in 
the expansion o (0) =2,~0' an cos"6 for the C'4(d,p)C™ reaction. 


ot (mb) ao 


7.2+0.4 0.33 
11.4+0.6 0.42 
16.3408 0.49 
21.941.1 0.55 
$2.924:16 1.10 
37.7419 2.40 
35.841.8 3.00 
33.0+1.6 
25.6+1.3 
27.4414 
23.8+ 1.2 
26.3+1.3 


a a2 a3 a4 


0.55 0.72 
0.98 1.26 
0.70 2.20 
—0.32 3.20 
0.45 4.00 
0.67 1.31 
0.15 —1.19 


0.36 
0.38 
0.60 
0.94 


0.78 
1.25 


—0.67 
—0.39 
—0.73 
—1.38 
—3.16 
—2.43 





® Corrected for target thickness. 


4J. B. Marion and A. S. Ginzbarg, “Tables for the Transfor- 
mation of Angular Distribution Data from the Laboratory 
System to the Center-of-Mass System.” Shell Development 
Company, Houston, 1955 (unpublished). 
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Fic. 4. Angular distributions of the ground-state protons from 
the C3(d,p) reaction at deuteron energies of 0.98, 1.23, 1.39, and 
1.48 Mev. The solid curves were calculated from the coefficients 
listed in Table I and the dotted portions indicate what are 
considered to be significant deviations from the cos‘@ expansion. 





with that obtained by Endt? at the same bombarding 
energy. 

An excitation curve for @= 90° was constructed from 
the angular distribution data and the points are shown 
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Fic. 5. Angular distributions of the ground state protons from 
the C3(d,) reaction at deuteron energies of 1.58, 1.74, 1.99, 2.36, 
and 2.84 Mev. These distributions could not be well represented 
with a cos‘@ expansion and the curves are merely drawn through 
the experimental points. 


in Fig. 6. The solid curve is the normalized data of 
Bonner’s group.’ Both experiments indicate a maximum 
near 1.5 Mev, but the peak is more pronounced in the 
present work. 

The differential cross sections of Figs. 3, 4, and 5 
were integrated to obtain the variation of the total 
cross section with the bombarding energy. The result 
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is shown in Fig. 7 and the values are listed in Table I. 
A pronounced maximum occurs at Ea= 1.40-+0.04 Mev 
with a peak cross section of 38 mb. At 0.64 Mev, the 
cross section is 7.2 mb. This value is larger by a factor 
of 8.5 than that obtained by Endt.? 

The uncertainty in the absolute cross sections is 
compounded from the uncertainties in the target thick- 
ness (3%), stopping power of carbon (2%'), C® enrich- 
ment (assumed 3%'), current integrator calibration 
(1%'), and counting statistics (generally 2 to 3%). The 
solid angle of the observation ports in the chamber is 
precisely known. Therefore, the resultant probable error 
in the absolute cross sections is approximately 5%. The 
uncertainties in Figs. 6 and 7 were drawn accordingly; 
the relative errors in these points are determined only 
by the counting statistics and consequently amount to 
about half of the indicated errors. 


DISCUSSION 


Angular distributions of the ground state protons 
from C%+d have previously been measured by Bromley 
and Goldman and by Benenson’ at Ez=4 Mev and by 
McGruer, Warburton, and Bender® at Eg=15 Mev. 
These results showed the typical Butler-type stripping 
peak corresponding to the capture of neutrons with one 
unit of angular momentum. None of the measurements 
was extended to the backward hemisphere where cross 
sections larger than those predicted on the basis of the 
stripping theory would have indicated the effects of 
compound nucleus formation. It is perhaps significant 
in this connection that the 4-Mev data show only a 
factor of 3 decrease between the differential cross 
section at the stripping peak and that at @(c.m.)=90°, 
indicating that the contribution to the total cross section 
from the backward hemisphere is probably large. 

The low-energy angular distributions measured by 
the Dutch group? showed forward and backward 
maxima. Since the minimum moved to smaller angles 
and the backward maximum became less pronounced 
as the bombarding energy was increased up to 0.7 Mev, 
it was suggested that this indicated the increasing 
importance of the stripping process. The present data, 
however, demonstrate that this trend does not continue 
beyond £z=0.7 Mev and that, in fact, the forward 
maximum completely disappears near 1.5 Mev. No 
systematic increase of a forward maximum persists for 
deuteron energies up to 1.7 Mev and all of the angular 
distributions in this energy range can be well repre- 
sented by a power series expansion in cos@ involving 
terms only up to cos“#. The stripping process (with 
Coulomb effects neglected) cannot account for these 
distributions and it appears that the cross section for 
these low bombarding energies is dominated by com- 
pound nucleus formation. 

5 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 742 
DA Bromley and L. M. Goldman, Phys. Rev. 86, 790 (1952). 

™R. E. Benenson, Phys. Rev. 90, 420 (1953). 


8 McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
(1955). 





COMPOUND 


For deuteron energies above about 1.7 Mev, a con- 
sistent maximum in the differential cross section occurs 
near 6(c.m.)= 25°. This peak becomes more prominent 
as the bombarding energy is increased and almost 
certainly indicates that stripping becomes increasingly 
important for Ea 1.7 Mev. Even at the highest energy 
studied (Ea= 2.84 Mev), however, there is still a rela- 
tively large cross section for angles in the backward 
hemisphere. This suggests that compound nucleus 
formation still plays a strong role even at these higher 
energies. 

The excitation curves shown in Fig. 2 indicates a 
very complicated resonance structure. The weak maxi- 
mum at Ez=0.63 Mev in the 120° excitation curve 
measured by Endt? was also observed at this energy at 
6=135°. A careful search was made for a narrow 
resonance at Eg= 2.20 Mev since it is known! that the 
C3(d,a) reaction is resonant at this energy. The level 
width, as determined from the (d,a) reaction, is 22+4 
kev. No narrow resonance was found near this energy 
in the (d,p) reaction, although a broader maximum was 
observed at 2.23 Mev. This latter resonance probably 
corresponds to that found at this energy in the C(d,t) 
reaction.! The maximum in the 135° curve near 2.6 Mev 
may be associated with the (d,a) resonance at 2.55 Mev! 
and perhaps with the (d,m) resonance at 2.45 Mev.® 
It is possible that the 1.80-Mev resonance, known to 
occur in the (d,a) and (d,t) reactions,' is responsible for 
the narrow dip in the (d,p) cross section at 0= 20° at 
this energy. The 90° excitation curves shown in Fig. 6 
indicate a resonance at 1.55 Mev. When the integrated 
angular distributions are plotted as a function of energy, 
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Fic. 6. Excitation curve for the ground-state protons from the 
C8(d,p) reaction at 6=90°, constructed from the angular distri- 
butions of Figs. 4 and 5. The solid line represents the normalized 
data of Bonner et al., reference 3. 


9 Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 
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Fic. 7. Total cross section for the ground-state protons from 
the C4(d,p) reaction as a function of the deuteron energy, ob- 
tained by integrating the angular distributions of Figs. 3, 4, and 5. 
The cross-section values are also given in Table I. 











however, the peak is shifted to 1.40 Mev. Resonances 
in the (d,v) and (d,t) reactions also occur at this energy.' 
A compilation of the various resonances observed in 
the C%+d reactions has been given previously’ and 
includes results from this work. 

The accuracy to which the (d,p) cross sections have 
been measured is approximately 5%; the (d,a) cross 
sections have been measured to an accuracy of about 
10%. The possibility of systematic error between these 
measurements was reduced by using the same target for 
both experiments. Therefore, the relative cross sections 
may be compared with some confidence. The total cross 
section for the (d,p) (ground-state) reaction at 2.36 
Mev is 24 mb while the (d,a) (ground-state) cross sec- 
tion? at 2.28 Mev is 150 mb. Furthermore, the cross 
sections for the emission of protons’ and a particles! to 
excited states are smaller than the ground-state transi- 
tion cross sections. This large ratio of the (d,v) to the 
(d,p) cross section is maintained over the entire energy 
range studied. Since the emitted protons and a particles 
have approximately the same energy, it is quite difficult 
to understand the relatively large (d,a) yield compared 
to that from the (d,p) reaction. 
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The imaginary part of the potential acting on a neutron moving in the nucleus is shown to be very sensitive 
to the departure of the nuclear ground-state wave function from that of an independent-particle model. The 
nucleon-nucleon interaction which gives rise to the neutron absorption also leads to correlation structure in 
the nuclear wave function. This manifests itself both in the partial emptying of the independent-particle 
states near the Fermi momentum and in the velocity dependence of the real part of the average potential seen 
by the neutron. These effects are determined by using interaction operators derived in studies of the nuclear 
saturation problem. The result is that the velocity dependence of the potential reduces Vim by a factor of 
about eight ; the departure of the nuclear state from complete degeneracy gives an increase of roughly 5 in the 
opposite direction. Thus, the two effects nearly cancel so that the final prediction for Vim at a density 
corresponding to R=1.40X10~4A? cm is close to the empirical value. It is also found that Vim decreases 
rapidly for higher nuclear densities, suggesting that the neutron absorption may be primarily a surface 


phenomenon. 


I. INTRODUCTION 


N a previous paper! (to be referred to as I) a theory 
of the interactions of low-energy neutrons with 
nuclei was developed, following closely methods used in 
the study of the properties of the ground state and the 
low excited states of nuclei.?~”° It is the purpose of this 
paper to remove some of the approximations made in I 
and to give a more accurate determination of the 
imaginary part of the average potential acting on the 
neutron. In the course of the calculation, the physical 
significance of the general approximation method used 
will be developed in greater detail than in I. 

The imaginary part of the average potential which 
acts on a nucleon moving through nuclear matter in its 
ground state is a measure of the rate at which the 
neutron through its interactions loses energy to nuclear 
excitation, i.e., to compound nucleus formation. An 
elementary way of estimating this rate was developed 
by Goldberger" for high energies and more recently 
applied by Lane and Wandel" to the low-energy neutron 
region. In these calculations the nucleus is idealized as a 
degenerate Fermi gas and the rate of excitation de- 
termined by a use of the experimentally determined 
nucleon-nucleon cross section to give the mean-free path 
for a nucleon in nuclear matter. The features of the 
process which are not treated correctly in this approxi- 
mation are the alteration of the nucleon-nucleon scat- 
tering by the presence of the dense nuclear matter, and 


1 Brueckner, Eden, and Francis, Phys. Rev. 100, 891 (1955). 

2 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 

3K. A. Brueckner, Phys. Rev. 96, 508 (1954). 

4K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

5K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

6K. A. Brueckner, Phys. Rev. 100, 36 (1955). 

7R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 

8 R. J. Eden, Phys. Rev. 99, 1418 (1955), and R. J. Eden (to be 
published). 

® Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 

10 Brueckner, Eden, and Francis, Phys. Rev. 99, 76 (1955). 

lM. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

12 A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 


the departure of the nuclear wave function from that of 
an idealized independent-particle model. A further error 
arises from the assumption that only the simple excita- 
tions resulting from a single interaction of the incoming 
neutron with a bound nucleon need be considered. 
Consequently the effects of more complicated compound 
and collective excitations are not taken into account. A 
surprising feature of the calculations of Lane and 
Wandel based on this simple approximation scheme, 
however, is that their results are in semiquantitative 
agreement with experiment, both in energy dependence 
and in magnitude. 

The calculation of the imaginary potential given in I 
is a determination of the rate at which the simplest 
excited states of the nucleus decay, transferring their 
energy into multiparticle excitations. These states are 
not simple independent-nucleon states in the sense of 
the shell model, but rather the simplest states of 
excitation of the actual nucleus, i.e., eigenstates of the 
true nuclear Hamiltonian with the particle-particle 
interactions included. To clarify the relationship be- 
tween the actual nuclear states and the states of the 
independent-particle model, we shall restate here some 
of the results obtained in other applications of the 
methods of this paper, particularly in the theory of 
nuclear models’ and in the theory of configuration 
mixing.'° It is convenient to consider first a system of 
particles moving without mutual interaction in an ex- 
ternal potential which for example may be taken to be 
the typical well of the independent-particle model. The 
independent-particle states may be filled uniformly to 
give a degenerate Fermi gas; this is the lowest state of 
the system. Other possible states may have, for ex- 
ample, one nucleon moving in an excited state, two 
particles in excited states, one hole in the filled states 
and one excited particle, etc. These typical independent- 
particle states are indicated schematically in Figs. 1(A), 
1(B), and 1(C). 

We next consider the alteration of the independent- 
particle states as the particle-particle forces are adia- 
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batically ‘turned on” from zero to their actual value. 
One consequence is that the energy levels all shift 
downward as a result of the perturbation. This inter- 
action energy is of course the origin of the actual nuclear 
binding. Another effect of the perturbation is that the 
independent-particle levels are mixed with nearby levels 
so that the amplitude for occupying a given level is 
distributed among many nearby levels." This alteration 
of the population of the independent-particle levels is 
indicated schematically in Figs. 1(D), 1(E), and 1(F). 

The connection between the nuclear wave function 
and the independent-particle wave function can be ex- 
pressed formally using the methods of the previous 
nuclear studies.’ We consider an independent-particle 
wave function Wo describing 4+1 nucleons occupying 
various independent-particle states. When the inter- 
actions are turned on, the wave function goes over into 


V=FY, (1) 


where F is the correlation function or ‘‘model operator” 
(in the sense of Eden) which introduces the correlation 
structure into the wave function to account properly for 
the effects of the strong two-body interactions. At the 
same time the energy of the system shifts downward 
from the unperturbed energy 


e= >; k2/2M, 
to 


E= 2 (Rk? 2M)+3 > i Dd (Kay. ij— exchange), (2) 


where the sums run over all occupied states. The K j;, ;; 
are the diagonal elements of the two-body reaction 
matrix which is determined by the self-consistency 
procedure discussed in detail in reference 4. 

The exact relationship between W and Wp is deter- 
mined by F ; the distribution of the original independent- 
particle state among the nearby states is given by the 
matrix elements of F with respect to the independent- 
particle states. If the alteration of the independent- 
particle states is not too great; i.e., if F does not differ 
too much from unity, it is convenient to retain some of 
the language of the independent-particle model in 
characterizing the nuclear states. For example, the state 
schematically indicated by Fig. 1(D) is closely connected 
with the independent-particle state of Fig. 1(A). Tokeep 
this relationship in mind but to emphasize the lack of an 
exact one-to-one relationship between the actual nuclear 
states and the independent-particle states, we shall 
refer to the former as quasi-independent-particle states. 
With this distinction clearly in mind, we now return to 
our problem. 

In I, to simplify the determination of the real part of 
the potential acting on a neutron, the nuclear state 
formed by the entrant neutron and the nucleus was 


18 A similar description is used by Lane, Thomas, and Wigner in 
their “intermediate coupling” model of the nucleus [Phys. Rev. 
98, 693 (1955) ]. 

14 For a detailed discussion of the following, see references 5, 7, 8, 
and 10. 
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Fic. 1. Typical independent-particle-states [(A), (B), and (C) ] 
and the related quasi-independent-particle nuclear states [(D), 
(E), and (F), repeniveay| The relative population of the inde- 
pendent-particle states is schematically indicated by the vertical 
amplitudes. The shift of the levels in energy is not shown. 


identified with a quasi-independent-particle excited 
state of the type indicated in Fig. 1(D). Taking kp as the 
momentum of the excited state to which the quasi- 
independent excited state is connected [as in the 
relationship between the states of Fig. 1(A) and 1(D) ], 
the energy of the system is 


Dd (Ki;, i;— exchange) 


{ 
+3 (Koi,oi—exchange), (3) 


i=1 


where the third term in £ is the internal interaction 
energy of the core and the fourth term is the interaction 
energy of particle “0” with the core particles. The 
solution of the problem is completed by adjusting po so 
that the total energy of the system of A nucleons plus 
the one excited particle at momentum kp minus the 
energy of the nucleus with A nucleons is equal to the 
energy of the incoming neutron. This determination of 
the real part of the interaction energy, 


A 
V r(0)=Re > (Koj, 0:—exchange), (4) 


i=l 


is discussed in I. The result obtained for neutrons was 


M* M* 
Vr=——68 Mev+(1- )én (5) 
M M 


where M*=M is the effective nucleon mass for a 
nucleon moving at momenta near the Fermi momentum. 
For protons, the result is similar except that /, should 
be replaced by E,—£., where EZ, is a mean value of the 
Coulomb energy of the proton in the nucleus. Equation 
(5) is valid at a density corresponding to a radius of 
R=1.40X10-"A!. To correct this to the density de- 
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termined by Saxon’s'® analyses of scattering, which give 
R=1.33X10-"A}, we somewhat arbitrarily multiply 68 
Mev by (1.40/1.33)?. The resulting potential acting on a 
proton (taking E.=14 Mev) is shown in Fig. 2 for 
o=M*/M=0.52 and c=0.60; the correct value of ¢ lies 
between these values. The agreement with the indicated 
experimental points is reasonably good. 

In the approximation made in I which identified the 
neutron-nucleus state with a true nuclear eigenstate (a 
quasi-independent-particle state) absorption cannot 
take place if the energy of excitation is less than the 
energy at which particle emission can occur. This is 
clearly the case in an actual nucleus where the nuclear 
levels become metastable for such energies. Thus the 
imaginary part of the potential determined in the ap- 
proximation of I vanishes at zero energy of the incoming 
neutron. At higher energies, the single-particle level is 
broadened since particle emission can occur. When the 
width of the single-particle levels is sufficiently great to 
overlap many compound levels, the methods of I gave 
an imaginary potential of 


E-—Er 2 M* 3 
Vin 1.24{ ) (—) Mev. (6) 
8 Mev M 


Inserting values of M*/M between 0.5 and 0.6 as de- 
termined in the saturation studies, the result for 
neutrons of 2 Mev is Vi,=0.3 to 0.4 Mev, which is a 
factor of roughly five smaller than that determined 
empirically.'* This considerable discrepancy between 
theory and experiment is somewhat puzzling at first 
sight. A possible source of the too-small value for Vim 
lies in the neglect of more complex excitations: we shall 
show, however, that the principal error lies in the 
neglect of the difference between the quasi-independent 
particle and the true independent particle states. 

It is apparent that while the methods of I predicted 
(correctly) the vanishing at zero energy of theimaginary 
potential acting on a particle in a quasi-independent- 
particle state, it cannot be correct that a neutron sees 
similarly a vanishing absorption as the energy tends to 
zero. The anomaly is resolved if we recall that the 
neutron state bears only an approximate one-to-one 
relation with the quasi-independent-particle state or 
conversely that the quasi-independent-particle wave 
function can be expanded into independent-particle 
wave functions in which expansion the single-nucleon 
state has an amplitude less than unity. Thus in I we 
have neglected the incomplete overlap of the incoming 
neutron wave function with the quasi-independent- 
particle function; it is the incompleteness of this overlap 
which leads to an increase in Vy, relative to that 
determined in I. 

An alternative way of expressing this feature is to 
observe that the true nuclear state (itself degenerate in 

16 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 


507 (1956). 
16 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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the sense that all of the low states are filled) expanded in 
independent-nucleon states is not a degenerate Fermi 
gas, but, because of the effects of the strong particle- 
particle forces, is only partially degenerate. Conse- 
quently, the incoming nucleon sees only the partially 
degenerate nucleus and is less affected in its absorption 
by the exclusion principle. We shall see that the conse- 
quence of this weakening of the exclusion effects leads to 
an increase in V;,, to bring it into approximate agree- 
ment with experiment. 

We shall also in this paper improve our estimates of 
the effects of nuclear binding by using for the reaction 
matrices which determine the particle-particle inter- 
action, a better approximation based on the results of 
the saturation studies of references 2 to 4. 


II. FORMAL EXPRESSION FOR Vin 


The expression!” given in I [Eq. (1) ] for the average 
potential acting on a neutron is (we do not indicate ex- 
change effects explicitly) 


W=E (WA), Kos¥(A)), 


i=] 


where W(A) is the true nuclear ground-state wave 
function. Ko;, the reaction matrix for particles 0 and 1, 
is related to the potential acting between the neutron 
and the ith bound nucleon by the integral equation 


Koi=0i+01(E—H)"Koi, (8) 


where H is the sum of the exact Hamiltonian for the 
nucleus and the Hamiltonian for the neutron moving in 
the ‘optical potential” of the nucleus. In order to solve 
this integral equation, it is necessary to introduce the 
exact nuclear wave functions so that (E—H)— can be 
expressed as a simple diagonal operator. 

To avoid this complication, in the computations of I 
Eq. (8) was replaced by a simpler equation analogous to 
that used in the saturation studies. A simple extension 
of the methods used there led to the equation for the 
potential acting on a quasi-particle state (connected 
with the single-nucleon state by the F transformation) 


V(0)=E (Wo(A),Kosbo(A)), (9) 


i=l 


where 
¥(A)=F¥0(A), (10) 
and the reaction matrix K is computed by solving an 
equation similar to Eq. (8) except that H is replaced by 
an operator diagonal with respect to the independent- 
particle or model states. It is this approximation which 
we wish now to remove. 
We shall compute the potential directly from Eq. (7) 
for W. The real part of the average potential is only 
slightly affected by the difference between V and Wo; the 


17 For a detailed discussion of some of the following points, see 
N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 
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imaginary part of the potential, however, is much more 
sensitive to the difference. Thus we shall attempt to 
improve the determination of Vim only. To do this, we 
need first a good approximation to the nuclear wave 
function ¥. It is convenient to base our study on the 
independent-particle wave function Wo; thus we shall 
express the departure of the true nuclear wave function 
from Vo by determining the alteration of the population 
of the independent-particle levels. We shall neglect 
surface effects and treat the nuclear medium as infinite; 
this allows us to use plane waves for the independent 
particle states. We cannot expect in this approximation 
to determine the fluctuation in the potential associated 
with the discrete structure of the nucleus, but only the 
average value. 

The transformation or correlation function F which 
connects W with Wo is given by the set of coupled 
equations® 7 


1 
F=14+-350 1;;F i;, 


@ 


1 
Fi=14+- > Jeu, 


e@ ijFkl 


where the operators / are the nondiagonal part of the 
reaction matrix. We shall in this calculation assume that 
the departure of F from unity is primarily the result of 
the two-body correlation in the nucleus, i.e., we take 


1 
F&14--¥ 1. 
ei 


(12) 


The two-body operator J operating on the state Vo of the 
system (degenerate Fermi gas) then has the effect of 
emptying two states and filling two previously empty 
states. We return to the explicit determination of F in 
this approximation in the next section. 

The remaining problem is the determination of the 
imaginary part of the potential. In determining this we 
make the following approximations: for the change of 
the energy of the nucleus upon the change of state of 
particles, we use the reduced mass approximation‘ 


E(k)=k?/2M*-+ constant, (13) 


where M * is the effective nucleon mass. We take for the 
matrix element of the energy denominator in a state 
where particles occupying levels k, / have made a 
transition to levels 1, 7 


1 ‘Ckl, Ya 1/(E.+ £.— E;— E;+%n), (14) 


where 7 is a positive real infinitesimal which specifies the 
nature of the singularity on the energy shell. The sign 
of » must be chosen positive since loss from the initial 
state (or incident beam, in scattering terminology) is 
occurring. This approximate specification of the imagi- 
nary part of the energy denominator is valid only when 
many levels are summed over and when the energy 
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broadening of the initial state due to absorption is large 
compared with the compound level widths. These condi- 
tions are well satisfied in this application. 

The imaginary part of K,;,1; is 


ImK,,;. ig™ Im[11 i, uit> Vii, mn( Li +E ;— Em 


mn 


= E,+in)™ en 1: ] 
or y | Rij, mn|20(L£i: +E;— En— E,). 


mn 


(15) 


At this stage, we approximate Kj; m» by the real reac- 
tion matrix; this is a good approximation as long as 
ImK is smaller. The sum over m, n is over all empty 
states of the state V; if we were to approximate V by Wo, 
the degenerate state, then the sum would run only over 
states above the Fermi momentum. Finally, the imagi- 
nary part of the potential acting on particle 1 is 


Vim(l)= Dd po: 


i (filled) mn (empty) 


| Kis, mn « 


X6(Ai+E:—Em—E,), (16) 
where again the sum over 7 is over all filled states of the 
physical nucleus W rather than the model Wo. The 
remaining problem is to compute FW» which gives the 
departure of W from the degenerate gas VW» and then to 
carry out the sums of Eq. (16). 


II. DETERMINATION OF WAVE FUNCTION 
A. Reaction Matrix 


For the reaction matrix, we shall use a result which 
follows from the studies of the saturation problem.‘ We 
shall use the same form for the reaction matrix both in 
determining the departure of the ground state from a 
degenerate Fermi gas and in estimating the transition 
rate in evaluating the imaginary part of the potential. 
In the latter case, since transitions are occurring, it is 
not quite correct to use the reaction matrix which is 
applicable only to the stationary state. Instead the ap- 
propriate scattering matrix should be determined. When 
the transition rate is low, however, as it is in the cases 
we study, the difference between the reaction matrix 
and scattering matrix is very small and will be neglected 
here. 

In the saturation studies it was shown that an accu- 
rate approximation to the two-body reaction matrix can 
be obtained by solving the two-body problem in the 
presence of the external velocity-dependent nuclear 
potential. The approximation used in the saturation 
studies was to replace the actual two-body central and 
noncentral potentials by square walls with repulsive 
cores which predict both the two-body scattering and 
the reaction matrices correctly for low momentum 
values. Since it will be evident as we proceed that in this 
problem it is the small momentum transfers which are 
most important, we shall adopt the same approximation 
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Fic. 2. The energy dependence of the real part of the potential 
acting on a neutron. The theoretical curve, corrected approxi- 
mately for density, is given for two values of the effective nucleon 
mass. The experimental points are taken from reference 14. 


to the reaction matrices here. The diagonal elements of 
K are given by 


; : 4r k,—k, 
(k:k,|_K kik), ~=—-X tans, ), (7) 
M* 2 


where M’* is a value for the effective nucleon mass valid 
for states of low momentum. By the subscript s, ¢ we 
mean singlet or triplet spin state. The phase shift 6 is 
parametrically a function of a mean value M** of the 
effective mass which is valid for the high momenta 
which occur when the two particles are interacting. The 
average of the resulting reaction matrices for singlet and 
triplet spin states (the relevance of the sum will appear 
in the following) is given graphically for two values of 
the density in Fig. 2. (The density parameter » corre- 
sponds to a nuclear radius R/n=1.40X 10-4! cm.) For 
simplicity in the following we introduce a simple 
analytic form for the sum of the matrices, i.e., 


4rV 9 a 
(kik K kik.) = —— ’ (18) 
a [o?+43(k,—k.)? P 


which gives a quite accurate fit to the computed curves 
over the important low momentum region. The values 
of the constants are 


V o/a=1.044 
n=, M*/M=0.517, 
a =2.65p? 
(19) 
Vo ‘a=0.950 
}y=0. M*/M =0.498, 
a? = 2.65? 


where 4=meson mass=140 Mev (we set #=c=1). 
Finally, to extend these results to the nondiagonal 
element of K, we assume the reasonable form 


(Ky'ke’ | K | kike) = 4 V oa{o?+[ 3 (ki—k,) ? 


+(3(ki’—ky’) PF}. (20) 


This approximation does not introduce an appreciable 
uncertainty into our results since, as we shall see, the 
contributions to the potential come largely from the 
region of small momentum transfers where Eq. (20) is a 
good approximation. 

It is interesting to compare the reaction matrix 
obtained from the saturation studies with other possible 
choices. If we wished to make a Born approximation 
calculation, a possible choice for K would be the 
scattering from an exponential well. For the well 


V (r) = Voe~**", 
the matrix element is 
(ki'k,’ | V| kik») = 8rV BL ?+ (ki— ks}. 


We choose the ranges and depth as average values'® for 
the singlet and triplet states, i.e., 


(21) 


(22) 


V»/8=0.506, 
B=1.98u. 


(23) 


The s-wave scattering from this potential then is, for low 
relative momentum values, 


(kik, | V | kiky) = 8rV 6[?+4(ki—k.)? }°. (24) 


We compare this with the reaction matrices of Eq. (20) 
in Fig. 3. It is apparent that the Born approximation 
matrix elements are considerably smaller than the 
actual reaction matrix, the Born approximation being 
particularly incorrect for low momentum values. The 
discrepancy is also particularly marked for the lower 
density, n= 1. For comparison we also give the average 
of the total p-p and n-p cross sections in Fig. 3. This is 
the average used by Lane and Wandel' in their de- 
termination of Vi. From Fig. 3 it is apparent that the 
average scattering agrees roughly in average magnitude 
with the reaction matrices. Closer examination of these 
results shows that this agreement is the result of 
compensation of one effect by another. On one hand, the 
reaction matrix is larger than the scattering matrix by 
roughly the ratio tan*6/sin*6. (This ratio follows from 
the fact that the real reaction matrix is proportional to 
tané while the complex scattering matrix is proportional 
to sinde“’.) This increase is partially offset by the effects 
of the velocity dependence of the medium, i.e., by the 
reduced-mass effect. Both of these alterations in the 
interaction of neutron with bound nucleons are very 
probably present and reflect characteristic effects of the 
binding. 


B. Determination of the Wave Function 


We next determine ¥. The amplitude for finding the 
(previously filled) states i, 7 empty and the (previously 
empty) states k, / filled is given by the matrix elements 
of the reaction matrix for this transition. With an 


18 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952). 
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obvious notation, the amplitude is 
A (ki ‘Rj Rsk) 


2M* 
= _ aan (k.k, K |k.k;), (25) 
k?+k?—k?—k? 


where because of momentum conservation we must have 
k,+k;=k,+k:. (26) 


We first fix our attention on the probability for emptying 
the state k;. This we determine by summing the square 
of the probability amplitude over all initial states which 
are compatible with a fixed state k; and with the 
momentum conservation condition, .e., 


Pk)= £ 


kijkkki 


|A(Ri Rj! Reka) | 76k ith; ketky (27) 


The summation over momentum states alone can be 
replaced by an integral, 


J dk/ (2x), 


leaving only a sum over spins and isotopic spins. This is 
most simply evaluated, taking proper account of the 
exclusion principle, in the following way. First we break 
the probability P(k;') into terms arising from transi- 
tions out of triplet and out of singlet spin states, i.e., we 
write 


(28) 


P(k=") = Painget (Ri) + Prripiet (Ri). 


If we fix our attention on a proton, the sum over the 
neutrons is given by 


3 1 
2{4P triple + tP unaer); 
the factor of 2 coming from 2 neutrons per momentum 
state, and ? and { being the a priori weighting for the 
two spin states. For the protons, since we are considering 


only s-state interactions, only singlet spin states con- 
tribute. The result is 


2X (2 4) Psinglets 


(29) 


(30) 


(31) 


the factors coming from two protons per state, } a priori 
probability for a singlet spin state, and 2 from the 
identity of the two protons. Combining these, we have 
for the net probability 


3 (Prriptet + Pringiet)/2. 


Thus it is convenient to consider the average of singlet 
and triplet as was anticipated in the discussion of the 
foregoing reaction matrix. 

The integral of Eq. (27) is carried out in Appendix I; 
the result is 


(32) 


P(k)=pflkr(kr—k;)/o?], (33) 
where 

p=43(VoM*/2mak p)?, (34) 
and 


f(x)=1+4+6x—2x%(243x) In[1+ (1/x (35) 
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Fic, 3. The average of the singlet and triplet reaction matrices 
(k| K|k) as a function of &. For comparison, the Born approxima- 
tion to the s-wave scattering from an exponential well and the 
average of experimental values for singlet and triplet scattering is 
given. 


The probability P(k,) that a previously empty state 
of momentum &, is now occupied is, in the approxima- 
tion used in evaluating the integral of Eq. (27), identical 
with Eq. (33) except that ky—k; is replaced by ki—kr. 
The distribution is given in Fig. 3 for the two choices of 
the constants Vo and M* appropriate to the densities 
n= 1.0 and n=0.9. The result is sensitive to the density 
since the reaction matrices decrease appreciably in 
going to higher densities and the velocity dependence of 
the nuclear potential also increases somewhat, resulting 
in a lower effective mass. 


IV. DETERMINATION OF THE IMAGINARY PART 
OF THE POTENTIAL 


We now combine the results of the last section with 
Eq. (16) for the imaginary part of the potential. The 
integrals cannot be carried out in closed form; they can 
be considerably simplified, however, if we make use of 
the fact that for a neutron of low energy and therefore 
with momentum close to kr, the exclusion principle 
forces all final momenta to lie near to kp. This is true 
even when the nondegeneracy of the ground state is 
taken irito account since this affects appreciably only 
states near ky. The integral to be evaluated is, again 
going from summation to integration and introducing 
the proper spin weighting, 


3 4 
Vin= _— fect ha’ K | kyk;)? 
4 (2r)§ 


X6(E:+E;— E:'— E/’)p(ki) 
X[1— pki’) L1—p(ki’)], (36) 


where K? is again the average over singlet and triplet 
spin states. For a degenerate state, 
p(x)=1, x<kp, 


=0, x>kp. 
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For the actual nuclear case, we use p(x) as given by 
Fig. 4. 

The integral of Eq. (36) can be evaluated without 
great difficulty if the departure from a fully degenerate 
state is treated as a perturbation, and if the incident 
neutron has low energy so that its momentum is close to 
the Fermi momentum. The integration is carried out in 
Appendix IT; the result is 


9 


Vo\? M* 
Vim(R) -r(- +) Rs [e+epFst+pF; |, (38) 
a 


Ta 


where p is defined by Eq. (34) and 


e=h—kp. (39) 


The functions F; and F: which express the effects of 
nondegeneracy are given by 

a 

~y }, 

v2 


= ydy 
Fi=36 f ——_¢ 
0 (1+y") 


, ydy 
pte 2? 4(*5), 
f (1+-52)? id 


where 


2s 4 2s 
= f ax f(x)dx+ + (s—x) f(x)dx, 
0 . 8 


ws)= fi fla)dr+4sf(2s)—a ft f(x)dx. 


(41) 


The function f(x) in these integrals is defined by Eq. 
(35); in the approximation of complete degeneracy 
f=0 and F,=F,.=0. 

After inserting the explicit forms for f(x), numerical 
integration for the functions g(s) and h(s) and for F; 
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Fic. 4. Departure of the nuclear state from a Fermi gas at densities 
corresponding to n=1.0 and n=0.8. 
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and F» gives 
e 


€ 
— Vim=36.2 Mey| +0.0829—-+-0.0175 
P k 


ky 


n=1.0 


é € 
= 36.0 Mey| +0.0414— +0.00732], 
kp? . 


n=0.9. (42) 


Finally, making the replacement 


¢ k—kp k’—kr* M* 


kp kp 2M* kp? 


dt Er 8M* Mev 


8 ‘Mew kr 
we obtain 


a ae 
Vim =| 0.265( *) +0.257( wie ) 
8 Mev 8 Mev 


+0633] Mev, 


bd 


E—Er\? E—Ep 
-|0.161( ——) +0.100(— ) 
8 Mev 8 Mev 
+0.264] Mev, =0.9. (44) 


These results are also given in Fig. 5 as a function of the 
neutron energy, taking 8 Mev as the binding energy. 
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Fic. 5. The imaginary potential seen by a nucleon moving in the 
nucleus. The two curves are computed for densities corresponding 
to R=1.40X10-%4! cm (n=1.0) and R=1.12X10-% cm A} 
(n=0.80). The zero of the energy scale has been assumed to 
correspond to E—Er=8 Mev. 
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The term quadratic in E— Er is the only contribution 
which does not vanish for the fully degenerate state; the 
other terms arise from the partial emptying of the state 
near the Fermi momentum. These terms give the major 
contribution to the imaginary potential for the low 
excitations for which the approximations used in de- 
riving Eq. (44) are valid. It is interesting to note the 
reasons for the approximate equality of these results 
with those of Lane and Wandel.” If at »= 1 we take only 
the contribution for the fully degenerate state, i.e., 


E-Er\? 
V1m( degenerate) =0.265( - ) ; (45) 


8 Mev 


then our result is less than theirs by a factor of about 6. 
This difference originates primarily in the velocity de- 
pendence of the potential, which not only lowers the 
density of states into which transitions can occur by a 
factor of almost exactly two, but also reduces the 
difference between the neutron momentum inside the 
nucleus and the momentum of the last filled levels. 
These effects depend on the cube of the effective mass 
which therefore gives a factor of (M*/M)'~} in the 
result. This very marked reduction is compensated by 
the correction for the absence of complete degeneracy 
which, as Eq. (44) shows, increases the imaginary 
potential at »= 1.0 by about a factor of five. Thus there 
are two large but partially compensating effects which 
must be included to give a reasonable result. 

It is obvious that the extreme sensitivity of the 
imaginary potential to slight density changes makes it 
impossible to draw other than qualitative conclusions 
from our results. It is not clear that the rapid change of 
Vim with 7 is completely meaningful; this feature does 
suggest, however, that the absorbing part of the po- 
tential may be weaker in the central regions of higher 
density and smaller y than in the peripheral regions. 


V. CONCLUSIONS 


In concluding, we would like to point out some general 
features of our results. We have shown that the depar- 
ture of the nuclear ground state from a pure inde- 
pendent-particle state has a pronounced effect on the 
imaginary potential. The departure is the consequence 
of position correlations in the wave function due to the 
strong particle-particle forces; these are also responsible 
for the interaction of the incoming neutron with the 
bound nucleons which causes the excitation of the bound 
particles and the absorption of the neutron. Thus a 
realistic model must simultaneously introduce both of 
these effects. The velocity dependence of the effective 
potential also may be a quite general feature of nuclear 
structure. It is closely related to the saturating character 
of the nuclear forces; it is also an alternative way of 

19 This result is very close to that obtained in I; the agreement, 
however, is partially coincidental since a different range, strength, 


and exchange character were assumed for the particle-particle 
interaction. 
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describing the symmetry energy of the nucleus. There- 
fore its presence has strong empirical as well as theo- 
retical basis. 

To summarize: our results emphasize the importance 
of a detailed knowledge of the nuclear ground state 
properties since they reveal a perhaps unexpected 
sensitivity of the imaginary potential to the precise 
correlation structure of the nucleus. 

APPENDIX A. INTEGRATION FOR FY, 


The integral of Eq. (27) is 
3 8M *rV oa 
P(k 7) =— fect —___— , 
(27) k?+k?—ke—k? 
1 2 
x-—-——- : eal 
{o?+(3(ki—k;) P+(3(ki—ky) P}? 


with total momentum conservation giving k;+k;=k, 
+k;. We then introduce the new variables 


k=3(k,—k,), 
k’=3(ki—k,), 


(A2) 


which bring the integral to a particularly simple form: 


24 
P(k) “a V a)?(M*)? 


(2x 


1 
x f aha’ — —__., 
(k?—k”)? (a?+k?+k’?)4 


The requirement of the exclusion principle is that 


\k;—k-+k’| > ke, 
. , (A4) 
k;—k—k’| =kr, 


and the integration over kj, extending only over the 
filled states, gives a restriction 
|k;+2k| Shp. (AS) 


The integration over the angles of k, taking k;—k as the 
polar axis, gives 


a’ = tal b2-+ (hi) be? 1/28 k,—k 
if {|k:—k|*>k,?—k” 

k;—k|?*<kp?—k” 

(k’— |k:—k!)?>kp’. 


(A6) 
=0 if 


=4r if 


The integration over the angles of k is facilitated by the 
introduction of the variable p= k,—k, so that 


dQ, = 2ndpa= 2rpdp/k ik. (A7) 
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The angular integrals then give 
bd, p +k is lil ky? 
kikk’ k'p 


where the lower limit on the # integration is the larger of 
|ki—k| and (kr’—k”)!, The upper limit on the p 
integration must be chosen so that 


Pmaxkitk, 
but also so that Eq. (AS) is satisfied. This requires that 
k?+4kkiut4k’Skr’, (A10) 


(2x)? (A8) 


(A9) 


or in terms of 9, 


Psh(keP+k2)— (All) 


The remaining integration can be readily carried out if 
we now make use of the fact that the integrals over k 
and k’ are strongly convergent so that most of the 
contributions to the integral come from small values of 
k and k’. Thus in the limits of integration on p we choose 


Pmax=}3(kr’+k?)—k? (A12) 
and 


Pmin=kr’—k”, (A13) 


since for small & and k’, these will be the correctly chosen 
limits. We then change variables, letting p°+-k”?—k,’? 
=x", The integral over p becomes 


‘2 —kr?) +h? —k? x3 y 
0 p 


Finally, since we are interested primarily in k;? near to 
kr’, we replace p by kr. The integral over x then gives 


kr —hé , 
oan 5 ieee -1). 


The remaining integral over k and k’ is 


(A14) 


(A15) 


P(k)= 


3 (24 )? eal 
(4 V aM *)?>—— f kdk 
. 4k? J 


(27) 


x 


kr—k? ° 
xf vat ( P +#—") 
[4 (ke? —kit) +22}} 2 


X (a®+k? +k”) -4*(k?— Rk”). (A16) 
In this result, to be consistent with our other approxi- 
mations, we replace the multiplying factor 1/k; by 
1/kr. This integral is now of standard form; it is most 


easily carried out if we write 


a 
——(a?+ +k), 


( (A17) 
6 d(a’)8 


(o2-+k+-k”) += — 


The result of the final integrations is given in Eq. (33). 
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APPENDIX B. INTEGRATION FOR Vimaginary 
We wish to evaluate the integral of Eq. (36): 


I(k;)= f dk ke! (ka’k | K | kik, )°6(Ev++-E,— Ey'— E) 
X p(k) L1— p(hi’) JL1—p(k,’)]. (Bl) 
We change veriahiea t0 
(kik, =k, 
H(ki’—ki) =k’, 
bringing Eq. (B1) to the form 
1(bs)=8 f dha a (— -)p k:—2k|) 
(a? 2+ kk’)! M* 
X{1—pL(p?—2kpp’+k’)*)} 
X{1—pl(p?+2kpu’ +k)! }, 


where we have written ki—k=p and k’p=kpy’. The 
delta function on energy can be removed by using 


R—k?\ M* 
faes(— -)- fe 
M* 2k 


and everywhere setting k/=k. The angular integral over 
k is again simplified by the use of the variable p. The 
angular integrations are 


(27)? kitk 1 
f d0udQy = f pap f du’ pL (2p°+2k*— hy*)!)] 
—1 


1 ki—k 


(B3) 


(B4) 


X(1—pl(p?+2k py’ +k’)*}} 


X{1—pl(p?—2kpy’+k)!]}. (BS) 


These integrals cannot be carried out in closed form, but 
they can be brought to manageable simplicity if we 
work only to second order in the small quantities 


e=k,—kr, 
(B6) 
<= p—kr, 


and p as defined in Eq. (34). To make the dependence on 

these small quantities more explicit, we write 
(p?+ 2kpy'+k?)*=ket e+ hy’, 
(p?— 2kpu!-+#)!ke te — hy’, 
(2p?+ 2k?— ky?) '=kr+ 2e’—e. 


(B7) 


We then note that 
p(x)=1—pf(kr—a), 
=pf(x—kr), 


x <kp 
z> kp. 
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Working only to leading order in the small quantities, 
we have, for e’>0, 


f du'[1 — p(kr-+e'+hu') 1 — p(kr+e—ku’)] 
—1 


& p pit-# 
= “+2 f fla)as| (B9) 
k kde 


If e’<0, the integral gives 


2 


of f(x)dx for —e’<k, 


k e’—k (B10) 


0 for —e’>k. 


When we introduce the variable e’ of Eq. (B6), the next 


integral over p becomes, if e<k, 


0 


2 
of de’ p(k rao fs x)dx 
hd 
2 pet |e’—k 
+of de'p(ke+2e—0) f 
0 €’ 


The last contribution can be dropped since in the 
integration over k, the contribution for k less than e is of 
order ep and hence can be neglected to our desired 
accuracy. The integration over ¢’ then gives, to first 
order in e’, ep, and p, 


fel fo 
he |e’—k 
+o f ae f f(x)dx 
et+k 
+f dae’ f2e—9. 


f(x)dx. (B11) 


(B12) 
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From this result we find the following for the term 


quadratic in e: 


&/4k. (B13) 


The term independent of ¢ is 


2p 0 2e’ k 
lf ae f sa)ar+ f ede (20), (B14) 
RLd_, =k 0 


which by a change in the order of integration becomes 


2p 
if aesfad+ fo o- 
k 0 * 


af xdx f (x) . (B15) 
0 
The term linear in ¢ is 


€p k 2k 
| f f(x)dx+k f(2k)+4 f fla)ds. (B16) 
k 0 0 


Finally the last integral over k is 


5(4rV ya)?(M*)?(2r)? 7°” 
I(k,)= gs f 
2k 


1 0 


2 k 2k 

x|"+el f fladr-+bf(2e) +4 f fla)as| 
k 2k 

+4] f x f(x)dx+ 3 f f(x)dx 

2k 


+f 


After slight rearrangement, this integral becomes 


f(x)dx 


kdk 
(a?-+2k?)! 


— bs) (a) ; (B17) 


(41a VM *)? (277)? 


{?+epFo+pF}}, (B18) 
12a®k, 


where F and F¢ are defined in Eq. (40). 
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The decay characteristics of the 1.8-hr negatron emitter Yb!” have been investigated by means of beta- 
ray and gamma-ray coincidence scintillation spectrometers. Gamma rays of energies 0.118, 0.140, 0.147, 
0.95, 1.09, 1.12, and 1.24 Mev are found to accompany the decay. The gamma-ray energy and intensity 
data can be satisfied by postulating excited levels in Lu” at 0.118, 0.147, 0.287, and 1.24 Mev. Beta- 
gamma coincidence scintillation spectrometer studies indicate that the 0.118-, 0.147-, and 1.24-Mev levels 
as wil as the ground state of Lu'” are directly populated by beta decay from Yb!"’. Tentative spin and 
parity assignments for the excited levels of Lu!” are presented. 





I. INTRODUCTION 


ECENT experimental work on the radioactive 
decay of Yb'” (1.8 hr) by de Waard! indicates 
that Yb!’ decays by a 1.30+0.05-Mev negatron ground- 
state transition (88 percent) to Lu'” with the remainder 
of the negatron transitions leading to excited states of 
Lu!” at 0.119+0.001 Mev (3 percent) and 0.146+0.001 
Mev (9 percent). Furthermore, de Waard observed 
that the half-life of the 0.146-Mev level is 0.122+0.005 
microsecond, in good agreement with a previous meas- 
urement of 0.13--0.02 microsecond by McGowan.’ The 
results of our study are in general agreement with those 
of de Waard except that we find evidence for two addi- 
tional excited states in Lu'’’; one occurring at 1.24 
Mev, which decays by emission of four gamma rays of 
energies 0.95, 1.09, 1.12, and 1.24 Mev; the other 
occurring at 0.287 Mev, which decays by a 0.140-Mev 
gamma transition to the level at 0.147 Mev.’ 


II. SOURCE PREPARATION 


Ytterbium-177 was prepared by thermal-neutron 
bombardment of Yb-.O;' of natural isotopic abundance. 
Although a large fraction of the activity produced was 
Yb'”®, the relatively long half-life of Yb'’® (4.2 days) 
enabled an unambiguous separation of its emanations 
from those of Yb!” to be realized. Because of the 
characteristics of the Yb"? decay scheme, the relatively 
low value of the product of thermal-neutron cross 
section and isotopic abundance of Yb!”*, and the 
available neutron flux at this laboratory, studies with 
our high-resolution permanent-magnet spectrographs 
were precluded, and the: investigation reported herein 
was confined to the use of scintillation apparatus. 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1H. de Waard, Phil. Mag. 46, 445 (1955). 

2F. K. McGowan, Oak Ridge National Laboratory Report 
ORNL-952, March 13, 1951 (unpublished). 

’ Radiations from the level at 1.24 Mev have recently been 
observed by Cork, Brice, Martin, Schmid, and Helmer, Phys. 
Rev. 101, 1042 (1956). 

4 The Yb.O; of specified purity 99.95 percent was obtained from 
Johnson, Matthey, and Company, Limited, Hatton Garden, 
London. 


Ill. GAMMA-RAY EXPERIMENTS 


The results of a study of the gamma-ray spectrum of 
Yb!” are shown in Figs. 1 and 2. Data from the 
Nal(TI) scintillation counters were recorded with a 
one-hundred-channel pulse-height analyzer. The spectra 
were studied as a function of time in order that con- 
tributions to the spectra from the radiations of Yb'!7* 
could be removed by subtraction. The relative in- 
tensities of the observed 0.118+0.002, 0.147+.0.002, 
0.95+0.01, 1.09+0.01, and 1.24+0.01 Mev gamma 
rays were measured with a 2X2 inch Nal(TI) crystal 
whose detection sensitivity (photopeak area vs energy) 
is empirically known. 

A series of gamma-gamma coincidence studies per- 
formed with NaI(T1) detectors and a coincidence circuit 
whose resolving time was 2r=0.4 microsecond revealed 
that the 0.118- and 0.147-Mev transitions are not in 
cascade. Further coincidence experiments showed that 
the 1.09- and 0.147-Mev transitions are in delayed 
coincidence and suggested that the 1.24-Mev gamma 
ray serves as a cross-over transition of these latter two 
gamma rays. 

In the foregoing coincidence experiments, a weak 
photopeak was observed at 0.118 Mev when the gate 
included the 1.1-Mev region. To investigate this co- 
incidence in greater detail, two Nal(T1) detectors were 
employed with a fast coincidence circuit (27=0.02 
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Fic. 1. Pulse height spectrum of Yb!”? low-energy gamma rays 
taken with a 1}X1} inch NaI(T]) crystal. 
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microsecond) similar to the type described by Bell ef al.® 
By gating with pulses corresponding to energies >1.0 
Mev, thus including the 1.1-Mev region, we observed 
a 0.118-Mev photopeak in the resulting coincidence 
spectrum. Since the 0.118- and 0.147-Mev gammas are 
not in cascade, it seemed clear that although the 
0.118-Mev gamma must be in coincidence with a 
gamma of energy ~1.1 Mev, it is not in coincidence 
with the 1.09-Mev transition. Therefore, we postulate 
a 1.12-, 0.118-Mev cascade from the 1.24-Mev level. 
The sequential order of the cascade was established 
through beta-gamma coincidence experiments to be 
described in Sec. IV. 

In the above fast-coincidence experiment, a 0.140 
+0.004 Mev photopeak was also revealed in the re- 
sulting coincidence spectrum. Therefore, additional 
studies were initiated. With the gate channel of the 
fast-coincidence apparatus set to accept pulses corre- 
sponding to energies >1.0 Mev, it was observed that 
the ratio of the 0.118- to 0.140-Mev photopeak areas 
was greatly enhanced in comparison to the ratio ob- 
tained when the lower bound was set at 0.7 Mev. These 
experiments thus suggested that the 0.140-Mev gamma 
is in cascade with the 0.95-Mev transition. The fact 
that the sum of the two gamma energies equals 1.09 
Mev further suggested that the 0.95-, 0.140-Mev 
cascade terminates at the 0.147-Mev level, and that 
the 0.95-, 0.140-, and 0.147-Mev triple cascade origi- 
nates at the 1.24-Mev level. 

To verify that the 0.140-Mev transition is indeed in 
coincidence with the 0.147-Mev gamma, the slow- 
coincidence equipment (27=0.4 microsecond) was util- 
ized. With the gate channel set to accept pulses in the 
0.135- to 0.180-Mev region, a photopeak at ~0.140 Mev 
was recorded in the coincidence spectrum. The gate 
channel was then moved to the 0.195- to 0.240-Mev 
region and the resulting coincidence spectrum sub- 
tracted pointwise from the spectrum obtained when the 
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Fic. 2. Pulse height spectrum of Yb!”" high-energy gamma rays 
taken with a 4X4 inch NalI(TI) crystal. A }-inch thick lead 
absorber was placed between the source and crystal. 


6 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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Fic. 3. Decay scheme of Yb!”’. 


gate included pulses in the 0.135- to 0.180-Mev region. 
The entire coincidence experiment was repeated ap- 
proximately six hours after the initial measurements in 
order that the Yb!”* contribution to the spectrum could 
be removed. We interpret the 0.140-Mev photopeak 
which remained after subtraction to be engendered by 
coincident 0.140-, 0.147-Mev gamma rays. It is to be 
noted that in all coincidence experiments wherein it 
was possible to obtain coincidences resulting from 
Compton-scattered quanta, the necessary precautions 
both as to geometrical arrangement and shielding were 
taken in order to eliminate such effects. The level 
scheme resulting from the foregoing discussion is shown 
in Fig. 3. The ordering of the 0.95-, 0.140-Mev cascade 
shown in Fig. 3 is tentatively assigned through con- 
sideration of gamma-ray competition for depopulation 
of the 1.24-Mev level. Both the 0.95- and 0.140-Mev 
transitions precede the 0.147-Mev transition as is 
evidenced from the gamma-intensity relationships. 

The intensity of the 1.12-Mev gamma relative to 
that of the 0.95-Mev gamma was obtained by measuring 
the ratio of the intensities of the 0.140- and 0.118-Mev 
gammas as observed in a coincidence experiment of 
time resolution 2r=0.02 microsecond wherein the gate 
circuit accepted pulses corresponding to energies >0.7 
Mev. Since only the 0.140- and 0.147-Mev gamma rays 
were observed to be in cascade with the 0.95-Mev 
transition, and since the intensity of the 0.95-Mev 
transition relative to the sum of the intensities of the 
1.09- and 1.12-Mev transitions is known from the 
singles spectrum, we could deduce the amount of 
1.12-Mev gamma contribution to the 1.09-Mev photo- 
peak observed in the singles spectrum. It is to be 
realized that because of lack of knowledge relative to 
the conversion coefficients of the 0.140- and 0.118-Mev 
transitions, their coefficients were of necessity omitted 
in the 1.12-Mev/0.95-Mev intensity calculation. The 
relative gamma-intensity data are summarized in 
Table I. 
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TABLE I, Gamma transitions in Lu’”’. 


Relative gamma 
intensities 


1343 
<10* 
100 
6+2 
3046 
4+2 


Gamma energy 
(M 


Mev) Multipolarity 


0.118+0.002 
0.140+0.004 
0.147+0.002 
0.95 +0.01 
1.09 +0.01 
1.12 +0.01 
1.24 +0.01 


<0.4 


(M2/EF1) <0.04° 


ig. 1. 
b With K/(L+M) ratio of 3.5_0.5*'-' of reference 1. 


An upper limit for the value of the K-conversion 
coefficient of the 0.147-Mev transition was obtained 
from the relative intensities of the 0.147-Mev gamma 
and the lutecium K x-ray. The relative intensity meas- 
urements were performed with the calibrated 2X2 inch 
Nal(T1) crystal. The x-ray intensity datum was cor- 
rected for fluorescence yield.* A value of ax<0.4 was 
obtained. This value is an upper limit since the magni- 
tude of K-conversion of the other gammas could not 
be determined. From this upper limit value on the 
K-conversion coefficient, the reported K/(L+M) ratio 
of 3.5_9.5+4*,! and the theoretical conversion coeffi- 
cients,”’> we conclude that the multipolarity of the 
0.147-Mev gamma is Ei+M2 with a mixing ratio 
M2/E1<0.04. 


IV. BETA-RAY EXPERIMENTS 


The beta spectrum of Yb'”’ was studied by means of 
beta-gamma coincidence experiments in which scintilla- 
tion spectrometers were employed. The beta particles 
were detected with a plastic scintillator, whereas the 
gamma rays were detected with a NalI(TI) crystal. 
Through the use of the fast-coincidence circuit (27 =0.02 
microsecond), it was observed that a beta transition of 
energy >0.7 Mev from Yb!” is in prompt coincidence 
with the 0.118-Mev gamma transition. A similar experi- 
ment performed with the slow-coincidence circuit 
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Fic. 4. Fermi-Kurie analysis of the negatron spectrum in co- 
incidence with the portion of the gamma spectrum of Yb!” above 
0.7 Mev. 

6 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

7 Rose, Goertzel, Harr, Spinrad, and Strong, Phys. Rev. 83, 
79 (1951). 

8 Rose, Goertzel, and Swift (privately circulated tables). 
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(2r=0.4 microsecond) demonstrated that there exists 
a direct beta transition of energy >0.7 Mev to the 
0.147-Mev delayed level. Thus, from the results of the 
foregoing fast coincidence experiment, it is obvious 
from energy considerations that the 1.12-Mev gamma 
precedes the 0.118-Mev gamma. Furthermore, by em- 
ploying the fast-coincidence circuit with variable delay 
time, we were able to deduce that less than 0.2 percent 
of all Yb'”’ beta transitions directly populate the level 
at 0.287 Mev. 

In order to study the beta group which feeds the 
1.24-Mev level of Lu’, shown in the decay scheme of 
Fig. 3, additional coincidence experiments were per- 
formed. With the gate channel set to accept gamma 
pulses corresponding to energies >0.7 Mev, the coin- 
cidence spectrum was found to consist of a single beta 
group of end-point energy 0.16+0.02 Mev. A Fermi- 
Kurie plot of the data is shown in Fig. 4. The end- 
point region of the spectrum has been corrected for 
resolution according to the method of Palmer and 
Laslett.? This bit of evidence, plus conclusions which 
can be drawn from Sec. III relative to the arrangement 


TABLE II. Beta transitions of Yb!”’. 


Beta energy 
(Mev) 


0.16+0.02 

1.25+0.03* 
1.28+0.03* 
1.40+0.03* 


Percent branch 


4+1 

742 

2+0.5 
8743 








* Beta energy deduced from decay scheme of Fig. 4. 


of levels in Lu'”, is indicative that the 0.16-Mev beta 
transition directly populates the 1.24-Mev level. 

A standard beta-gamma coincidence technique was 
utilized to determine the amount of beta branching to 
the 0.147-Mev level relative to the total number of 
betas present of energy >0.15 Mev. The beta branching 
to the 0.118-, 0.147-, and 1.24-Mev levels was then 
determined from the relative gamma intensity data of 
Table I. A total conversion coefficient of 1.5 was 
assumed for the 0.118-Mev transition in the foregoing 
calculation. The beta-decay data are summarized in 
Table II and embodied in the decay scheme of Fig. 3. 


V. DISCUSSION 


One of the aims of an investigation of the foregoing 
type is to assign spin and parity values to the excited 
states of the daughter nuclide. To make such assign- 
ments one must usually know the ground-state spin 
and parity of the parent or daughter nuclide. In the 
investigation reported herein, both parent and daughter 
nuclides are radioactive, and their ground-state spins 
have not been measured. However, if we associate the 


® J. P. Palmer and L. J. Laslett, Atomic Energy Commission 
Report AECU-1220, March 14, 1951 (unpublished). 
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measured spin"’ of 7/2 for Hf!’ (daughter nucleus of 
Lu’) with the 7/2— level of an f7/2 single-particle 
configuration according to deformed nuclei calcula- 
tions," then it is possible, from a consideration of the 
well-known decay scheme” of Lu'” and nuclear levels" 
of Hf'”’, to deduce the spin and parity of Lu'” as 7/2+. 
Furthermore, a ground-state assignment of 7/2+ for 
Lu'” is in good agreement with a 7/2+ level derivable 
from a g7/2 single-particle configuration for deformed 
nuclei." Thus, from the foregoing considerations it is of 
interest to continue the analysis and deduce, if possible, 
the spins and parities of the nuclear levels in Lu'” and 
the ground-state configuration of Yb!”. 

As a first consideration, it is to be noted that the 
E1+M2 character of the 0.147-Mev transition de- 
mands that a spin difference of 0 or 1 and a difference in 
parity exist between the levels involved in that par- 
ticular transition. We tentatively classify the 0.147- 
Mev level as 9/2— and identify it as the /41/. (Q=9/2—) 
particle excitation. The /y1/2 (Q=9/2—) state appears 
at 396.0 kev in Lu!”.4 The inhibition of the £1 com- 
ponent of the 0.147-Mev transition relative to the pre- 
diction for single proton transitions'® has been theo- 
retically accounted for in a discussion of this type 
transition, namely a transition between /1y1/2 (Q=9/2—) 
and g7/2 (Q=7/2+) individual-particle states.'® 

We may also speculate that the 0.118- and 0.287-Mev 
states are the first rotational excitations of rotational 
bands whose base states occur at the ground state of 
Lu'” and the 0.147-Mev level, respectively; hence we 
tentatively assign spin and parity values of 9/2+ to 
the 0.118-Mev level and 11/2— to the 0.287-Mev level. 
If the above rotational analysis is correct, then it is 

1D). R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956). 

1B, R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
er ike and F. Boehm, Phys. Rev. 97, 103 (1955). 

13 N, P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
i Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 

15S. A. Moszkowski in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 


Amsterdam, 1955), Chap. 13. 
16 PD), M. Chase and L. Wilets, Phys. Rev. 101, 1038 (1956). 
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to be noted that the level at 0.287-Mev lies within four 
kilovolts of the expected position of the first rotational 
excitation of the 0.147-Mev base state (if we assume 
that the rotational band based on the 0.147-Mev state 
has the same moment of inertia as the ground state of 
Lu'”). Unfortunately we are not able to strengthen 
these assignments since we have been unable to obtain 
information relative to the multipolarities of the 0.118- 
and 0.140-Mev transitions. The spin and parity assign- 
ments are, however, consistent with the apparent 
absence of a gamma-ray ground-state transition from 
the 0.287-Mev level. 

To initiate the discussion of the beta transitions of 
Yb'’’, we tentatively assign to the ground state of Yb!”7 
a 9/2+ configuration which may be identified as the 
particle state i13/2 (Q=9/2+)."' This assignment is 
strengthened by the measured spin” of 9/2 for Hf!”, 
which has the same odd number of neutrons as does 
Yb'7”, A consideration of the ft values of Table II 
indicates that the parities of the 1.24-Mev level in Lu!” 
and the ground state of Yb!” are identical. Although 
the ft value of the ground-state to ground-state transi- 
tion is anomalously high, the ft value of the beta 
transition to the 0.147-Mev level is consistent with the 
proposed assignments. The anomalously high /¢ value 
for the ground-state to ground-state transition may 
result from the possibility that the transition takes 
place between deformed nuclei configurations which 
are derived from 7413/2 and g7/2 single-particle states, 
respectively." The beta transitions to the 0.118-Mev 
(logft=7.8) and 0.287-Mev (logft>8.5) levels are 
inhibited, however, to an unaccountable extent and 
might tend to indicate that the ground state of Yb'”’ is 
not 9/2+ but instead is 7/2—, the same as Yb!7°,"4 

Again we wish to emphasize that the foregoing argu- 
ments should be regarded as quite provisional and are 
only intended to represent as near a consistent picture 
as we find to be in accord with experimental data and 
present nuclear theory. It is a pleasure to acknowledge 
several helpful discussions on the unified model of the 
nucleus with Dr. L. Wilets and Dr. D. M. Chase. 
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Interaction of 10-Mev Protons with Beryllium* 
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Differential elastic and inelastic scattering cross sections were measured for 10-Mev protons on beryllium, 
using a nuclear-emulsion technique. The Minnesota linear proton accelerator was used to provide a well- 
collimated monoenergetic beam. The results for elastic scattering are compared with other experiments, on 
the basis of a simple optical model, showing that, although the variation of elastic scattering cross section 
with angle is similar to that of other light elements, there are quantitative differences. The results on inelastic 
scattering are shown to be consistent with the currently accepted odd parity, J=} or 5/2, for the 2.4-Mev 
state of Be’. It appears, however, that a complex model of the Be® nucleus will be required to explain the 
results in detail. The (p,d) reaction cross section for Be® is also mentioned briefly. 





INTRODUCTION 


HE interaction of 10-Mev protons with various 
light elements has recently been studied by 
several investigators.’ An optical model has been used 
to interpret the elastic scattering process, although the 
model does not reproduce all the details actually ob- 
served.®.® Inelastic scattering cross sections have also 
been measured as a function of angle for several light 
elements.'* Although no theory has been developed 
specifically to explain the results on inelastic scattering, 
attempts have been made to interpret the observations 
in terms of a theory developed by Austern, Butler, and 
McManus’ for (p,m) reactions. 

An investigation of the reactions of Be® with 10-Mev 
protons should furnish a test of both theories in some 
detail. One would not expect the optical model to be 
accurate for beryllium, because one neutron is loosely 
bound so that the concept of a definite nuclear surface is 
probably not so meaningful as it would be for a nucleus 
such as C, where the nucleons are more nearly equiva- 
lent and more tightly bound. It should nevertheless be 
of some interest to see how the experimental data com- 
pare with predictions. 

The results on inelastic scattering may also be com- 
pared with theoretical predictions. Several theoretical 
models are available,”~* each of which may perhaps be 
inadequate in detail. The simplest assumption is that 
there is a nuclear core which remains in essentially the 
same state, whether the nucleus as a whole is in its 
ground state or in some excited state. But a “core” 
consisting essentially of two alpha particles might be 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at University of California Radiation Laboratory, 
Livermore, California. 

1 Burcham, Gibson, Hossain, and Rotblat, Phys. Rev. 92, 1266 
(1953). 

2G. E. Fischer, Phys. Rev. 96, 704 (1954). 

3 Freemantle, Prowse, and Rotblat, Phys. Rev. 96, 1268 (1954). 

4 Freemantle, Prowse, Hossain, and Rotblat, Phys. Rev. 96, 
1270 (1954). 

5 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

6 B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 

7 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

8 C. Longmire, Phys. Rev. 74, 1773 (1948). 

®R. R. Haefner, Revs. Modern Phys. 23, 228 (1951). 


strongly influenced by the state of motion of one ex- 
ternal neutron, and the alpha-particle model suggests 
that it actually is strongly influenced.® In spite of this, 
the theoretical predictions might still be qualitatively 
correct, so a comparison with experiment seems de- 
sirable. : 


EQUIPMENT AND PROCEDURE 


The first section of the Minnesota Linear Proton 
Accelerator furnished 10-Mev protons. The output 
beam was characterized by determining a range spec- 
trum in C-2 emulsion for the elastically scattered 
protons from the Be target itself. Using Rotblat’s range- 
energy curve" for emulsion, the mean beam energy was 
determined to be 9.9+0.1 Mev. This agrees with the 
9.89-Mev energy estimated theoretically from acceler- 
ator parameters. 

Besides the primary group of 10-Mev protons, the 
output of the accelerator contains a small low-energy 
group, resulting from the acceleration of molecular 
hydrogen ions. Conditions are not favorable for ac- 
celerating these ions, but some do come out with a 
velocity half that of the high-energy proton group. 
After dissociation in a thin Be foil, the molecular ions 
appear as ordinary low-energy protons, which were 
removed by a deflecting magnet. The magnet did not 
improve energy resolution for the high-energy group, 
but no improvement was necessary for our purposes. 

The proton energy spectrum was determined from 
some of the same plates that were used in measuring 
cross sections. The observed spread in range results 
from a finite energy spread in the beam and from the 
statistical nature of the slowing-down process, which 
causes straggling even in a monoenergetic beam. The 
amount of correction for range straggling was calculated 
from theoretical results given by Barkas and Young." 
After applying this correction, the proton energy spec- 
trum was found to have a full width at half-maximum 
of less than 75 kev for an exposure of about three hours. 
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Since the error in reading track length was con- 
siderably less than the range straggling, no other cor- 
rection was made. The calculated energy spread of 75 
kev may therefore be slightly high. 

The beam had an initial divergence of +14 minutes, 
which was reduced by collimation to +12 minutes. 
During a run, the intensity was of the order of 10-® amp 
through a 3%5 in. collimator. 

For a detector, the Los Alamos multiplate camera” 
with C-2 emulsions was used. This detection system is 
very economical of machine time, and is capable of 
providing accurately measured angles of observation. 
The camera originally had two sets of defining slits, 
which are necessary when a gas target is used. When a 
solid target is used as in the present experiment, how- 
ever, the inner set of slits is unnecessary because the 
target volume is defined by the incoming beam and the 
target thickness. Only the outer slits, which define the 
direction of a scattered particle, were retained. In a 
beam of scattered particles as defined by a slit, the mean 
divergence of a ray from the nominal scattering angle 
has been calculated to be not more than 0.54°. 

The current integrating circuit was calibrated by a 
current-time method, using a potentiometer and re- 
sistors measured to 1% accuracy. 

The beryllium target, about 30 win. thick, was ob- 
tained through the courtesy of Dr. Hugh Bradner of the 
University of California Radiation Laboratory. The 
same target was used for all the runs; analysis for carbon 
and oxygen was made by counting tracks due to elastic 
scattering from these elements and referring to previ- 
ously published cross sections.'? The corrections 
amounted to less than 10%. 

A more complicated analysis was necessary to de- 
termine the inelastic scattering cross section for Be’. 
Only one excited state of Be® was observed, namely the 
well-known one at 2.4 Mev." There was a deuteron 
group of nearly the same range as the inelastically 
scattered protons, from the reaction Be’+ p—Be*+d. A 
continuous background of deuterons from the reaction 
Be®+ p—2He‘+d was also present. A continuous spec- 
trum of protons from the reaction Be®+ p—2He‘'+ p+n 
might also have been present, though it was not intense 
enough to be observed. The continuous deuteron back- 
ground has an upper energy limit almost the same as the 
energy of the deuteron group, because the production of 
2He* in the reaction is energetically almost equivalent to 
the production of Be’*. 

It was unfortunately not possible to distinguish 
unambiguously between proton tracks and deuteron 
tracks of the same length, when the range was less than 
300u. Separation of proton and deuteron groups was 
therefore accomplished by analysis of the range 
spectrum. 
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Fic. 1. Number of tracks as a function of track length. One 
“arbitrary unit” equals 1.385 microns. See text for explanation of 
the smoothing process. 


A histogram showing the number of tracks as a 
function of track length is given for a typical case 
(135°) in Fig. 1. It will be seen that the proton group, 
while easily distinguished from the deuteron group, is 
not completely separated. For purposes of analysis, it 
was assumed that the observed spectrum consisted of: 
(1) a proton group, symmetric about some center but 
not necessarily following a Gaussian distribution, (2) a 
deuteron group, also symmetric about some mean 
range, (3) a deuteron background extending to shorter 
ranges, and (4) a low uniform proton background, 
mostly due to slit scattering in the collimator. 

The ‘“‘smoothed data”’ histogram of Fig. 1 represents 
an attempt to reduce the effect of statistical fluctuations 
in analyzing the double peak. Let the measured track 
length be L, and let the number of tracks whose length 
is between L and L+1 be represented by n(L). Then the 
histogram labeled “‘raw data” (Fig. 1) is a plot of 
n(L) vs L. Let the smoothed data be represented by 
another function N(L). Then N(L)=4n(L)+4n(L—1) 
+jn(L+1). Since N(L) is less distorted by statistical 
fluctuations than n(L), it is more amenable to analysis. 
It is true that any objective smoothing process will re- 
duce the ultimate resolution available, but the loss in 
resolution was more than compensated by the increased 
certainty in locating the centers of peaks. 

After making the appropriate background correction, 
it was possible to choose center positions for the two 
peaks so that they were both symmetric within the ex- 
pected statistical errors, and of reasonable width. 
When this was done, the area under half the proton peak 
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Fic. 2. Differential elastic scattering cross sections as a function 
of angle in the center-of-mass system. Probable error is indicated 
by the length of the vertical lines. 
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was measured, then doubled to find the total number of 
proton tracks at that range. In this way the uncertainty 
in background due to possible errors in the center posi- 
tion of the deuteron peak was reduced, at the cost of 
increased statistical fluctuations. 

Near 80° the two groups overlap badly, so that no re- 
sults on proton inelastic scattering are available in that 
region. The results on inelastic scattering have unex- 
pectedly large uncertainties at all angles, because of the 
difficulty of separating the deuteron group quanti- 
tatively. 

Other sources of error, both for elastic and inelastic 
scattering, were examined and found to be negligible. 


RESULTS 
Elastic Scattering 
Figure 2 shows the differential cross section for elastic 


scattering as a function of angle. The curve does indeed 


TABLE I. Observed positions of maxima and minima in elastic 
scattering, compared with positions calculated from other experi- 
ments by using Cohen’s R/A rule. 





bcale Boule Boale Beale 
6o»s carbon* carbon oxygen? nitrogen¢ 
77° 79° 
121° 130° 
55° rp 
7 
132° 
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Maximum ¢ 

First max. ¢/or 
Minimum o@/or 
Second max. o/or 


81° 
134° 


77° 


112° 





© See reference 3. 
4 See reference 6. 


® See reference 2. 
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have the general character of a diffraction pattern. 
Table I shows, however, that the results cannot be ex- 
plained on the basis of a diffraction pattern alone. In the 
table are listed the angles at which various maxima and 
minima occur, together with various predictions for 
these angles. Each of the last five columns of the table 
represents the results of a different experiment, nor- 
malized to 10-Mev protons bombarding beryllium by 
the use of an R/) law.® 

The various columns do not agree well, so an optical 
model is clearly inadequate to explain the observed 
angular dependence of proton elastic scattering from 
Be®. There is good qualitative agreement, however, as 
has already been observed. 


Inelastic Scattering 


Cross sections were measured only for those protons 
which leave Be’ in the 2.4-Mev excited state. The results 
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Fic. 3. Differential inelastic scattering cross sections as a 
function of angle. The point near 90° represents an upper limit, 
since at this angle a deuteron group was not separated from the 
proton group. 


are shown in Fig. 3. No sharp peaks are observed at any 
angle, as opposed to the results of experiments at 7.1- 
Mev and at 31-Mev bombarding energy.'*'5 There is no 
evidence for a dip in cross section at extreme forward 
angles. If the results of Austern, Butler, and McManus’ 
are applicable to the (p,p’) reaction, a maximum at 0° 
indicates no parity change, AJ=0, +1, and A/=0, 
provided / is a good quantum number. Thus these re- 
sults, like those of Ribe and Seagrave,'® are not incon- 
sistent with the theoretical assignment of negative 
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parity to the 2.4-Mev excited state of Be®. (The ground 
state is almost surely a P;(—) state.)!’!8 Finke’s re- 
sults,!®> however, lead to the opposite conclusion about 
parity. Because of this, and because the Austern-Butler- 
McManus theory does not accurately predict the cross 
sections observed either with 10-Mev or 31-Mev pro- 
tons, we can only conclude definitely that a more 
complete theoretical description of the inelastic scat- 
tering process would be desirable. 

Earlier predictions by Longmire® also appear to be 
inadequate when compared to the present results. The 
total inelastic scattering cross section is predicted to be 
about 0.05 barn, which is too low by at least a factor of 
two. The predicted variation of cross section with angle 
is also inadequate in that the moderately high cross 
section near 90° and the sharp drop near 180° would not 
be expected from any combination of exchange and 
ordinary forces using Longmire’s assumptions. Pre- 
sumably the Be® core does not act sufficiently like a 
single potential well for the calculations on inelastic 
scattering to be quantitatively correct. 

The alpha-particle model has been used to predict 
that Be® should have an excited state near 2.4 Mev with 
negative parity and J=5/2.° The present data are 
consistent with this prediction. More recently calcula- 
tions have been made by French, Halbert, and Pandya!® 
on the basis of a modified shell model, showing that a 
5/2(—) state is compatible with the data, even if the 
state under consideration should turn out not to be the 
lowest excited state. 


Other Reactions 


Rough measurements on the angular dependence of 
the (p,d) cross section show a qualitative similarlty to 
that observed at other bombarding energies.” The 
results are shown in Fig. 4. 
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No other proton or deuteron groups were measured, 
although the broad deuteron group resulting from the 
reaction Be*+ p—d+ Be** (2.9 Mev) was present. Two 
alpha-particle groups arising from the reaction p+ Be’ 
He‘+ Li®“* were observed, but no cross sections were 
measured. Other groups corresponding to higher excited 
states of the recoil nuclei Be®, Be*, or Li’ may have been 
present with small intensity, but they could not be 
observed above the continuous background of other 
particles. 
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The decay of the 140-day ground state of Ce™ has been reinvestigated. A 4x scintillation spectrometer has 
been used to show that K-electron capture transitions between ground states is less than one percent of all 
K-electron captures. The same instrument has been used to measure the fraction of all transitions which 
terminate at the 166-kev level due to K-electron capture, and also has been used to determine the conversion 
coefficient of the 166-kev transition. The K-conversion coefficient was found to be 0.22+-0.01. K-electron 
capture accounts for 73% of all transitions to the 166-kev level. The energy available for decay to the excited 
level is 104-6 kev as computed from the experimental capture ratio. A value of 0.88--0.01 was obtained for 
the K-fluorescence yield at Z of 57 from beta-ray spectrometer measurements and coincidence counting. 
An isomeric level of 740-+-5 kev above the ground state of Ce has been found. The half-life of the transition 
is 553 sec and its K-conversion coefficient is 0.08--0.02. Mass and element assignments have been estab- 
lished and approximate cross sections for activation of each level in Ce™ by the (n,y) reaction on Ce" in the 


graphite reactor have been determined. 





I. INTRODUCTION 


HE decay of the ground state of Ce’ by electron 
capture through the 166-kev level in lanthanum 
has been investigated by Pruett and Wilkinson.! They 
have determined the K-conversion coefficient of the 
166-kev level to be 0.20+0.05 and the K/(L+M) con- 
version ratio to be 6.6+0.3. An excited level of 163-kev 
energy follows beta decay of the 85-min Ba’. The 
K-conversion coefficient for this transition has been 
recorded as 0.20+0.01 by Nussbaum and van Lieshout? 
and as 0.22 by Mitchell and Hebb.’ The latter investi- 
gators also report the K/(L+M) conversion ratio to 
be 7.0. Gerholm and de Waard‘ have reported the half- 
life for the decay of the 163-kev transition following 
the beta decay of Ba'® to be 1.5X10~° sec; consistent 
with this value is the observation' that the transition 
following Ce’ decay has a half-life less than 10-* sec. 
Since the values reported for the characteristics of the 
radiations following the decay of Ce’ and Ba are in 
agreement, it seems probable that the same transition 
is being observed. Although no direct evidence for a 
ground-state to ground-state transition in the decay 
of Ce! has been reported, Pruett and Wilkinson indi- 
cate that a small amount is probable. The fraction of the 
electron-capture transitions to the excited level due 
to K-electron capture is given! only as a function of the 
branching ratio to the ground state. Finally, a value, 
0.94+0.02, reported’ for the K-fluorescence yield at 
Z of 57 is said to be in disagreement with the curve of 
Broyles et al.® 
Hill® has looked for an isomeric state of Ce and 
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reports that none exists with a half-life longer than one 
day. Since the expected isomeric state in Ce'*’ has been 
reported’ recently, it is of interest to find this level in 
Ce'*® to show the effect of the added neutrons on the 
level spacings. 

In the present studies a 47-scintillation spectrometer 
and a xenon-filled proportional-counter spectrometer 
used as a critical detector have been employed in addi- 
tion to the usual magnetic lens spectrometer and coin- 
cidence equipment with energy discrimination. With 
these instruments it has been possible to measure the 
K-conversion coefficient of the 166-kev transition and 
the K-electron capture fraction with accuracies of 5%. 
A maximum limit has been placed on the ground-state 
to ground-state K-capture transitions. The K-fluores- 
cence yield has been redetermined. A new isomer of 
Ce'® has been found and its energy, half-life, and con- 
version coefficient have been determined. A mass assign- 
ment, element assignment, and the reactor production 
cross section measurement for each isomer has been 
made. 


Il. ELECTRON CAPTURE OF Ce!* 
A. Irradiations and Source Preparations 


The 140-day Ce’ activity was prepared both by the 
(p,m) reaction on La’ and by the (n,y) reaction on the 
natural barium isotopes. The proton irradiations were 
made using the 22-Mev proton beam of the ORNL 86 
inch cyclotron. The irradiation of barium was made 
on the Berkeley 60-inch cyclotron using 45-Mev alphas. 

Cerium-free lanthanum for irradiation was prepared 
by precipitating zirconium iodate from a solution of 
lanthanum in which the trace of cerium had been 
oxidized by sodium bromate. Ceric iodate was carried 
down by the zirconium iodate. The lanthanum was then 
precipitated as the fluoride and converted to the 
perchlorate. Finally, it was precipitated as the oxalate 
and converted to the oxide. The cerium produced by 
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DECAY OF Ce?*#* 


irradiation was separated from the lanthanum target 
by precipitation with zirconium iodate. Cerium was 
separated from zirconium by fluoride precipitation and 
the final separation from traces of other rare earths 
was made on a Dowex 50 ion exchange column.’ Beta 
spectrometer sources with low total solids were prepared 
on a Formvar-polystyrene film of 50-ug/cm? thickness 
which was made electrically conducting by an evapo- 
rated 50-ug/cm? gold film. 

The barium fluoride which was irradiated with alphas 
contained a very small amount of cerium impurity. 
After irradiation this cerium was carried on one 
hundred micrograms of pure erbium precipitated from 
a solution of the target salt. The final purification was 
made on a Dowex 50 column. Satisfactory beta spec- 
trometer sources of about 50-ug/cm? could be prepared 
from this material. 


B. 4 Scintillation Spectrometer Measurements 


When an isotope decays by electron capture to an 
excited level, the conversion coefficient ax, and the 
capture ratio e, can in principle, be computed! from 
spectrometer and coincidence counting data by means 
of the following relationships: 


ax=R,/(2R3;—R2), (1) 


1 
(2) 


where 1+ is the ratio of electron captures from all 
shells to K-electron captures, R; is the K/(L+M) con- 
version ratio, R2 is the ratio of K-Auger electrons to 
K-conversion electrons, 2R;—1 is the ratio of K captures 
to K conversions, R, is the ratio of K x-rays to gamma 
rays, and @ is the ratio of ground-state to excited-state 
K captures. The ratio of K captures to K conversions, 
2R;—1, can be determined! from the relationship 


WAT gilt 
R; = / ’ ( 3) 
N,N,/ N,'N,;" 


where .V, and .V, are singles counting rates of x-rays 
and gamma rays and \xx and Nx, are x-ray—x-ray 
coincidence and x-ray—gamma-ray coincidence count- 
ing rates. The counting rates Vx, Vx’, and \V,” are not 
necessarily equal since the detection efficiencies which 
obtain in the detectors used for each type of coincidence 
measurement may be different. 

It is very difficult to make a precise determination 
of the conversion coefficient of the 166-kev transition or 
the capture ratio e, in the decay of Ce’ from coincidence 
counts and spectrometer measurements by the applica- 
tion of these equations. Each of the four experimental 
measurements required to determine ax by means of 
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Fic. 1. 4m scintillation spectrometer and source assemblies. 


Eqs. (1) and (3) is subject to rather large errors, which 
can be reduced only with great difficulty. Pruett and 
Wilkinson have stated the problem concerning the 
determination of the ratio of K x-ray to gamma rays R,, 
and the difficulty of quantitative determinations of 
low-energy Auger electrons is well known. The precision 
of the determination of the ratio of K captures to K con- 
versions, 2R;—1, from coincidence measurements is 
limited by uncertainties in the knowledge of scattering 
effects and detection efficiencies which are required 
to compute random coincidence corrections if these 
efficiencies are not very low. Therefore it is desirable 
to measure directly the values of ax, ¢, and B. 

Precise determination of the conversion coefficient 
of the transition from the excited state following elec- 
tron capture in Ce cannot be made at the present 
time by directly measuring the ratio of K x-rays to 
gamma rays with a scintillation spectrometer which 
has low detection efficiencies. Precise knowledge of the 
detection efficiencies and also the values of ¢ and 8 is 
required. However, if the efficiencies are high, as is the 
case with a 4m scintillation spectrometer, the precision 
of the determination of ax is greatly increased. Also 
with such an instrument the detection of capture 
K x-rays which are not coincident with other radiations 
should permit the value of 8 to be measured directly. 
e can be determined using a 4 scintillation spectrom- 
eter as has been shown by der Mateosian® who has made 
such measurements on I'** and Cd’ by growing scintil- 
lation crystals which contain these activities. 

Since a 4m scintillation spectrometer of very high 
resolution is required for the present problem, an 
attempt was made to use commercially available 
crystals. The detector used in this work consisted of a 
matched pair of 1-in. X 1}-in. thallium activated sodium 
iodide crystals mounted between a matched pair of 
DuMont 6292 photomultiplier tubes as shown in Fig. 1. 
The entire assembly was compressed between two 
aluminum base plates by means of four 3-in. threaded 
aluminum rods. Whereas the detector could be dis- 
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Fic. 2. 4m scintillation spectrometer electron source spectrum. 


assembled easily in order to change sources, the spectra 
were observed to be stable for several weeks. The gains 
of the photomultipliers were controlled from a single 
high-voltage source using a voltage divider to match 
the output pulse amplitudes. The output signals were 
fed into a single preamplifier, through a double delay- 
line differentiated linear amplifier’ and a sixty-channel 
pulse-height analyzer. The full width at half-height for 
the photoelectric peak from the 661-kev gamma ray of 
Cs'*7 was 7%. 

Since the decay of the excited state of Ce’ is fast* 
compared to the integrating time of the detection 
system, radiations due to a capture process and the 
succeeding decay of the excited state will produce a 
single pulse. If a thin source such as is shown in Fig. 1(A) 
is used, Auger electrons and photoelectrons as well as 
x-rays and gamma rays will be detected. The spectrum 
from such a source should consist of a peak at the 
gamma-ray energy plus the K binding energy when 
K-electron capture occurs and all radiations are 
detected. Capture of any less tightly bound electron 
should result in a peak at essentially the gamma-ray 
energy. If there is K-electron capture to the ground 
state a peak at the K-shell binding energy should be 
observed. Figure 2 shows an energy spectrum recorded 
with this type of Ce’ source. Details of the source 
assembly are shown in Fig. 1(A). The three predicted 
peaks are observed. The broad distribution between 
50 kev and 150 kev is thought to be due to partial 
energy loss by some of the conversion electrons. Since 
about 3% of the gamma rays escape detection in crystals 
of the size used a correction must be applied to the 
intensity of the K x-ray peak in order to obtain the 
intensity of the K x-rays due to K-capture branch- 
ing to the ground state. After this correction has been 
made it is concluded that the ratio of ground-state to 
excited-state K-electron captures 8 in Ce is zero 
within 1%. Further analysis of this spectrum does not 


1 Details of this instrument will be published soon in the 
Review of Scientific Instruments by E. Fairstein. 


seem warranted since the distribution of pulses beneath 
the capture peaks due to energy loss of conversion 
electrons is not readily calculable. 

If sufficient absorber is placed on each side of a Ce!” 
source in the 4m detector so that neither Auger electrons 
nor conversion electrons reach the crystals, peaks corre- 
sponding to capture x-rays coincident with gamma rays 
should be observed as above. In addition a peak due 
to x-ray—x-ray coincidences should result from 
K capture followed by L conversion and L capture 
followed by K conversion. A fourth peak should be 
observed due to K capture followed by K conversion. 
Figure 3 shows the spectrum observed with a Ce!” 
source mounted between Be absorbers. Details of the 
source mount are shown in Fig. 1(B). From the energies 
at which the peaks A and B occur it is evident that 
with this detector L x-rays are not contributing to the 
pulse height appreciably. This is not surprising if the 
nature of the crystal surfaces and the large absorption 
coefficient of these x-rays in sodium iodide are con- 
sidered. However, complete or partial failure to detect 
the L x-rays does not interfere with the determination 
of ax and ¢ from the spectrum. After corrections, which 
will be discussed below, either of the peak area ratios 
B/D or A/C will be the K-conversion coefficient ax, 
and either of the peak area ratios C/D or A/B will be 
the capture ratio e. 

The corrections which must be applied arise as a 
result of failure to detect a K-shell vacancy or a 
gamma ray. These losses cause pulses which should 
be observed in peaks D and B to be observed in peak C 
or peak A. A K-shell vacancy will not be observed if 
an Auger event occurs or if a K x-ray is lost in the 
beryllium used to absorb the conversion electrons. A 
gamma ray may be lost in the absorber or may pass 
through the crystal undetected. Since the largest 
correction results from losses due to the Auger effect, the 
fluorescence yield must be known. Uncertainty of the 
correct value led to a new determination of the fluores- 
cence yield described below. The x-ray absorption losses 
were computed from known absorption coefficients and 
geometries. The method of applying these corrections 
in order to determine the number of events of each 
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type in the decay process is summarized in the following 
equations. 
D 
N xeap-y= ang” 
PrP, 
C D(1—Px) 


P.... PePs 
B 


T 
N Keap-Kecon ~~ 


Px 


A D(1—Px) 2B(1—Px) B ' 
+. (7 
RPx? 


N Leap-y— 


Px PP Px? 


N Leap-Kcon > 


Nkeap-y 1S the number of K-captures followed by 
gamma-ray emission and \Vxeap-Keon iS the number of 
K captures followed by K-conversion electron emission. 
A, B, C, and D are the areas of peaks A, B, C, and D of 
Fig. 3; Px and P, are the probabilities of detection of 
a K-shell vacancy and a gamma ray, respectively. R is 
the K/L conversion ratio. The relative importance of 
the corrections can be derived from the following 
relative peak areas and efficiency factors: 


A Be p> -Ponipy P, R 
0.22 0.2 062 10 0848 0.953 7 


The importance of absorption corrections and 
assembly technique was ascertained by observing the 
spectra of seven different source assemblies. The value 
of ¢ from the areas of peaks C and D is:0.37+0.02 and 
the value of ax from the areas of peaks B and D is 
0.22+0.01. Due to the fact that many different types of 
events produce pulses which are observed in peak A, 
as is indicated in Eq. (7) above, values of ¢ and ax 
computed from the ratios A/B and A/C are not 
precisely known, though consistent with the values 
recorded above. 


C. Coincidence Measurements 


In order to demonstrate the consistency of the values 
of e and ax by means of Eq. (2), the x-ray—x-ray and 
x-ray—gamma-ray coincidence measurements required 
to determine R; by Eq. (3) were made. For these 


TABLE I. Summary of experimental results. 





Measured value Notation 


7.2 +05 R 
3.7 40.3 tee 
5.7 +0.3 Ri 


Ratio 





K/L conversions 
L/M conversions 
K/(L+4M) conversions 


0.62+0.04 
4.25+0.2 
0.22+0.91 


K Augers/K conversions 
K captures/Kconversions 
K-conversion coefficient 


R; 
2R;—1 


0.37+0.02 


Electron capture ratio 
<1% 


K capture to ground state 
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Fic. 4. Beta-ray lens spectrometer spectra. 


measurements two separate scintillation spectrometers 
with crystals 1 in.X1} in. were used in coincidence. 
Measurements were made with several geometrical 
arrangements to establish the absence of scattering 
effects or erroneous random coincidence corrections. 
The value of 2R;—1 obtained is 4.25+0.2, consistent 
with the value reported by Pruett and Wilkinson.' ¢ is 
computed by Eq. (2) to be 0.35+0.08 if this value of 
2R;—1 is used together with 0.22+0.01 for the value of 
ax. This value of ¢€ is consistent with the value deter- 
mined by the 4m scintillation spectrometer method but 
does not agree with Pruett and Wilkinson’s value of 
0.21 if B is taken as zero. 


D. Magnetic Spectrometer Measurements 


Values of the fluorescence yield and the K(L+M) 
conversion ratios are needed in order to make the 
necessary corrections to the data obtained with the 
4m scintillation spectrometer. Some discrepancy exists 
among reported values of the fluorescence yield.'® 
The value of the ratio R; is reported by Mitchell and 
Hebb’ to be 7.0 from studies of the decay of Ba'® in 
agreement with Pruett and Wilkinson’s value of 
6.6+0.3. 

Sources of the order of 50-ug/cm? thickness were 
measured with a thin magnetic lens spectrometer. The 
counter window cutoff was at about 1.5 kev so no 
window correction was required in the region of the 
K-Auger electrons. The spectrum is shown in Fig. 4. 
The inserts show data for the Auger electron region and 
the L- and M-conversion electron region taken at 
higher resolution with a different source. The results 
of these measurements are summarized in Table I along 
with observed and derived results from 47 scintillation 
spectrometer and coincidence measurements. 

From these measurements the fluorescence yield can 
be computed by using the relationship 


fx=1- (Ro 2R3). 
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The value obtained is 0.88+0.01 which is in agreement 
with the smooth curve of Broyles, Thomas, and 
Haynes.° 


Ill. ISOMERIC TRANSITION IN Ce!” 


Since the Ce’ nucleus contains eighty-one neutrons, 
oen less than a filled shell, the energy difference between 
the /y1/2 and d3/2 levels is expected to be small enough 
so that the transition between them would have a 
measurable half-life. The transition energies of the 
isomeric states of other isotopes with eighty-one 
neutrons, Te’, Xe!*®, and Ba'*’, have been plotted 
against their proton numbers and the extrapolation 
indicates that the /4:/2 level of Ce'® should fall about 
800 kev above the d3/2 ground state. An isomeric 
transition of this energy would be expected to have a 
half-life of the order of minutes and the conversion 
coefficient would be so low that the unconverted gamma 
ray should be sought rather than conversion electrons 
or X-rays. 

A rapidly decaying energetic gamma ray was detected 
when a sample of enriched Ce'** was irradiated in the 
ORNL graphite reactor for one minute and its radia- 
tions were observed with an activated sodium iodide 
scintillation spectrometer. The gamma-ray energy was 
measured as 740+5 kev when compared with the 661- 
kev gamma of Cs'*” and the 768-kev gamma of Nb* on 
a scintillation spectrometer. The half-life was measured 
to be 5543 sec. The K-conversion coefficient was 
measured with a scintillation spectrometer and multi- 
channel analyzer to be 0.08+0.02. The x-ray and 
gamma-ray efficiencies of this detector were determined 
with samples of 140-day Ce’ and 35-day Nb*, whose 
disintegration rates were known from coincidence 
counts. Enriched cerium isotopes were used to establish 
the mass number as 139. The x-rays from conversion 
were shown to be cerium x-rays by comparison of the 
escape peaks in a xenon proportional counter spectrom- 
eter with those observed in the decay of Ce'*’™ and the 
140-day Ce'® which emit x-rays of cerium and lantha- 
num, respectively. These spectra will be shown in a 
forthcoming article" on La’ and Ce'*’. 


IV. ACTIVATION CROSS-SECTION MEASUREMENTS 


The cross sections for production of each of the 
isomers of mass 139 by the (,y) reaction in the neutron 
distribution existing in the graphite reactor have been 
determined. The value obtained for production of the 
55-sec isomer is 7 mb as determined from comparison 
of its x-ray intensity with that of the 8-hr ground-state 
transition of Ce'*’ whose production cross section has 
been measured." The cross section to yield the 140-day 
isomer of Ce’ is about one barn as determined by 
assaying the amount of 166-kev gamma relative to the 
145-kev gamma of Ce!“ in a source of cerium irradiated 


1 These results will be published by A. R. Brosi and B. H. 
Ketelle. 
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in the reactor. The cross section of Ce’ was taken as 
0.6 barn. In order to resolve the 166-kev gamma present 
in so low an intensity relative to the 145-kev gamma its 
photopeak was accentuated by observing x-ray— 
gamma-ray coincidence. The coincidence counter was 
calibrated with a sample of 140-day Ce!® of known dis- 
integration rate. 

The cross-section values of 7 mb and 1 b for produc- 
tion of the isomeric state and the ground state are 
known to within about a factor of two. The latter value 
is not considered to be in disagreement with the value 
9 b given by Pomerance” since his value is known only 
to +100%. The 1b figure is consistent with the re- 
ported" ratio 0133/0140 of 1.4. 


V. DISCUSSION 


A decay scheme which is consistent with all the above 
observations is shown in Fig. 5. The ground-state spin 
of La! has been measured" and found to be 7/2. 
Using the single particle shell model, this ground state 
would be expected to be gz/2. The K/L conversion ratio 
7.2+0.5 for the 166-kev transition of La! is in agree- 
ment with the computed value'® for an M1 transition 
within the uncertainty. The half-life of this transition 
also indicates‘ the magnetic dipole characterization. 
However, although the conversion coefficient reported 
here agrees with the value 0.23 computed by Rose 
et al.'® for an M1 transition of this energy and atomic 
number, it cannot be used to distinguish between an 
M1 and £2 transition in this case. The d5/2 assignment 
to the excited level is consistent both with the observa- 
tions and the shell theory. Ambler ef a/.!* have reported 
that the spin sequence 3/2+—+5/2+-+7/2+ is consistent 
with their observations of the gamma-ray anisotropy 
of aligned Ce” nuclei. Also they have stated that the 
166-kev gamma-ray transition is M1 with 4% admixture 
of E2. The small effect of this mixing upon the K/L 
conversion ratio is within the experimental error of 
our observations. ; 

The isomeric transition of Ce appears to be an M4 
transition since its conversion coefficient value 0.08 
+0.02 agrees with the theoretical value!® of 0.075 for 
this energy and atomic number. The observed partial 
lifetime for gamma-ray emission is 86 sec which is 
consistent with the lifetime of 94 sec computed from 
the lifetime vs energy relationship obtained by Gold- 
haber and Sunyar"’ from a fit to more than thirty M4 
transitions. The energy of the transition is about that 
expected from the extrapolation of the curve of energy 
vs proton number for metastable states of other eighty- 


2H. S. Pomerance, Phys. Rev. 88, 412 (1952). 

13 A. J. Moses and D. S. Martin, Jr., Phys. Rev. 79, 467 (1950). 

4 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

16 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). M. E. Rose, privately distributed Z conversion coefficients 
(unpublished). 

16 Ambler, Hudson, and Temmer, Phys. Rev. 101, 196 (1956). 

17M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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Fic. 5. Decay scheme of the Ce! isomers. 


one neutron nuclei. Again the /4:/2 and d3/2 assignments 
to the isomeric level and the ground state are consistent 
with the spin and parity change required for an M4 
transition and also with the shell model predictions. 

The spin assignments for the 140-day ground-state 
decay made here are the same as those previously 
given.'* On the basis of these spins and parities the 
decay of the 140-day ground state to the excited state 
of La! should be allowed. However, the ground-state 
to ground-state transition should be second forbidden. 
Therefore, it is not unexpected that the value of 8, the 
ratio of ground-state to excited-state K captures, 
should be essentially zero. 

As was indicated above the values reported here for 
the conversion coefficient, the capture ratio ¢, the 
K/(L+4M) conversion ratio, and the ratio of K captures 
to K conversions are consistent. However, a discrepancy 
exists between the value of the capture ratio 0.37+0.02 
reported here and 0.21, which would be the value of 
Pruett and Wilkinson! if the ground-state to excited- 
state K-capture ratio 8 is taken as zero. Also, the 
K/(L+4M) conversion ratio 5.7, reported here is lower 
than the values reported by Mitchell and Hebb* and 
Pruett and Wilkinson. This latter discrepancy is not 
understood. However, because R; is large relative to 
ax this discrepancy has very little effect on the value of 
« computed from Eq. (2). The cause of the discrepancy 
between the values of the capture ratio appears to lie 
in the large error in ¢€ resulting from relatively small 
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errors in the K-conversion coefficient ax, and the ratio 
of K captures to K conversions R;. 

The large value of the observed capture ratio relative 
to the ratio of L; to K-electron densities at the nucleus, 
computed by Rose and Jackson'* to be 0.124 for Z of 57, 
is taken to indicate that the energy available for electron 
capture is not large relative to the K binding energy. 
As has been stated above the capture transition to 
the excited level in La!® is allowed on the basis of what 
now appears to be well-established level assignments. 
Therefore the electron capture transition energy can 
be computed” from the value of e, the electron densities 
at the nucleus and the electron binding energies.” The 
K-shell and L-subshell radial wave functions required 
for this computation were obtained from the work of 
Brysk and Rose.” In order to approximate the M, and 
\, shell-capture contributions, the Hartree self- 
consistent field wave-function values” for Cs* were used. 
The capture transition energy to the excited level so 
obtained is 104+6 kev. The corresponding log ft value is 
5.3+0.1 if the half-life value, 140+1 days, reported by 
Pool and Krisberg™ is correct. The energy value is 
reasonable according to the disintegration energy 
systematics of Way and Wood” and the log/t value is 
consistent with the prediction that electron capture 
to the excited state is allowed. 
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The absolute differential cross sections for the elastic scattering of protons by B"™ and N* have been 
measured with a probable error of 7%. The cross section for B"(~,p) was measured at a center-of-mass 
angle of 152° 36’ for proton energies from 600 to 2000 kev. A marked scattering anomaly is observed at a 
proton energy of 675 (2~) kev. The cross section for N“(~,p) was measured at a center-of-mass angle of 152° 
for proton energies from 850 to 1900 kev. Scattering anomalies were observed at proton energies 1.060 (}*), 
1.555 (4*), 1.740 (3/2- or 5/27) and 1.803 (3/27 or 5/2-) Mev. The indicated spin and parity assignments 
for the corresponding levels in the compound nucleus are consistent with the results of this experiment. 
The off-resonance cross sections exhibit marked variations from the Rutherford cross sections over the 


entire range of energies studied. 





I. INTRODUCTION 


HE investigation reported here was undertaken 
in connection with the program of analysis of the 
composition of surface layers of solids by ion scattering! 
being carried on at Stanford Research Institute. 
Quantitative analysis of surface constituents requires 
that the absolute cross section for elastic scattering be 
accurately known. It is believed that the present work 
completes the large-angle proton scattering cross-section 
measurements for the abundant isotopes of the light 
elements (Z <13). 

In addition to the rather specialized interest con- 
sidered above, the study of elastic scattering yields 
information on the spins, parities, and partial widths of 
the levels in the compound nucleus. Proton scattering 
from N™ has previously been studied by Gove ef al.* at 
a number of angles in the immediate vicinity of the 
scattering anomalies and more recently by Webb,’ and 
a number of tentative assignments of spin and parity 
have been given to the states of O'. Unfortunately, 
the present work is not sufficiently complete to resolve 
the ambiguities that still remain in these assignments. 

This paper describes the experimental procedure and 
presents the results on the elastic scattering of protons 
by B" and N™. Preliminary results have been presented 
to the American Physical Society.‘ 


Il. EXPERIMENTAL PROCEDURE 


The proton beam from a 2-Mev Van de Graaff 
accelerator located at Stanford Research Institute is 
analyzed and maintained homogeneous to better than 
0.1% by a 90° magnetic analyzer of 15-in. radius and 
3-mm entrance and exit slits. The beam is focused by 
an electrostatic lens to a spot }X2 mm in size on a 


t This work was supported by the U. S. Office of Ordnance 
Research. 
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target placed at the “object” position of a 180°, point- 
focusing magnetic spectrometer previously described.° 
The spectrometer has an aperture of 2.52 milliste- 
radians and was set for a resolving power of 1106 for 
these measurements. The scattered protons were de- 
tected by a scintillation counter placed at the exit slit 
of the spectrometer. The phototube is partly within the 
vacuum system and thus the protons have a continuous 
path in vacuum from analyzer to target to detector. 


The integrator for the proton beam is a modification of 
one described by Bouricious and Shoemaker® and is 
reproducible to 0.1% or better. The target is surrounded 
by an open-frame negative electrode to suppress second- 
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Fic. 1. Momentum profile of elastically-scattered protons from 
a pure boron target. The arrow indicates the spectrometer setting 
at which the excitation curve was taken. 
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Fic. 2. Momentum 
profile of  elastically- 
scattered protons from 
a boron nitride target. 
The arrow indicates the 
spectrometer setting at 
which the excitation 
curve was taken. 
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ary electron emission without obstructing either the 
incident or the scattered protons. 

The magnetic fields of the analyzer and spectrometer 
are compared with each other or with a reference 
permanent magnet by means of a null balance flip coil.’ 
It is possible to reproduce the magnetic field measure- 
ments to an accuracy of better than 0.05% over an 
extended period of time. The energy scale of the 
magnetic analyzer was calibrated by observing the 
gamma radiation from a thin aluminum target at the 
993.3-kev Al*’(p,y) resonance.* The linearity of the 
analyzer fluxmeter has been checked by studying the 
excitation curves for Al*’(p,y) up to 1.3 Mev and the 
C!(p,p) resonance at 1.73 Mev. 

Targets were prepared by pressing powdered boron 
nitride and high-purity boron of naturally-occurring 
isotopic abundance into a circular recess in an aluminum 
backing. The targets were generally satisfactory although 
polished fused boron targets were also used with some 
improvement in reproducibility. Carbon buildup on the 
target surface during bombardment was serious during 
the early phases of the work and required that the beam 
be shifted to a new area of the target after 50 micro- 
coulombs of bombardment; this was greatly improved 
with more efficient cold trapping and pumping of the 
target chamber. 

Momentum profiles of the targets are shown in Figs. 
1 and 2. It is to be noted that at the large angles of this 
experiment there is no difficulty in resolving the protons 
scattered from the boron from those scattered from the 
nitrogen in the boron nitride target and no difficulty in 
separating the boron isotopes in the pure boron target. 
The excitation curve for the nitrogen cross section was 
obtained at a spectrometer-fluxmeter ratio of 7.850, 
which corresponds to protons scattered from a lamina 
8 kev from the surface of the target. For the B" exci- 
tation curve, the fluxmeter was set at a ratio of 7.530, 
which corresponds to protons scattered from a lamina 
6-kev deep. The final data has of course been corrected 
for the energy loss in the target before scattering. The 


7H. R. Fechter and S. Rubin, Rev. Sci. Instr. 26, 1108 (1955). 
8 Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949). 


7.7 A 
SPECTROMETER FLUXMETER RATIO 


constant background ahead of the boron and nitrogen 
peaks is due to a-particles from the B(p,a)Be reactions 
in the targets. 

When the energy loss of the scattered protons in the 
target is greater than the energy interval accepted by 
the spectrometer the target is said to be “thick” and 
the differential cross section in the center-of-mass 
system at the angle @..m. is given by® 


dQ Qdo.m. 


do (8..m.) Yr R;, 
(eur) x1.6xc10-" cm?/sterad, (1) 


1 
42 


where Y is the number of scattered protons observed 
for g microcoulombs of protons incident on the target; 
Qe.m. is the solid angle of the spectrometer in the center- 
of-mass system; R, is the resolution of the spectrometer 
p/Ap; Es is the energy of the scattered protons; and 
€ert is the over-all stopping cross section of the target 
material. The quantity 2£2/R,€er; is the effective num- 
ber of target nuclei per cm® perpendicular to the beam. 
If one ignores chemical binding effects on the stopping 
cross section and the increase of the stopping cross 
section along the path of the proton, then for a target 
containing a homogeneous mixture of atoms of types a; 
with atomic concentrations ,;, the number of target 
nuclei of type a; per cm? perpendicular to the beam can 
be written as 


2E, 2E, nj €2\7" 
“Et))> 
Rebate: Ts Nn; k; 
where ¢€;; and e,2 are the stopping cross sections of 
atoms of type a; for protons of energy /; (initial proton 
energy) and £, (energy of proton after scattering), 
respectively. It is assumed that the normal to the 
target surface bisects the angle between the incident 
and scattered protons; k;=0F2/0E, is calculated from 
the expression E.= E2(F1,¢.m.,M;) derived from the 
usual conservation laws. 
The effective resolution widths, R,, for three spec- 


9 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951). 





TAUTFEST AND S. 


RUBIN 





CROSS SECTION (BARNS / STERADIAN) 
°o 
° 
a 





Fic. 3. Differential 
cross section for the 
elastic scattering of pro- 
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trometer exit slits were measured by means of proton 
scattering from a polished copper target. The scattering 
cross section is assumed to be given by the Rutherford 
formula. This was confirmed by observing that the 
cross section varied with energy over the range from 1 
to 2 Mev exactly as E~*. The stopping cross section for 
copper is taken from the compilation of Fuchs and 
Whaling.”” The resolution measurements were made at 
a proton energy of 1.44 Mev and at 150° scattering 
angle. The results are shown in Table I in which the 
effective resolution widths are compared with those 
calculated from the spectrometer formulas given by 
Judd." 

The determination of the absolute elastic-scattering 
cross sections thus involves directly the absolute stop- 
ping cross sections of boron and nitrogen. No direct 
experimental measurements of these quantities were 
attempted. The absolute stopping cross section for 
protons in nitrogen gas has been measured by Chilton 
et al. for energies up to 1 Mev and yields a value of 
90 ev for the mean ionization potential. These data were 
extrapolated to 2 Mev by calculations using the Bethe 
stopping cross-section formula with K-shell correction." 
A smooth fit to the experimental data was obtained, 
but the result may be in error by several percent. No 
measurements of the stopping cross section of boron are 
available. Huus and Day" have reported a calculation 


TABLE I. Comparison of measured and calculated 
resolution widths. 








Measured R, (from 


Calculated R, Cu scattering) 


0.0140-in. 3350 3300 
0.0420-in. 1120 1106 
0.0837-in. 560 560 


Exit slit width 








”R. Fuchs and W. Whaling, “Stopping Cross Sections,” 
California Institute of Technology (unpublished). 

1D). L. Judd, Rev. Sci. Instr. 21, 213 (1950). 

12 Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1953). 

48H. Bethe and J. Ashkin in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, Chap. 2. 

4 T. Huus and R. B. Day, Phys. Rev. 91, 599 (1953). 


done by R. G. Thomas which gave an average ionization 
potential for boron equal to that for beryllium. The 
stopping cross section for boron was accordingly calcu- 
lated using a mean ionization potential of 65 ev. An 
estimate of the relative errors in the stopping cross- 
section calculations can be made by comparison of the 
absolute cross section for N“*(p,p) obtained by Webb* 
and the results of this experiment. Webb used targets 
of ammonia and beryllium nitride for which constituent 
elements the stopping cross sections have been meas- 
ured. Agreement on the value of the nonresonant cross 
section is well within the statistics of the two measure- 
ments. We therefore conclude that the uncertainty in 
the calculated value of the boron stopping cross section 
is not appreciably greater than the uncertainty in the 
measured stopping cross sections involved. 

We assign a probable error of 5% to the N"(p,p) 
cross section due to the uncertainty in the stopping 
cross section of boron nitride. To this must be added an 
additional 5% uncertainty due to target behavior and 
reproducibility of results. The uncertainty in the abso- 
lute value of the B''(p,p) cross section is almost entirely 
due to the uncertainty in the stopping cross-section 
calculation. Reproducibility of results with different 
targets was excellent and difficulties due to carbon 
buildup were negligible. We assign a probable error of 
7% to this measurement. 


Ill. EXPERIMENTAL RESULTS 
1. B''(p,p) 


Figure 3 shows, as a function of incident proton 
energy, the differential cross section for the elastic 
scattering of protons from B" at a center-of-mass angle 
of 152° 36’. The pronounced scattering anomaly occurs 
at a proton energy of 675 kev in agreement with 
previous results!‘ and is identified with the 16.57-Mev 
level in C!*6 The increase in the cross section from 700 
to 2000 kev may be attributed to the influence of the 


16 Beckman, Huus, and Zupantié, Phys. Rev. 91, 606 (1953). 
16 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 





ELASTIC SCATTERING OF PROTONS 





0.20 





Fic. 4. Differential cross section 
for the elastic scattering of protons 
from N*. The dashed curve is the 
Rutherford cross section for refer- 
ence. 


CROSS SECTION (BARNS / STERADIAN) 











] ! ! J 





very broad (1.3-Mev) resonance observed at 1.4 Mev 
in the B"(p,y) and B"(p,a) reactions.'*!5.17.18 No rapid 
variation in cross section was observed in the neighbor- 
hood of the 2.0-Mev resonance which has been re- 
ported.'’!8 The assignment of 2~ to the 16.57-Mev level 
which has been suggested by Beckman ef al.!® is con- 
sistent with the value of ¢max—@min observed if we 
assume that there is no overlapping with the 1.4-Mev 
resonance. In view of the dubious nature of this assump- 
tion it would be important to observe the behavior of 
the resonance at a number of angles in order to defi- 
nitely confirm s-wave formation. 


2. N'*(p,p) 


The differential cross section obtained for the elastic 
scattering of protons by nitrogen at a center-of-mass 
angle of 152° is shown in Fig. 4. Observations were 
made at 8-kev intervals for the majority of the points 
and in 2-kev intervals in the neighborhood of the narrow 
resonances. Each point represents about 10 micro- 
coulombs of protons incident on the target. 


17 FE, B. Paul and R. L. Clarke, Phys. Rev. 91, 463(A) (1953). 
18H, E. Gove and E. B. Paul, Phys. Rev. 91, 463(A) (1953). 
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The scattering anomalies observed at 1.060, 1.555, 
1.740, and 1.803 Mev are in agreement with the reso- 
nances observed in the N'(,y) reaction by Duncan 
and Perry’ and in the N"(p,p) reaction by Gove ef al.? 
and Webb.’ Both Gove ef al. and Webb suggest s-wave 
formation of the 1.060- and 1.555-Mev states with the 
assignment of 1/2+ to these levels, although the latter 
does not rule out 3/2+ for the 1.060-Mev resonance. 
The value of omax—o@min Obtained for this resonance 
are in very good agreement with the 1/2+ assignment. 
The two resonances at 1.740 and 1.803 Mev are believed 
to be due to p-wave formation with assignments of 
3/2- or 5/2- to both levels.?* The results presented 
here are not sufficient to decide between these possible 
assignments. The values of the absolute cross section 
are in excellent agreement with those obtained by 
Webb? over the entire range of energies studied. 
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The scattering of 96-Mev protons from a carbon target has been investigated at laboratory angles between 
3° and 90°. At the larger scattering angles, besides the elastic peak and inelastic continuum, inelastic peaks 
are found whose magnitude compares with the elastic peak. These inelastic proton peaks correspond to an 
excitation energy of the target nucleus of 4.4, 9.6, and 20.8 Mev. The angular distribution of elastically 
scattered protons shows slight diffraction minima at 40° and 64° (center-of-mass) after a careful separation 
of elastic from inelastic protons is made. The inelastic protons are peaked in the forward direction. Possible 


interaction models are discussed. 





I. INTRODUCTION 


HE basic concepts of the mechanism of high- 

energy nuclear reactions first presented by 
Serber' are expected to apply to the interaction of 
96-Mev protons with complex nuclei. Such protons 
have a DeBroglie wavelength of 4.5X10-" cm, a mean 
free path in nuclear matter? of about 6X 10—" cm and 
a velocity larger than that of nucleon bound in a 
nucleus. It is thus possible to localize an incoming 
proton within the target nucleus, and to describe the 
interaction as one or more successive nucleon-nucleon 
collisions inside the nucleus. This description predicts? 
the general nature of the scattered proton energy 
spectrum when a target is bombarded with high-energy 
protons of a well defined energy. The spectrum at a 
given angle is expected to contain an elastic peak, an 
inelastic continuum, and in certain cases a “quasi- 
elastic” peak.‘ This last type of peak is elastic in the 
sense that its energy is closely related to that of a 
proton scattered at the same angle in a free nucleon- 
nucleon collision, but the peak is inelastic as far as the 
target nucleus is concerned and its relatively broad 
width is determined by the momentum distribution of 
nucleons inside the target nucleus and by secondary 
collisions. 

We have briefly reported the existence of additional 
inelastic peaks of a different type.’ These peaks corre- 
spond to the excitation of definite energy levels in the 
target nucleus. Their energy and width are determined 
by the detailed properties of the target nucleus. This 
paper reports a study of these peaks at various scatter- 
ing angles using 96-Mev protons and a carbon target. 
The experimental set up is described in some detail 
since it is similar to that used for studies to be reported 
later of the scattering from other targets. 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
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Il. APPARATUS AND METHOD 
(A) Experimental Arrangement 


The internal cyclotron beam is extracted by multiple 
Coulomb scattering from an uranium target into a 
magnetic channel. This scattered beam is then brought 
out to the experimental area through an evacuated 
pipe. A series of 3 slits and a deflecting magnet served 
to collimate the beam so that it had in general the 
following characteristics at the target position: width 
2 in.; height 1 in.; intensity 3X10® protons per sec; 
energy: 96 Mev with slight day by day variations; 
energy spread: ~2 Mev. Careful tests have failed to 
show any polarization or the presence of a low-energy 
tail in this beam. 

The experimental arrangement is shown in Fig. 1. 
The beam passed the defining slit, the antiscattering 
slit, the ionization chamber monitor, and the target 
in that order. The telescope detected protons scattered 
from the target. The angle 6, made by the telescope- 
target axis with the beam direction, could be varied. 
To obtain optimum energy resolution of the system, 
the targets were set at angle of @/2 with respect to the 
normal to the beam direction. For the small-angle 
elastic scattering measurements a scattering chamber 
was used to reduce background. 

The telescope consisted of nine counters labeled A 
through J in the direction of proton traversal. Each 
counter consisted of a stilbene crystal about 0.24 
g/cm® thick which was mounted against an 1P21 
photomultiplier. The detailed telescope geometry, 
shown in Fig. 2, was chosen so as to minimize the 
problem of loss of protons due to outscattering without 
at the same time causing too large an increase in the 
background or in the individual counting rates. The 
scattered proton beam was defined by the size of the 
incident beam at the target and the dimensions of 
crystal D. Absorbers were inserted in the telescope in 
front of crystal B. The distance from the target to the 
defining counter was 15 in. and 30 in. at scattering 
angles below and above 35°, respectively. 

The pulses from the photomultipliers were fed 
directly into fast double coincidence circuits of the 
diode bridge type. Seven such circuits were used to 
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make AC, BD, AE, BF, GC, HE, and ID coincidences. 
These fast coincidence outputs were then amplified 
and fed into slow coincidence circuits whose output 
corresponded to ABCD, ABCDE, ABCDEFP, 
ABCDEFG, ABCDEFGH, and ABCDEFGHI coinci- 
dence events. Hereafter the name of these coincidences 
will be abbreviated: for example A-H stands for 
ABCDEFGH. A similar coincidence system has been 
described elsewhere in more detail.® 

In the electronic arrangement just outlined, single 
counter pulses were fed directly into a fast coincidence 
circuit with negligible inherent dead time. Only coinci- 
dence pulses traveled through circuits with relatively 
long recovery times. This feature was important in the 
success of the experiment as will be discussed later. 
Accidental coincidence events were at all times com- 
pletely negligible. 

The incident beam was monitored by integrating 
the current collected in the argon filled ionization 
chamber. This ionization chamber was calibrated 
against a Faraday cup constructed by Dr. U. Kruse. 

The 0.948-g/cm? carbon target was of commercial 
grade with a purity of 99% as determined by spectro- 
scopic analysis. A complete set of telescope absorbers 
was constructed so that the whole energy range could 
be covered in convenient steps. These absorbers were 
made of polyethylene which has a high ratio of stopping 
power to rms scattering angle. The stopping power of 
CHe was calculated using the tables of Aaron ef al.,’ 
and the result checked experimentally by comparison 
with the stopping power of aluminum. The agreement 
was better than 0.5%. 


(B) Telescope Efficiency 


The telescope was used to measure the range 
spectrum of protons scattered from a given target. 


This range spectrum was obtained by subtracting the - 


observed A—D, A-E, A-F, A-G, A-H, coincidences 
from each other to get the number of protons stopping 
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Fic. 1. Experimental arrangement. 


6K. Strauch, Rev. Sci. Instr. 24, 283 (1953). 
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in counters D, E, F, and G, respectively. Since the 
amount of material in front of these counters was 
known it was possible to calculate the range of those 
particles that stopped in a given counter. The procedure 
is valid as long as the difference in integral counting 
rates such as A-E and A-F is due to particles stopping 
in E and not due to some inefficiency in the BF channel. 
It is only because it is possible to set very accurately 
upper limits to such inefficiency effects in relatively 
short time intervals by a “difference method” that 
telescopes are such useful devices to measure energy 
distributions. The thicknesses of counters A, B, and C 
and of the target determined the lowest energy proton 
that could be detected. 

The number of particles that stop in a given counter 
is often small compared to the total number of particles 
going through the counter. In a typical case, one proton 
out of twenty entering counter E actually stopped in this 
counter. So that this number of protons stopping in E 
could be measured to an accuracy of two percent, it 
was necessary to make sure that the following counter 
F had an “efficiency” of at least 99.9 percent. “Counter 
efficiency” refers to the efficiency of both the counter 
and the channel electronics including the final scaler. 
The efficiency of counter F was measured by comparing 
ABCDEG and ABCDEFG coincidences simultaneously. 
The telescope geometry was such that each proton 
that originated in the target and passed through 
counters A, D, and G also passed through counter F 
and thus any difference between the two coincidence 
rates was due to inefficiency in the F counter or associ- 
ated electronics. Since ABCDEG and ABCDEFG 
coincidences registered related events, the statistical 
uncertainty of the difference arises from the value of 
the difference, not from the value of the integral counts. 
This fact allows the rapid measurement of efficiencies 
to the high degree of accuracy required. 

The main cause of inefficiency was due to dead time 
losses in the amplifiers and scalers. For the example 
just discussed, the beam intensity would have been 
reduced if necessary until the difference in counting 
rates between ABCDEG and ABCDEFG sates 
amounted to less than 0.1 percent of the integral rates. 

The efficiency of all counters but D and J could be 
rapidly measured by this difference method. The 
efficiency of the defining crystal D did not seriously 
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affect any difference rate, but only the integral rate of 
protons scattered from the target. It was therefore 
considered sufficient to assure a better than 98 percent 
efficiency. by taking plateaus of all critical electronic 
settings. Counter 7 was only used to measure the 
efficiency of counter H. 


(C) Experimental Procedure 
In each run the following steps were taken: 


(1) The external beam was photographically aligned 
on the center of the targets and along the 0° axis. The 
accuracy of this alignment is estimated to be +1°. 

(2) The target and telescope were put at the desired 
position. The efficiency of the counters was then 
measured by the “difference method” using the highest 
counting rates to be encountered. A 99.9% efficiency 
was required and if necessary the beam intensity was 
reduced to obtain this efficiency. 

(3) With no absorber in the telescope and the target 
in place, data was taken for a specific charge collected 
by the ionization chamber. The target was then 
removed and a background reading taken.* An absorber 
whose stopping power was equivalent to that of scintil- 
lators D, E, F, and G was then inserted into the tele- 
scope and target and background data were taken. 
Further absorbers of the same thickness were added in 
turn and similar data collected until all protons stopped 
in the telescope. A complete range spectrum was 
obtained in this manner. 

(4) Counter efficiencies were checked by the differ- 
ence method. 

(5) An absorber equivalent in stopping power to 
1.5 times the average crystal thickness was then 
inserted into the telescope, and another complete 
range spectrum taken with the absorbers described in 
step (3). This second “shifted” spectrum corresponds 
to ranges midway between those observed in step (3). 
A point obtained by subtracting the integral rates of 
two adjacent channels was flanked by points obtained 
by subtraction of integral rates of different channels. 
This facilitated the early detection of inefficient 
counter operation and checked the stability of the 
equipment. 

(6) Counter efficiencies were again checked by the 
difference method. 

The telescope was then shifted to a new angle and 
steps (3)—(6) were repeated. 


(D) Calculation of Proton Energy Spectra 


The observed range spectra were converted into 
energy spectra by multiplying each point by the inverse 
stopping power of the corresponding crystal at the 
energy corresponding to the range. The absolute cross 
sections were obtained by calibrating the ionization 


§ The background was small enough so that possible differences 
between target-in and target-out conditions were negligible. 
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chamber monitor with a Faraday cup constructed by 
U. Kruse. The calibration was checked by measuring 
the p-p cross section. Satisfactory agreement with the 
results of Kruse ef al.® was obtained. 

The resulting energy spectra must be corrected for 
the effect of nuclear absorption of the scattered protons 
in the telescope. Two types of correction have to be 
applied. Correction 1 is for the loss of protons which 
should have stopped in a counter but were absorbed 
in material in front of this counter: this correction 
increases the observed cross sections. Correction 2 is 
for protons which should have passed through a 
counter but were absorbed in it: this correction 
decreases the observed cross sections. 

Correction 1 has been estimated from the known 
energy dependence of p-p and p-C scattering cross 
sections, assuming a constant value of 0.4 for the ratio 
of inelastic to total scattering cross section. For the 
elastically scattered protons, this estimate amounts to 
13%, and this value has been experimentally verified 
within +2% statistical uncertainty by measuring the 
ratio of “with absorber” to “no absorber” telescope 
counting rates when the telescope was placed directly 
into a very low intensity external beam. As a result, 
the theoretical estimate is used to make correction 1. 

Correction 2 has been estimated similarly: it is a 
function of the energy distribution of the scattered 
protons since the number of protons absorbed in a 
counter depends on the number and energy of the 
particles that traverse it. Owing to the presence of 
high-energy peaks in the observed spectra, corrections 
1 and 2 cancel within an accuracy of 2% in the lower 
energy continuum regions. The angular distributions 
shown in Fig. 6 have been corrected for telescope 
absorption. 


(E) Resolution and Errors 


The energy resolution of the apparatus for elastic 
or nearly elastic scattered protons depends primarily 
on the energy width of the counter scintillators: these 
averaged 2.2 Mev, a value chosen to be equal to the 
energy width of the incident beam. Thus a combined 
resolution width of 3.0 Mev is obtained. For low-energy 
inelastic protons the energy resolution is determined 
almost entirely by the difference in energy lost .in the 
target depending on whether the interaction took place 
in the front or rear section of the target. For 45-Mev 
protons the energy resolution was only 9 Mev in the 
laboratory system. 

The angular resolution is determined by the geometry 
of the beam and the defining counter and by multiple 
scattering in the target. Geometry and target thickness 
were both varied to obtain reasonable counting rates. 
As a result, the full width at half-maximum of the 
resolution function varied from 0.7° for angles smaller 
than 15° to 2.7° for angles larger than 30°. The full 
widths are indicated on Figs. 4 and 6. 


® Kruse, Ramsey, and Teem, Phys. Rev. 101, 1079 (1956). 
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Fic. 3. Energy spectra of scattered protons in the center-of-mass system 


The absolute values of the cross sections are believed 
to be good to +4%. The absolute values of the proton 
energies are accurate to +1.8%. 


III. EXPERIMENTAL RESULTS 


Our study consists of two parts. In the first part, 
complete spectra were taken at seven angles, while the 
second concentrated on the elastic and first inelastic 
peak with measurements taken at a much larger 
number of angles. 

Figure 3 shows complete spectra observed at labora- 
tory angles of 30°, 35°, 40°, 45°, 50°, 60°, and 70°. 
These correspond to center-of-mass scattering angles 
(averaged over the energy region observed) of 33.1°, 
38.6°, 43.9°, 49.3°, 54.5°, 65.0°, and 75.3°. The incident 
proton energy averaged 93.0 Mev at the center of the 
carbon target in the laboratory. All plots are drawn, 
and unless otherwise stated, all further discussion 
will be in terms of the proton-carbon center-of-mass 
system. No corrections for telescope absorption are 
shown in Fig. 3 to increase readability. Each point 
represents the average of at least two measurements, 


and alternate points were taken at different times using 
“normal” and “shifted” absorbers (Sec. II). Errors 
shown are of statistical origin only. Arrows indicate 
the highest energy a proton could have if it originated 
in the indicated nuclear reactions. The arrow labeled 
d indicates the energy of protons which have the same 
range as pickup deuterons that leave the residual 
nucleus in its ground state. (The telescope measures 
the range, not the nature, of scattered particles.) Lines 
indicate the energy of possible inelastically scattered 
protons that leave the target nucleus C” in known 
energy states listed by Ajzenberg and Lauritsen." 

Figure 3 shows the existence of peaks at 79.5+0.2 
Mev, 75.4+0.3 Mev, 70.5+0.3 Mev, 60.3+0.7 Mev, 
and 44+1 Mev. In the carbon-proton center-of-mass 
system, the position of these peaks is independent of 
the angle of observation. The highest energy peak at 
79.5+0.2 Mev in Fig. 3 consists of elastically scattered 
protons. The peak width is determined by the experi- 
mental energy resolution, and the observed widths 
agree well with the estimates of Sec. II. 


 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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The 75.4+0.3 Mev peak is formed by inelastically 
scattered protons, and its position strongly suggests 
that it corresponds to protons that have excited the 
target nucleus to its well known 4.43-Mev level. At 
all angles the width of this peak is similar to that of the 
elastic peak. This is to be expected since it corresponds 
to the excitation defined energy level’ and since its 
position is above the highest energy proton which could 
have originated in a three-body disintegration. 

The position of the 70.5+0.3 Mev peak suggests 
that it corresponds to the excitation of the 9.61-Mev 
level of C®. At larger angles, the apparent width of 
this peak is larger than that of the elastic peak: this 
fact is probably caused by the increasing importance 
of the inelastic continuum produced in the (p,q) 
reaction, which lies under the inelastic peak. At 75.3° 
this peak has just about disappeared in the continuum. 

A third inelastic peak is seen at 60.340.7 Mev. It 
corresponds to a nuclear excitation of 20.8+0.7 Mev. 
This peak rides on top of a continuum, and as a result 
its width is not well determined. The width at 43.9° is 
consistent with the excitation of one level only, while 
at some of the other angles it appears rather too broad. 
At any rate, a preferential excitation of one or more 
levels in this energy region certainly takes place. 
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Fic. 4. Angular distribution of proton groups of different 
energies. The insert shows the energy position and width of these 
groups. The ordinate scale is different for each curve and was 
chosen to — the curves for the sake of clarity. The angular 
resolution (full width at half-maximum) is indicated. 
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The low-energy peak at 44-Mev occurs at the energy 
where pickup deuterons are expected to appear. At 
33.1°, we estimate a cross section of not less than 1.8 
mb/sterad for the area under the peak. Selove! has 
measured the pickup deuteron cross section accurately 
and finds 2.89+-0.30 mb/sterad at 33°. The width 
of the 44-Mev peaks is narrower than possible for 
protons of this energy. It is felt that the position, width, 
and magnitude of these low-energy peaks support their 
interpretation as consisting of pickup deuterons. 

Below 72.6 Mev, protons that result from the breakup 
of the target nucleus can appear, and these are expected 
to have a continuous energy distribution. At the same 
time, the known distance between levels lying more 
than 10 Mev above the ground state becomes much 
smaller than the experimental energy resolution. It 
is thus impossible to say what fraction of the observed 
continuum is due to unresolved peaks. The relative 
importance of the continuum increases as the scattering 
angle is increased. There is no sharp rise at the (p,pm) 
or (p,2p) thresholds: rather such a rise occurs at the 
(p,ap) threshold. 

The angular dependence of the energy distributions 
is brought out in Fig. 4. A plot is made for each of 
seven energy sections divided as shown, and the various 
curves are arbitrarily separated for the sake of clarity. 
Each curve has thus a different absolute ordinate scale. 
The cross sections for all proton energy sections decrease 
rapidly with increasing scattering angle, and only 
the elastic protons results give an indication of some 
structure. In general, the higher the energy of the 
inelastic protons, the steeper the angular decrease. 
Only group 3 is an exception and this group contains 
the 60.3-Mev peak: it decreases more rapidly with 
increasing angle than the continuum on either side. 
Since only a fraction of the group 3 protons belong to 
this peak, this result suggests a relatively steep decrease 
of the number of protons belonging to the 60.3-Mev 
peak. 

With the energy resolution available, the elastic 
and 75.4-Mev peaks could be separated fairly cleanly 
from the continuum and from each other. Spectra 
covering the 70 to 80 Mev region have therefore been 
obtained in 2.5° steps between 20° and 40°, in 5° steps 
between 40° and 80°, and one spectrum at 90° (all 
angles in the laboratory system). This series of measure- 
ments was carried out with a 99.5-Mev beam incident 
on a 1.37 g/cm® carbon target. The incident energy 
averaged 94.3 Mev (laboratory system) at the center 
of the target. Each spectrum has been analyzed in terms 
of the area lying under each of the two peaks. Three 
typical examples are shown in Fig. 5. The areas deter- 
mine the cross sections, after the corrections for tele- 
scope absorption have been applied (Sec. II). 

Below laboratory angles of 20°, the elastic peak 
becomes so overwhelmingly large that it becomes 


1 W. Selove, Phys. Rev. 101, 231 (1956). 
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difficult to distinguish between inelastically scattered 
protons, and elastic protons that have been absorbed 
in the telescope. Therefore only elastic protons have 
been counted at small angles. 0.5° and 1° steps were 
used in this region, since the angular resolution could be 
increased.” 

The results are shown in Fig. 6. The angular distri- 
bution of elastically scattered protons shows the 
following characteristic features: 


(1) A steep Coulomb scattering region at angles 
below 4°. 

(2) A small minimum at 6.5° followed by a nearly 
flat region due to Coulomb-nuclear scattering 
interference. 

(3) A steadily decreasing cross section with indi- 
cations of a first diffraction ‘‘minimum” at 40° and of 
a second at 64°. 


It should be emphasized that these minima appear 
only because the inelastic 75.4-Mev peak was separated 
from the elastic peak. This fact explains the failure 
to observe diffraction features with C in some previous 
high-energy experiments. 

The angular distribution of inelastic protons leaving 
the target nucleus in its first excited state shows a 
smooth behavior. The indication of some structure at 
70° is probably not outside the experimental error. 
At small angles the cross section is much smaller than 
for elastic protons, while at angles above 35° the elastic 
and inelastic protons have cross sections of comparable 
size. The inelastic protons show no structure effects of a 
magnitude comparable to that of elastic protons. The 
results shown in Fig. 4 indicate that the angular distri- 
bution of protons lying under the 70.5- and 60.5-Mev 
peaks is similar to that of the protons corresponding 
to the 75.5-Mev peak shown in Fig. 5. This statement 
refers of course only to the angular region covered and 
describes only the general trend since the angular 
increments of the data presented in Fig. 4 are quite 
broad. Better energy resolution is required before it is 
possible to obtain more precise angular distributions 
for the lower energy inelastic peaks. 


IV. DISCUSSION 


The elastic scattering results reported in the previous 
section, will be considered in detail in a later report 
covering the elastic scattering from a variety of ele- 
ments. They are presented here for comparison with 
the elastic results which will be discussed in some detail. 

Studies similar to the one reported here have been 
carried out by Hecht" with 31-Mev protons and by 
Fregeau and Hofstadter’ with electrons between 80 


12 The small-angle measurements were carried with a slightly 
modified experimental set up designed specifically for elastic 
scattering. They are included here for the sake of completeness. 


8G. J. Hecht, University of California Radiation Laboratory 
Report UCRL 2969 (unpublished). 
44 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 
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to 187 Mev. Hecht finds inelastic peaks corresponding 
to the excitation of nuclear energy levels at 4.43 Mev, 
9.60 Mev, and to weaker extent at 14.98 Mev. Evidence 
for a level at 21.9 Mev, and of several broad levels 
between 11 and 20 Mev is also reported. The angular 
distribution of elastically scattered 31-Mev protons 
shows more pronounced diffraction minima than the 
96 Mev results of Fig. 6. This is not surprising consider- 
ing the larger nuclear transparency at the higher 
energy. Hecht finds that the angular distribution of 
inelastic protons that have excited the carbon nucleus 
to the 4.43-Mev state shows diffraction features of 
magnitude similar to his elastic results. This is in 
contrast to the nearly smooth behavior of the corre- 
sponding 96-Mev results of Fig. 6. 

Fregeau and Hofstadter report the observation of 
inelastic peaks corresponding to the excitation of 
energy levels at 4.43 Mev, 7.68 Mev, and 9.61 Mev. 
In the forward direction, the relative scattering cross 
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Fic. 5. The high-energy region of the proton spectra at three 
representative angles. Dashed lines indicate the peak shape used 
to obtain cross sections. 
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section decreases with increasing excitation energy of 
the target nucleus. In the backward direction, the 
relative order of the cross section for excitation of the 
7.68-Mev and 9.61-Mev levels is reversed. In general, 
the angular distributions of inelastically scattered 
electrons are less steep than the corresponding data 
for elastic scattering. The general features of the 
electron scattering results are quite similar to the proton 
results reported here, except for the relatively strong 
excitation of the 7.68-Mev level. 

The quoted results and those reported in Sec. III 
show that for a low-A target such as carbon, inelastic 
proton scattering that results in the excitation of 
low-lying energy states is of considerable importance, 


at least for energies up to 96 Mev. Using a smooth 
extrapolation to 0° of the 4.43-Mev inelastic scattering 
curve of Fig. 6, it is estimated that the cross section for 
the excitation of the first excited state of C” represents 
about 5 percent of the elastic scattering cross section. 
Such an extrapolation is somewhat uncertain, however 
it emphasizes the importance of this type of scattering. 
Any experiment which requires the detection of only 
elastically scattered protons must therefore have 
excellent energy discrimination, if angles near and be- 
yond the first diffraction minimum are to be studied. 

It is of interest to consider possible methods of 
excitation of these inelastic peaks. Since their energy 
position remains constant over a wide angular region 
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in the proton-carbon center-of-mass system, the peaks 
are not the result of the usual “quasi-elastic’’ collision 
with some nuclear subunit. In such collisions, the 
position of the peaks is mainly determined by the 
proton-subunit kinematics. The constant energy posi- 
tion of the three inelastic peaks means that they are the 
product of an interaction in which the final state is 
determined by the detailed properties of the nucleus 
as a whole. This result does not preclude the possibility 
that the primary interaction is of a proton-nucleon or 
proton-nuclear subunit type, it only means that both 
collision partners do not behave like free particles. 

The inelastic peaks do not seem to be the result of 
C® compound nucleus formation and subsequent 
proton emission, nor of Coulomb-excitation. The first 
is made improbable by the high energy and consequent 
large mean free path of the incident proton, the second 
by the large momenta transferred to the scattered par- 
ticle. The inelastic peaks seem to be the result of a 
“direct” nuclear excitation in which the incident par- 
ticle interacts with the nucleus for a time of the order of 
R/v, where R is the nuclear radius and » the velocity of 
the incident proton. The term “direct” excitation is 
used to emphasize the fact that the excited level is 
not reached through particle and gamma-ray cascade 
emission. Several possible methods of excitation 
suggest themselves from nuclear models that have 
been found useful in interpreting the properties of 
light nuclei.!® Just as certain properties of each of 
these models probably belong in a complete description 
of light nuclei, so the inelastic scattering probably 
results from a combination of the models that will be 
discussed. 

The independent-particle model leads naturally to 
an interaction model similar to the excitation of atomic 
states by electron bombardment. The incident proton 
interacts with one nucleon inside the target nucleus, 
excites the nucleon into a higher energy state, and then 
leaves the nucleus without further interaction. The 
last condition is quite probable, since the mean free 
path in nuclear matter of 96-Mev protons is about 
twice as large as the radius of the carbon nucleus. 
This suggests that there is no need to restrict such 
collisions to the nuclear surface as was done for lower 
energy particles by Austern et al.!6 The model requires 
the presence of nucleons inside the target nucleus that 
have relatively large momenta to make possible the 
observed large-angle scattering with small energy loss. 
For instance, a nucleon with an internal kinetic energy 
of 45 Mev can collide with the incident proton in 
such a manner that a deflection of 80° is produced 
and the incident particle emerges with its initial energy 
reduced by only 4.4 Mev. Such an internal energy is 
well below the largest values derived by Selove." 

This interaction model predicts the strong excitation 
of those states that can be reached by a single-particle 

15 T). R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

16 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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transition. Examples are single particle states, and all 
states to which these are strongly coupled. Parentage 
arguments” are then useful in predicting the nature and 
strength of the probable transitions. 

In order to illustrate the type of information that one 
might hopefully expect to obtain from more accurate 
and comprehensive data and detailed calculations 
based on this interaction model, we will consider the 
information available on the nature of the strongly 
excited levels according to the individual particle 
model. If one uses the j-7 coupling description of the 
shell model, the carbon ground state has an sy,‘ p,° 
configuration. The 4.43-Mev level is known to be 2+ 
and presumably belongs to the s;* p;’ p;' configuration." 
It can thus be excited by a single-particle transition, 
and it is found to be strongly excited. The identification 
of the 1* state of the same excited configuration with a 
known level has not been made; taking the interaction 
model more seriously than is warranted, the 9.61-Mev 
level suggests itself since it is found to be strongly 
excited. A 0* state exists in carbon at 7.68 Mev: it can 
be produced by a two particle transition to a configura- 
tion such as s;* p;° p; or by a single particle transition 
to the s;° 2s;' p;° configuration.'® The results shown in 
the previous section indicate at most a weak excitation 
of this configuration with 31- and 96-Mev protons as 
expected if a two-particle transition is involved. None 
of the T=1 states known above 15 Mev seem to be 
excited especially strongly, although some at least 
can be reached by a single particle transition from the 
ground state. 

The next peak corresponds to the excitation of one 
or more levels grouped around 20.8+0.7 Mev. The 
reaction model suggests that they are mainly individual 
particle states, and they might thus belong to the next 
excited configuration which is sj‘ p,’ dy. It is of interest 
to note that Halpern and Mann" have found a strong 
1.7-Mev wide resonance at 21.5+0.5 Mev in the 
(y,p) cross section, and Mann et al.” have interpreted 
angular distribution measurements in terms of the 
excitation of a single particle level of just this configura- 
tion. It seems reasonable to suppose that at least some 
of the same levels are preferentially excited by y rays 
and by high-energy protons. 

No detailed calculations based on the individual- 
particle excitation model have as yet been made for the 
angular distribution of inelastically scattered 100-Mev 
protons. Born approximation considerations indicate 
that the observed distributions are in general agree- 
ment with this reaction model, and that dips are 
possible in the forward direction where no datum is as 
yet available, and where it is difficult to obtain. 

While the preceding discussion has been limited to 
an initial proton-nucleon interaction, the model should 


17 A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1192 (1955). 
18 P. J. Redmond, Phys. Rev. 101, 751 (1956). 

19 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 

*” Mann, Stephens, and Wilkinson, Phys. Rev. 97, 1184 (1955). 
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be enlarged by including other nuclear subunits as 
possible targets. Thus the alpha-particle model!® of 
C” suggests alpha-particle targets: the rapid increase 
at large angles (Fig. 3) of the apparent continuum above 
the (p,ap) threshold supports the existence of such 
collisions. Nor can excitation modes of the nucleus as a 
whole be excluded. 

The shape, cross section, and angular variation of 
the inelastic continuum are in general agreement with 
the corresponding neutron spectra.”! 


Vv. CONCLUSION 


It has been found that important contributions to 
inelastic scattering of 96-Mev protons arise from the 
excitation of nuclear energy states in the target nucleus. 
The results presented show the excitation of levels at 
4.43, 9.61, and 20.8 Mev and indicate that the corre- 
sponding excitation cross sections decrease smoothly 
with increasing scattering angle. Further work with 
better energy resolution is clearly indicated. Besides 
the intrinsic interest of this type of investigation for a 
more complete understanding of the mechanism of 


2 J. A. Hofmann and K. Strauch, Phys. Rev. 90, 449 (1953). 
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high-energy nuclear reactions, the high energy and 
consequent short interaction time and large mean free 
path in nuclear matter of the scattered proton would 
seem to favor simple rearrangements of the ground 
state structure. This might make it possible to obtain 
information on the nature of excited states which 
cannot as easily be obtained from lower energy results. 
Since it has been found possible to obtain polarized 
proton beams at 140 Mev and higher energies, inelastic 
proton scattering leading to the excitation of nuclear 
levels should become possible with polarized protons. 
These results also emphasize the fact that any experi- 
ment in which only elastically scattered particles are 
to be detected requires good energy resolution. 
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Production of a 6° Particle without an Associated Hyperon in a = — p Collision* 


WituiaAM B. FowLer, GEORGE MAENCHEN, WitsoN M. PowELL, GEORGE SAPHIR,f AND ROBERT W. WRIGHT 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received March 27, 1956) 


An event is described that is interpreted as evidence for the simultaneous production of a ® and a # 
according to the scheme of Gell-Mann and Pais. This interpretation assumes the production of a normal # 
and a K® with no associated hyperon, where the @ is observed and the K° is inferred from the rule of associ- 
ated production of heavy unstable particles. The event was obtained by exposing a high-pressure diffusion 
cloud chamber to a 4.5-Bev/c x~ meson beam from the Bevatron. The event is most reasonably interpreted 
as sr +p—2 +++ (neutral). Energy and momentum conservation are satisfied by an undetected 
neutral particle having a mass of 502_,2;**! Mev. This is consistent with the associated production of a # 
and a & according to the scheme of Gell-Mann and Pais. Details are given and alternative interpretations 


are discussed. 


URING an investigation of the interactions of 

4.5-Bev/c x~ mesons with protons,' an interesting 
event involving the production and decay of a # was 
observed. Most of the previously reported? examples of 
production of heavy unstable particles in *~—p colli- 
sions were interpreted as due to the associated produc- 
tion of a K meson and a hyperon. An exception is the 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Also at the University of San Francisco. 

1 Maenchen, Powell, Saphir, and Wright, Phys. Rev. 99, 1619 
(1955). 

? Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953); 93, 861 (1954); and 98, 121 (1955). W. D. Walker, 
Phys. Rev. 98, 1407 (1955); W. D. Shephard and W. D. Walker, 
Phys. Rev. 100, 1264 (1955). 


event obtained by Ceccarelli, Grilli, Merlin, Salandin, 
and Sechi* in the G-stack which is interpreted as 
x +p— K++K~--+n. The event to be described also 
is not consistent with the associated production of a 
K meson and a hyperon and is most readily explained 
as the production of two neutral K particles. 

The general experimental arrangement is shown in 
Fig. 1. The x~ mesons were produced by circulating 
protons of 5.7 Bev striking a carbon target inside the 
Bevatron. Mesons emitted in the forward direction 
underwent momentum analysis by deflections of 17.6° 
in the magnetic field of the Bevatron and 10.8° in an 


3’ Ceccarelli, Grilli, Merlin, Salandin, and Sechi, Nuovo cimento 
2, 828 (1955). 
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external analyzing magnet. A 4-foot-long steel collimator 
with a 6-inch-wide gap was inserted between the 
Bevatron and the analyzing magnet. Beyond a con- 
crete shielding wall the meson beam entered a diffusion 
cloud chamber which was 65 feet from the target. The 
chamber (which has been described previously*) was 
filled with hydrogen gas at 36 atmospheres and operated 
in a pulsed magnetic field of 21 500 gauss. Curvature 
measurements on a sample of beam tracks in the center 
of the chamber, where the event occurred, give a 
momentum of 4.49 Bev/c with a standard deviation of 
0.28 Bev/c. This agrees with the momentum expected 
from the beam geometry. 

A photograph of the region near the origin of the 
event is shown in Fig. 2. Measurements of the event 
are summarized in Table I. Track 1 is identified as a 
proton or possibly as a 2+ by its momentum and ioniza- 
tion. This identification locates the only nucleon present 
and thereby reduces significantly the number of possible 
processes. Track 2 is negative and is identified as a 
am or possibly a K~. Track 3, the positive leg of the 
V°, is identified as a light particle and is assumed to 
be a wt. Track 4, the negative leg of the V°, is assumed 
to be a x~. The Q value of the V° (Tracks 3 and 4) is 
221.6+7.7 Mev (standard error), and its proper life- 
time is only 2X 10~" sec. This Q value is in good agree- 
ment with the well-known # Q value of 214 Mev. The 
small dot seen near the origin of the event in Fig. 2 is 
actually slightly displaced from it and is not associated 
with the production event. It is probably a delta ray 
from Track 1. 

Since all the momenta are well measured, we can 
calculate the mass M,, of an assumed neutral particle 
or the effective mass of a combination of neutral par- 
ticles that is needed to account for the missing energy 
and momentum. The missing energy E, depends on 
the various possible choices of mass for the visible 
particles; the neutral mass M,=(E,?—?,’)' will thus 
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Fic. 1. Experimental arrangement of the 4.5-Bev/c x~ beam. 


4 Elliott, Maenchen, Moulthrop, Oswald, Powell, and Wright, 
Rev. Sci. Instr. 26, 696 (1955). 
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depend on these choices. These various interpretations 
and the resulting M, are summarized in Table II. 

Two values of M,, are given for each reaction. The 
first, Mn 1), is the value obtained from the measure- 
ments in Table I. The second, My 2), is the value 
obtained by decreasing the momentum of Track 4 by 
3.5%. This adjustment was made in order to bring the 
Q value of the visible & decay into agreement with the 
value to be expected if the @° mass were equal to 493.4 
Mey, the r+ mass. Only this momentum was adjusted, 
because it contributes nearly all the uncertainty in Q. 

The errors listed in Table I correspond to about 1.5 
standard errors, and include estimated gas distortion 
in the cloud chamber as well as measurement uncer- 
tainties. The latter were estimated from the internal 
consistency of four sets of measurements of the event, 
which indicated that both for angles and for curvatures 
there is one chance in ten that the true value lies out- 
side the errors used. The gas distortion was estimated 
by measuring curvatures of beam tracks at one of the 
times when the magnetic field was turned off briefly 
(about 45 minutes before this event occurred). The 
distortion was found to be less than 0.04 mm, which 
corresponds to a radius of curvature of about 100 
meters for a 20-cm track. The agreement between the 
measured and the expected momentum of beam par- 
ticles also indicated little gas distortion. The momentum 
and angle errors were combined in quadrature to obtain 
the uncertainties on M,, listed in Table II. The adjusted 
value of the momentum of Track 4 was not allowed to 
vary in the computation of the errors in M y(2). Higher 
derivatives were taken into account, and the resulting 
errors also correspond to 1.5 standard errors. The value 
of M,, mentioned in the abstract, however, corresponds 
to My,2) in Reaction A, and its error has been reduced 
to correspond to one standard error. 
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Fic. 2. Photograph of the region near the origin of the event. 
The most likely interpretation is that Track 0 is the incident 
4.5-Bev/c x~ meson, Track 1 is a proton, Track 2 is a »~ meson, 
and Tracks 3 and 4 are pions from the @ decay. 
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TABLE I. Basic data on tracks of Fig. 2. 





Measured 
Length momentum 
(cm) (Mev/c) 
0 4.9 4500+350* 
1 22.2 585+ 20 
2 23.1 638+ 20 
3 
4 


Estimated 


Track Charge ionization Particle 


om 
p(2*) 
a (K-) 


227+ 7 + 
22544118 - 


17.2 
23.3 





* This momentum is that of the pion beam. 


It is of interest to consider the reactions listed in 
Table II from the point of view of the scheme of Gell- 
Mann and Pais’ for the classification of heavy unstable 
particles. In this theory the usually observed @ is part 
of an isotopic spin doublet, #°@+, with “strangeness” 
S=+1; its antiparticle, the ®, is part of the doublet 
#@- with S=—1. The A and > hyperons are assigned 
S=-—1. Selection rules for production processes result 
from conservation of the strangeness quantum number 
in all strong interactions. Hence a & or a 6+ may be 
produced® together with a ®, @-, A°, or 2, but a @ ora 
6- may be produced only with a @ or a @*. 

The most reasonable interpretation of the event is 
Reaction A : 


mt +p— pt+a-+-+ (neutral). 


The neutral particle has a mass of about 500 Mev and 
can be either a neutral K meson or two or three neutral 
pions. The latter interpretation violates the rule of 
associated production of heavy unstable particles. If 
the associated production rule is valid, then the neutral 
particle is a K meson. This means that in the Gell- 
Mann scheme, either it or the observed V° must have 
S=—1 and be a &.6 The neutral particle left the sensi- 
tive region of the chamber in a proper time of about 
0.8X 10-” sec. 

As shown by the imaginary mass values in Table II, 
both Reactions B and C may be ruled out, since they 
result in more missing momentum than missing energy 
and thus cannot be balanced by any real particle. 

In Reaction D we consider the rather unlikely possi- 
bility that our pion beam may have a small contamina- 
tion of K mesons. Such an energetic K~ is kinematically 
possible, and its proper time of flight from the target 
to the cloud chamber is about 10 sec. In this case the 

5 M. Gell-Mann, Phys. Rev. 92, 833 (1953) ; M. Gell-Mann and 
A. Pais, Proceedings of the 1954 Glasgow Conference on Nuclear 
and Meson Physics (Pergamon Press, London, 1955); M. Gell- 
Mann, Pisa Conference, June, 1955, Nuovo cimento (to be 
published). 

6 The r meson may have the same doublet arrangement as the 
6, and could replace it in these production rules. We mention only 


the @ here although we cannot differentiate between a @ and a 7° 
as the missing neutral particle. 
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TABLE II. Various interpretations of the event shown in Fig. 2. 
M, is the effective mass corresponding to the missing energy and 
momentum. M,,;) was calculated from the momenta in Table I. 
M2) was calculated in the same way, but with the restriction 
that the Q value of the & particle must be 214.2 Mev. Imaginary 
values of M, indicate more missing momentum than missing 
energy. The errors on M, are about 1.5 standard errors. 





Mn) (Mev) 


Reaction Mn» (Mev) 





Track 0 1 2 (3,4) 

Case A +p—p +2- +0°+Mn 438 272178 502_is6t186 
+pr>lt+e- 4+0°4+Mn = (519_s5*¥9) i (487 _s9*27) 
+p—>p +K-4+04+Mn i (375—260*78) i (322 _226*#8) 
K-+p—p +27 +0°4+Mn 500 _272*172 


r 
Case B ™ 
Case C ® 
Case D 





missing neutral particle presumably consists of two or 
three neutral pions. One may note that the incident K— 
has strangeness —1. In order to conserve strangeness 
the V° whose decay is observed must have S= —1 and 
therefore must be a #. Thus with either Reaction A or 
D we require the presence of a neutral K meson with 
S=—1. 

We have considered only two other possible inter- 
pretations. One is that Prongs 1 and 2 are due to a 
very rapid A° decay. This may be ruled out because the 
Q value of such a decay would be 225 Mev. The other 
possibility is that Prong 1 is a proton from a rapid 
decay of 2+— p+7° which had a sufficiently small 
angle of decay to escape observation. The track was 
examined carefully, and at many points along the track 
the minimum detectable angle was estimated and trans- 
formed to the center-of-mass system of the 2+. Assum- 
ing the decay to be isotropic in the center-of-mass 
system, one finds that less than 4% of such decays 
could have escaped observation. The actual probability 
of this interpretation is somewhat smaller than this 
limit because roughly half of these undetectable decays 
would require momenta for the 2+ that would not fit 
the kinematics of the original event. 

The possibility that this event is due to a collision 
with a carbon or oxygen nucleus is considered extremely 
small. Methyl alcohol, which was the condensable vapo4 
in the cloud chamber, constituted about 0.1% of the 
gas molecules at the beam level. Carbon or oxygen 
stars should be recognizable as such because of the 
net positive charge of the event of 5 or 7, and because 
of the typical highly ionizing low-momentum prongs. 
The dot near the origin of this event is too displaced 
and too rounded to be a recoil blob. The few alcohol 
stars observed were easily recognized. 

We wish to thank Mr. Howard S. White for pro- 
graming and processing some of the calculations on an 
IBM650 computer. We are indebted to Dr. Edward J. 
Lofgren and the Bevatron staff for their excellent 
cooperation. 
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Total p-p and “‘p-n’’ Cross Sections at Cosmotron Energies* 


FRANCIS F. CHENt AND CHRISTOPHER P. LEAvitT, Brookhaven National Laboratory, Upton, New York, 
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(Received February 29, 1956) 


The total proton-proton cross section (excluding Coulomb 
scattering) has been measured at energies from 410 Mev up to 
2.6 Bev, using external beams from the Cosmotron. Fast counting 
equipment was used to measure the attenuation of the beams 
through polyethylene, carbon, and liquid Hz absorbers. At each 
energy FE, op_p(EZ,Q) was measured as a function of the solid 
angle 2 subtended by the rear counter at the center of the absorber. 
The total cross section op_p was obtained by a least squares 
straight line extrapolation to Q2=0. The measured op_p as a 
function of energy rises sharply from 26.5 mb at 410 Mev to 
47.8 mb at 830 Mev and then remains approximately constant 
out to 1.4 Bev, above which energy it decreases gradually to 
about 42 mb at 2.6 Bev. 

Using the same equipment and procedure, we have also meas- 
ured the D»O—H.O difference cross section, called ‘“op_n,”’ for 
protons over the same energy range. From a comparison of 


I. INTRODUCTION 


N the energy region between 95 and 437 Mev, the 

proton-proton cross section, both differential elastic 
and total, has been quite thoroughly investigated.'~7 
Discrepancies which existed among various laboratories 
have recently been resolved and the total elastic cross 
section is known to remain remarkably constant (be- 
tween 22 and 24 mb) from 130 to 437 Mev. When 
proton beams with energies up to 3 Bev became avail- 
able at the Brookhaven Cosmotron, it was of great 
interest to determine the behavior of the p-p cross 
section at these higher energies. In the present experi- 
ment the total p-p cross section has been measured in 
the region from 410 Mev to 2.6 Bev. Experiments® are 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Project Matterhorn, P. O. Box 451, Princeton, New 
Jersey. 

t Now at the Department of Physics, Harvard University, 
Cambridge, Massachusetts. 
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“gyn,” and op_p, With the n-p and n-d measurements of Coor 
et al. at 1.4 Bev, it is apparent that one nucleon is “shielded” 
by the other in the deuteron. This effect is not present at energies 
below 410 Mev. 

Comparing the measured p-p and ‘‘p-n” (corrected) cross 
sections with the results of other high-energy experiments, one 
may infer the following conclusions: (1) The sharp rise in op_p 
from 400 to 800 Mev results from increasing single pion produc- 
tion, which may proceed through the T= $, J =} excited nucleon 
state. (2) Above 1 Bev the inelastic (meson production) p-p cross 
section appears to be approximately saturated at 27-29 mb. 
(3) The rise in cross section for n-p interaction in the T=0 state, 
associated with the rise in double pion production, implies that 
double meson production also proceeds through the 7= 3 nucleon 
state. (4) The probable equality of op ¢ and on_a at 1.4 Bev 
implies the validity of charge symmetry at this energy. 


now in progress to determine the cross section for 
elastic p-p scattering; and the difference between the 
total and elastic values will give the cross section for 
inelastic scattering, or meson production, as a function 
of energy. 

The difference in attenuation between D.O and H.O 
absorbers for protons over the same energy range has 
also been measured. To a first approximation one might 
expect this difference to correspond to the free neutron- 
proton cross section, since, at energies above 400 Mev, 
the proton’s wavelength is much smaller than the 
average internucleon distance in the deuteron. At 408 
Mev? and 410 Mev" the difference cross section, or 
““op-n;' has been observed to be approximately equa! 
to the free n-p cross section. It appeared hopeful, 
therefore, that this method would provide values close 
tO on» at a series of well-defined incident energies. The 
direct measurement of o,_» using monoenergetic inci- 
dent neutrons would be exceedingly difficult at the 
Cosmotron because the energy spectrum of the emergent 
neutrons is very broad.'?:8 

Using this broad neutron spectrum, however, on_>p 
and o,—a have been measured by Coor and collabora- 
tors.'2 A comparison of the results of their experiment 
with those of the present one yields information on the 
charge symmetry of nuclear forces and the properties 
of the deuteron. 


1” V. A. Nedzel, Phys. Rev. 94, 174 (1954). 

4 For brevity, we shall hereafter refer to the difference cross 
section ¢p-¢d—@p_p as the “‘p-n” cross section or “gp_n,” in order 
to distinguish it from the free neutron-proton cross section 
On—p( =Op—n)- 

22 Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 
(1955). 

18 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 
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Fic, 1. Experimental arrangement. 


Preliminary results of the present work have been 
reported previously. 


II. EXPERIMENTAL METHOD 


The total p-p cross section at a given energy was 
obtained in most cases by measuring the attenuation 
of the proton beam by polyethylene and carbon 
absorbers. A three-counter telescope monitored the 
beam incident on the absorbers; and a large fourth 
counter, in fast coincidence with the first three, meas- 
ured the transmitted beam. 

In order to eliminate the effect of charged secondaries 
which passed through the fourth counter, the fourth 
counter was placed at various distances behind the 
absorbers, and the cross section was determined as a 
function of the solid angle subtended by this counter 
at the absorber. These values were extrapolated to zero 
included solid angle in order to obtain the total cross 
section. 

The minimum angle subtended by the rear counter 
was chosen so that essentially all protons deflected by 
single Coulomb scattering did not miss this counter. 
Hence the extrapolated cross section is the total cross 
section for all interactions other than Coulomb scat- 
tering. 

As a check upon the CH,—C subtraction method, 
a liquid hydrogen attenuator was also used at two 
energies. 


4 Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663(A) (1954). 
See also C. P. Leavitt, Proceedings of the Fifth Annual Rochester 
Conference on High-Energy Physics, 1955 (Interscience Publishers, 
Inc., New York, 1955), p. 41; A. M. Shapiro, Proceedings of the 
Sixth Annual Rochester Conference on High-Energy Physics, 1956 
(to be published). 


The D,O—H.O attenuation difference was measured 
under conditions identical to those in the p-p measure- 
ments. Here also an extrapolation to zero included solid 
angle was made for determining the total “p-n” cross 
section. 

Proton beams of various energies were obtained by 
two different methods. For energies of 1.5 Bev and 
below, the experimental arrangement shown in Fig. 1 
was used. The internal proton beam of the Cosmotron 
was made to collapse and strike a 6 in.X2 in.X2 in. 
beryllium target, located in the east straight section. 
Particles emerging from the target at an angle of 32° 
to the forward direction passed out of the straight 
section through a thin Al window and traveled down a 
3-in. diam channel in the 8 ft thick concrete shield 
surrounding the machine. The smallest angle at which 
particles from the target could emerge from the Cosmo- 
tron without passing through the field of its magnet 
was 32°. The range of energies in this beam, therefore, 
had the highest upper limit obtainable in any “direct” 
beam. 

The particles emerging from the collimator then 
passed through an analyzing magnet, which deflected 
those of the desired sign and momentum through 11.9° 
into the counter telescope. The energy of the protons 
to be studied was varied by changing the current 
through the analyzing magnet. This experimental 
arrangement was identical to that used in a previous 
experiment.'® 

In order to obtain proton beams of sufficient intensity 
with energies above 1.5 Bev, a second method was used. 


18 Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955). 
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It was discovered that, with the internal beam collaps- 
ing onto an inside target in the normal manner, a very 
small fraction of the beam expanded outward radially 
at the end of the acceleration cycle and flew off tan- 
gentially around the machine. By producing at the end 
of the cycle a fluctuation in the magnetic field of one 
of the quadrants, this radial ‘‘blow-up” beam could be 
enhanced and concentrated in one direction. Such a 
beam emerging from the south straight section approxi- 
mately tangentially was used for the higher energy runs. 
It passed through a 2-in. diam collimator channel in the 
shielding wall, and then was analyzed magnetically and 
counted in the same physical arrangement as was used 
in the first method. 


Ill. APPARATUS 


The equipment used in this experiment has been 
described in detail in reference 15. Only a brief de- 
scription will be given here, except for those parts 
which are new or different. 

Counters 1, 2, and 3 were 25-in. diam plastic scintil- 
lators, each viewed edgewise by two matched 1P21 
photomultipliers connected in parallel. Counter 4 (No. 
4B of reference 15) was a 6-in. diam plastic scintillator, 
4 in. thick, viewed edgewise by three matched 1P21’s 
placed symmetrically on its periphery. The pulses from 
the four counters were amplified, clipped, and placed in 
fast coincidence in two identical Garwin-type circuits,!® 
each having a measured resolving time of 7X10~° sec. 
In one circuit the first three counters were placed in 
threefold coincidence, and in the other all four were 
placed in fourfold coincidence. The output pulses, after 
amplification, gated discrimination, and stretching to a 
width of 10-7 sec, were counted by 10-megacycle 
Hewlett-Packard scalers. The efficiency of counter 4 
was carefully tested and was found to be very nearly 
100% over its entire surface. 

The polyethylene and carbon attenuators were chosen 
to have nearly equal numbers of carbon atoms per cm’. 
Two sets of attenuators, each cylindrical in shape and 
72 in. in diameter, but with different lengths, were used. 
The thinner set was used primarily for the runs with 
“poorer” geometry, for the purpose of decreasing the 
spread in the solid angle subtended by counter 4 at the 
attenuator. The use of two sets also served as a check 
that the measured cross sections were independent of 
absorber thickness. The thicker set had surface densities 
of 32.64 g/cm? of CH: and 28.18 g/cm? of C; the thinner, 
14.20 g/cm? of CH: and 12.20 g/cm? of C, corresponding 
to physical lengths of approximately 14, 7, 6, and 3 
inches, respectively. The carbon attenuators were made 
up of 1-in. thick disks spaced uniformly to fill the 
volume occupied by the corresponding CH: absorber. 

For the liquid hydrogen runs, a double-walled Styro- 
foam container was used, with an inner copper tank 


WR. L. Garwin, Rev. Sci. Instr. 21, 569 (1950). The circuit was 
modified along the lines of a distributed amplifier, as suggested 
by L. Madansky. 
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having 1-mil windows, through which the proton beam 
passed. This target presented 2.25 g/cm? of liquid Hy» 
to the beam and 0.4 g/cm? of Styrofoam and copper. 

Two identical cylinders, 16 in. long and 5 in. in diam 
with ;g-in. brass walls, were used to contain the heavy 
and light water for the “‘p-n’’ measurements. The 
surface densities were thus 45.1 g/cm? of D.O and 
40.6 g/cm? of H,O. 

The analyzing magnet had rectangular 36 in. X18 in. 
pole pieces with a 6-in. gap. The geometry of the 
experimental arrangement was such that particles from 
the Cosmotron could not travel directly to the magnet 
pole faces, nor could any stray particles scattered from 
the pole faces pass down the counter telescope. 

An auxiliary monitor (see Fig. 1), consisting of two 
counters in coincidence and a separate system of elec- 
tronics, was placed in another beam. This was needed 
in the measurement of the beam contamination and 
provided a continuous check upon the operation of the 
primary counter telescope. 


IV. INVESTIGATION OF THE PROTON BEAM 
A. Energy and Energy Resolution 


The momentum of the particles passing through the 
telescope was determined by a calibration of the 
analyzing magnet. The calibration, by the method of 
the current-carrying wire,'’ was repeated several times 
and the results proved to be consistent within 1%. 

As a check upon the wire measurement, the range of 
the particles in copper was also determined for several 
of the lower energies. Integral range curves taken at 
445 and 855 Mev are drawn in Figs. 2 and 3, respec- 
tively. The mean range could not be obtained accurately 
by this method for two main reasons: (1) The attenu- 
ation of the particles by nuclear absorption in the copper 
reduced the number reaching the end of their range to 
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Fic, 2. Integral range curves in copper of the 445-Mev proton 
beam. The upper curve was obtained with the Cosmotron oper- 
ating at an energy of 2.2 Bev, and the lower curve at 1 Bev. The 
extrapolations shown were made using a geometric cross section 
of +(1.25A!X 10-4)? cm?. 


17 DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 
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Fic. 3. Integral range curve in copper of the 855-Mev proton 
beam with the Cosmotron operating at an energy of 2.2 Bev. 
The extrapolation shown was made using a geometric cross section 
of #(1.25A4X 10)? cm’. 


such an extent that good statistics could not be obtained 
in a reasonable length of time. (2) In order to compute 
the differential range curve from the integral range 
measurements, the data had first to be corrected for 
the nuclear attenuation, and this could not be done 
with accuracy. However, the range measurements did 
indicate that the beam particles passing through the 
telescope consisted predominately of protons having 
energies consistent with those given by the wire meas- 
urements; and they provided information about the 
energy spread of the beam and the amount of contami- 
nation in it. 

A stated value of beam energy refers to the mean 
kinetic energy of the protons emerging from counter 3, 
except when the statement is made in reference to a 
cross section measurement, in which case the mean 
energy at the center of the attenuator is given. These 
values, as determined by the wire calibration, have an 
accuracy corresponding to a +2% uncertainty in the 
value of the beam momentum. 

The energy spread of the beam through the telescope 
corresponds to a momentum spread of 7%, full width 
at half-maximum, as calculated from the geometry of 
the experimental arrangement. This width agrees well 
with that determined from the measured range curves. 
From the nature of the magnetic analysis, this momen- 
tum resolution is of course the same at all energies. 


B. Contamination 


The analyzed beam passing through the counter 
telescope contained a small contamination of ++ mesons, 
u*+ mesons, positrons, and possibly K+ particles, all 
having the same momentum as the desired protons. The 
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primary contaminant is believed to have been a+ 
mesons. In an earlier experiment'*® under very similar 
experimental conditions it was determined that the 
ratio of ~~ mesons to m~ mesons in the 32° beam was 
less than 0.05, and, since the u-r ratio should be 
independent of the sign of the charge, 1 mesons were a 
very minor component in the present experiment also. 
Calculations indicate that the number of high-energy 
positrons in the beam was negligible. K-particle pro- 
tion at these energies is completely negligible compared 
with #-meson production.” 

The amount of contamination present in the 32° 
beam was roughly determined by making use of the 
range measurements in copper. Since at a given mo- 
mentum the m mesons have a much larger range than 
the protons, it was possible to obtain an estimate of 
the number of x mesons or light particles by observing 
the counting rate for amounts of absorber greater than 
the proton range. There must be considerable correction 
for nuclear absorption, and an upper limit for the 
contamination was set by using the geometric cross 
section for this correction. The upper limit thus ob- 
tained was of the order of a few percent, as indicated 
by the extrapolations in Fig. 2 and Fig. 3. At the lower 
momenta the contamination tended to increase, but it 
was possible to compensate for this by lowering the 
internal proton beam energy (see Fig. 2). 

A better estimate of contamination could be obtained 
by measuring the counting rate for negative particles 
of the same momentum as the protons used, and esti- 
mating the magnitude of the positive counterpart of 
these particles from the observed +/— 2-meson ratio 
of Lindenbaum and Yuan” in the 32° beam. The 
measured counting rate for negatives in the present 
experiment was always less than 0.1% of the positives 
and the estimated positive contamination less than 
0.2%. While Lindenbaum and Yuan’s values do not 
extend above 1.0 Bev/c, the negative counting rates at 
the higher momenta were so low (<0.01%) that even 
a ten-fold increase in the +/— ratio would not increase 
the estimated contamination above 0.2%. Consequently 
no correction has been introduced for contamination. 

The amount of contamination present in the mag- 
netically analyzed “blow-up” beam, although not 
measured, was also considered negligible. In the “‘blow- 
up” beam runs the analyzing magnet deflected into the 
counter telescope only particles having the maximum 
momentum available from the machine. Contamination 
particles of any nature could not be produced with this 
maximum momentum. 


V. EXPERIMENTAL PROCEDURE 


The counter telescope position was adjusted in height 
and angle to maximize the counting rate. It was verified 


18 Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1073 (1953). 

9 Hill, Salant, and Widgoff, Phys. Rev. 99, 229 (1955), and 
private communication. 

”S. J. Lindenbaum and L. C. L. Yuan (private communica- 
tion). 
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that this optimum position coincided with the proton 
trajectories determined by the current-carrying wire. 
The 200-ohm cables between the photomultipliers and 
the coincidence circuits were varied in lengths to test 
the time resolution of the circuits and to determine the 
optimum cable lengths. Discriminator bias curves and 
counter voltage plateau curves were taken for the proper 
adjustment of the electronics. These were frequently 
checked. 

The beam from the internal Cosmotron target 
emerged at the end of the acceleration cycle over a 
period of 30 to 70 milliseconds (msec). The “blow-up” 
beam for the higher energy measurements was con- 
siderably more bunched and appeared over a 5- to 10- 
msec period. In both cases the coincidence circuit dis- 
criminators were biased completely off except for an 
80-msec interval centered on the beam pulse. This gat- 
ing was not needed to eliminate background counts 
during the ‘“‘beam-off”’ time, since there were none, but 
it did serve to eliminate particles emerging in the 32° 
beam during the acceleration cycle. These particles had 
the proper momentum, but since their number and time 
distribution varied greatly from one Cosmotron pulse 
to the next, their properties were not investigated. 

The threefold counting rate varied from 100 to 1000 
per Cosmotron pulse under the various running condi- 
tions, with the most frequent rate being between 200 
and 400 per pulse. Since the dead time of the entire 
circuitry was measured to be 2.2X10~" sec, there 
appeared to be no counting rate loss due to beam 
bunching, except for some indications of this during 
the “blow-up” beam runs. 

A typical run, for a given proton energy and solid 
angle subtended by counter 4 at the absorber, consisted 
of 100000 threefold pulses, or “triples,” with a CH» 
or D,O attenuator in position and slightly fewer triple 
counts with the matching C or H,O attenuator in the 
beam. The matching absorbers were frequently inter- 
changed during a run in order to eliminate the effects 
of any slight drifts in the apparatus. Interspersed 
between these counting periods were frequent 10 000 
count runs with no absorber between counters 3 and 4. 
These provided a continual check upon the operation 
of the circuits and in the case of the CH: and C runs 
were needed in order to correct for the slightly unequal 
numbers of C atoms in the two attenuators. 

A run, at a given energy and included solid angle, was 
repeated whenever possible (one or more times) on the 
same day and also after a period of several weeks or 
several months. These repeated runs agreed well with 
each other within statistical expectations. 

For the liquid hydrogen runs, two identical containers 
were used. Before filling, these were interchanged 
behind counter 3, and their equal attenuation verified. 
Then one container was filled with liquid hydrogen, and 
this container and the “dummy” one were frequently 
interchanged during the run. 

The accidental coincidence rate was frequently 
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checked by the insertion of 20 ft of extra cable between 
one of the counters and the coincidence circuits. This 
length of extra cable permitted two or more particles 
resulting from a single revolution of the internal beam 
of the Cosmotron to pass through the counters and 
produce an accidental coincidence. With the extra 
length inserted in channel 4, the accidental rate was 
generally less than 0.6% of the triples rate. With it in 
any of the other channels the accidental rate was 
considerably lower. 

Counter 4 was placed at various distances from 20.5 
in. to 92.5 in. behind the center of the absorbers. The 
corresponding half-angle subtended by counter 4 thus 
ranged from 8.33° down to 1.86°. 


VI. CORRECTIONS AND CALCULATIONS 


In Sec. IV.B the percentage contamination in the 
analyzed beam was shown to be very small, and thus 
no correction has been made for it. Since the contami- 
nation consisted primarily of r+ mesons and since the 
total r*-p cross section in this region”! is not far different 
from the total p-p cross section, we believe that 
essentially no error arises from this source. 

Although the accidental counting rates due to each 
individual counter were measured as described in the 
preceding section, the triple and quadruple accidental 
rates could not be determined accurately either by 
measurement or by calculation. They could only be 
determined if one had a complete knowledge of the 
time distribution of the pulses in each counter within 
every Cosmotron pulse. Similarly, it was difficult to 
determine accurately the effect of “pileup” resulting 
from the dead time of the electronics. 

Because of the difficulty in correcting for the acci- 
dental and pile-up rates, these effects were minimized 
by operating at the low rates of 200 to 400 counts per 
Cosmotron pulse. With the geometry of the present 
experimental arrangement it is expected that these 
effects would tend to decrease the measured value of 
the cross section. No correction for the pile-up and the 
accidentals has been made, however. For the measure- 
ments in the 32° beam it is estimated that an uncer- 
tainty of (_,:+?)% from this cause should be included in 
the final cross sections. In the blow-up beam, which 
was considerably more bunched than the 32° beam, 
the measured accidental rates were two to four times 
higher. The two highest energy measurements, which 
were made in this beam, are thus subject to considerably 
more uncertainty (see Secs. VII.A and VII.B). 

The contribution of single Coulomb scattering was 
negligible for the angles and energies employed (see 
Sec. IT). 

The only correction that has been applied to the 
measured transmissions has been for the multiple 
Coulomb scattering of beam particles out of counter 4 


21 Clark, Cool, Madansky, and Piccioni, Proceedings of the Fifth 
Annual Rochester Conference on High-Energy Physics, 1955 (Inter- 
science Publishers, Inc., New York, 1955). 
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by the CH: and C absorbers. Since the CH: absorbers 
had a larger surface density than the C absorbers, a 
slightly larger percentage of the beam was multiply 
scattered out of counter 4 by the former than by the 
latter, and thus the apparent cross section was larger 
than the true cross section. The fraction of the beam 
(1—F) multiply scattered out of counter 4 is a function 
of the beam energy, the surface density of the attenu- 
ators, the geometry of the counter telescope, and the 
transverse distribution of the beam incident upon 
counter 4 with no intervening attenuators. The de- 
pendence of F upon these quantities has been calculated 
by Sternheimer.“ The resulting correction can be 
expressed in the form of a cross section 


m= — (1/Nx)[InFcx,—a InFc ], (1) 


where Vx is the number of hydrogen atoms per cm? in 
the CH: absorber, a is the ratio of the number of carbon 
atoms per cm? in the CH: absorber to the number in 
the C absorber, and (1—Fcx,) and (1—Fc) are the 
fractions of the beam multiply scattered out of counter 
4 by the CH: and C attenuators, respectively. 

The values of F could not be determined exactly 
because of uncertainties in several factors in the calcu- 
lation, primarily the transverse beam distribution. 
These factors are discussed in detail in reference 15, 
Sec. VI.B. Because of the uncertainty in the calculation 
of F, and consequently in ¢,, no runs were considered 
for which Fou: (and thus Fc also) was computed to be 
less than 0.90. In Table I are presented the values of 
the multiple scattering correction ¢,, in millibarns, with 
the estimated uncertainties, for the remaining runs 
which satisfied this criterion. These values apply to the 
thicker CH.—C absorber set; the correction for the 
thinner set was negligible for the poorer geometries at 
which it was used. It is apparent that the correction 
om is appreciable only at the lower proton energies and 
the smaller values of 2, the solid angle subtended by 
counter 4 at the absorber. 

For the liquid hydrogen runs at proton energies of 
855 and 1300 Mev the multiple scattering correction 
was negligible at all solid angles down to the smallest 
that was measured, 4.53 millisteradians (msterad). In 
the D,O and H,O measurements, the multiple scattering 


TABLE I. Multiple scattering correction o in millibarns. 
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22. R. M. Sternheimer, Rev. Sci. Instr. 25, 1070 (1954). 
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from the two attenuators was equal, and thus no 
correction was necessary. 

For each polyethylene-carbon run at a proton energy 
E and included solid angle 2, the p-p cross section is 
given by the relation 


0 p-p(E,2) = (1/Nx)[InRcen.—a InRc 


—(1—a) lnRo]—om, (2a) 


where Rene, Rc, and Ry are the measured ratios of 
triple to quadruple coincidences for the CH» absorber, 
the C absorber, and no absorber, respectively. The 
other symbols have the same meaning as in Eq. (1). 
For the liquid hydrogen runs the equation becomes 


Tp-p( EQ) as (1 /Nx)(InRénea et inRaney + (2b) 


where .Vx is the number of hydrogen atoms per cm? in 
the liquid state, and Rgneq and Raummy are the measured 
triple to quadruple ratios for the filled and dummy 
attenuators, respectively. The “p-n” cross section is 
determined from the similar equation 


“gy n(E,2)”=(1/Nx)[InRp,o—InRu20], (3) 


where the symbols have the obvious meanings. 

The standard deviations in the computed cross sec- 
tions due to counting statistics were determined in the 
following manner. For a given run composed of T 
triple coincidence counts and Q quadruple coincidence 
counts, the relative standard deviation of the ratio 
R=T/Q is 

e(R)/R=[1/Q—1/T }}, 


since the T and Q counts are statistically related. The 
statistical standard deviation for o,_»(£,Q2) derived 
from Eq. (2a) thus becomes 


1 1 1 1 
andl af — 4) 
Qcu,2 Tcne Qc Tec 


l ta9 
+(1-0}( -—)|. (4) 
Qo Tr 


Since a is very close to 1, the last term in the brackets 
is negligible. The deviations for Eqs. (2b) and (3) follow 
the same form as Eq. (4). 


VII. RESULTS 
A. Total p-~ Cross Sections 


For each run oy-»(#,2) was calculated from the 
appropriate Eq. (2), but without subtracting o» in 
Eq. (2a). All runs at a given E and 2, and for a given 
CH»—C absorber set, were then combined with proper 
statistical weighting. From each combined value the 
appropriate o» was subtracted. It was observed that 
the cross sections measured with the thick and the thin 
CH.—C sets agreed well, so these values were com- 
bined in the same manner, treating the error in om as 
though it were a random one. The resulting cross sec- 
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tions for each E are plotted as a function of Q in Fig. 4. 
The standard deviation for each point combines the 
statistical error and the uncertainty in the multiple 
scattering correction. 

In order to obtain the value of the total nuclear cross 
section at each energy it is necessary to extrapolate 
the measured values to zero solid angle. Since the points 
as plotted in Fig. 4 lie very well along straight lines in 
most cases, straight lines have been fitted to them by 
least square calculations which weighted each point 
inversely as the square of its standard deviation. The 


calculated lines are drawn in Fig. 4, and the values of 
the total cross sections thus determined are presented 
in Table II, column 2. In column 3 the errors as obtained 
from the least squares calculations are listed. These 
errors include only the statistical counting error and 
the uncertainty in the multiple-scattering correction, 
but of course they depend also on the length of the 
extrapolation. 

An extrapolation in this manner assumes that the 
differential cross section per unit solid angle for the 
scattering or production of a charged particle at an 
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Fic. 5. The total proton-proton cross sections 7p_» as a function 
of the proton lab energy £. The errors indicated on each point 
of the present experiment are over-all standard deviations. Only 
a few of the values obtained in other experiments have been 
plotted. References: Carnegie Tech—reference 1; Berkeley— 
reference 3; Harvard—reference 7; Chicago—reference 28. 


angle 6, which we shall call d2/dQ, is constant from 0° 
out to the largest angle measured. This assumption is 
unlikely to be correct. The elastic do/dQ is strongly 
peaked forward at the higher energies,®:*-*’ and particle 
production is also.“ Thus a straight line extrapolation 
will give an intercept which is lower than the correct 
cross section. However, unless d2/dQ varies very con- 
siderably over the range of angles studied, it can be 
demonstrated that a nonconstant d=/dQ, when inte- 
grated from 180° up to @(Q), will give values of o(Q) 
which can be well fitted by a straight line over a 
limited range of 2. 

The deviation of the straight-line intercept from the 
correct total cross section will increase with increasing 
proton energy. Assuming different possible shapes for 
da/dQ, it can be shown that the least squares intercept 
will be low by at most 2% to 3% up to 1275 Mev. 
This error may increase up to 10-15% at 2.6 Bev, and 
there is some indication at the higher energies that the 
points are in fact rising more steeply as Q decreases. 
We have included in the total error an estimate of the 


% Fowler, Garrison, and Morris (to be published); Fowler, 
Shutt, Thorndike, and Whittemore (to be published); Fowler, 
Shutt, Thorndike, Whittemore, Cocconi, Tongiorgi-Cocconi, 
Block, and Harth (to be published). 

%N. P. Bogachev and I. K. Vzorov, Doklady Akad. Nauk 
S.S.S.R. 99, 931 (1954). 

%5 Mescheryakov, Neganov, Soroko, and Vzorov, Doklady Akad. 
Nauk S.S.S.R. 99, 959 (1954). 

26 Selektor, Nikitin, Bogomolov, and Zombkovsky, Doklady 
Akad. Nauk S.S.S.R. 99, 967 (1954). 

27 Meshcheryakov, Bogachev, Neganov, and Piskarev, Doklady 
Akad. Nauk S.S.S.R. 99, 995 (1954). 
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reasonable uncertainty from this source as indicated 
below. 

In column 4 of Table II the over-all errors in the total 
cross sections are presented. These errors are composed 
of the following components: 

(a) Least squares standard deviations as listed in 
Table IT, column 3. 

(b) Uncertainty in extrapolation: (_,+?)%, 410-1295 
Mev; (_:**)%, 1490 Mev; (_:**)%, 2000 Mev; (_,*+5)%, 
2600 Mev. 

(c) Error resulting from neglect of accidentals and 
pile-up: (_1**)%, 410-1295 Mev; (_:**)%, 1490 Mev; 
(_2+#)%, 2000 Mev; (_;+*)%, 2600 Mev. 

(d) Composition of attenuators: +1% for all points. 

In column 5 of Table II the negatives of the slopes 
of the least squares straight lines are listed. These are 
approximately the values of the quantity d2/dQ aver- 
aged over the angular interval measured. Since this 
quantity includes the effects of both elastic scattering 
and charged particle production, one cannot transform 
it back into the center-of-mass system; and thus no 
simple interpretation can be made of it. It does, 
however, provide an upper limit to the value of the 
differential elastic cross section at approximately 4° in 
the laboratory system. 

The values of the total op, are plotted in Fig. 5, 
together with the over-all standard deviation for each 
point. Also plotted are some of the measurements 
made at lower energies at other laboratories. Some of 
these were obtained from attenuation experiments and 
some were determined from measurements of the differ- 
ential elastic cross sections at various angles. In the 
latter case, if the total elastic cross section was not 
calculated by the authors, the value of do/dQ(90°) was 
multiplied by 27; and then the value of the total meson 
production cross section*® at the given energy was 
added in. It is apparent from Fig. 5 that the total 
cross sections determined in this experiment fit quite 
smoothly onto the values obtained at lower energies. 


TABLE II. The total p-p cross sections determined by least 
squares straight line extrapolations of the data, and the slopes 
of the lines. The errors are explained in the text. 








Least 
squares 
slope, 
mb/sterad 


Least squares Over-all 

Proton Total standard standard 

energy, op_p, deviations, deviations, 
Mev mb mb b 


Attenu- 
ator 





26.5 
29.8 
37.7 
44.4 
47.8 
47.6 
48.3 
47.5 
49.4 
47.2 
41.4 
41.6 


43436 

13429 

83419 
10466 
143417 
136+31 
180+18 
238+22 
258+26 
257433 
322437 
419424 


CH2.—C 
CH.—C 
CH.—C 
CH.—C 
CH.—C 
Liq. He 
CH.—C 
CH:—C 
Liq. He 
CH2—C 
CH2.—C 
CH2—C 


+1.2 
+1.0 
+0.8 
+2.5 
+0.8 
+0.9 
+0.7 
+0.8 
+0.7 
+0.9 
+1.0 
+0.7 





8 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954); 96, 130 (1954). 





TOT Ab. 
B. Total ‘‘p-n” Cross Sections 


For each D,O—H.,0 run, “op_,(£,2)” was computed 
according to Eq. (3). The values at a given E and Q 
were combined statistically. The resulting cross sections 
for each E are plotted as a function of in Fig. 6. The 
errors indicated are due solely to the counting statistics. 

In order to obtain the total “o,_,” at each energy, 
the data have again been extrapolated to zero solid 
angle by least squares straight lines. The uncertainty 
in the extrapolation resulting from a nonconstancy of 
d=/dQ is less in the “‘p-n”’ case because the slopes of the 
straight lines are smaller than the corresponding p-p 
slopes. 

However, an additional uncertainty is present in the 
extrapolation because of the binding of the neutron in 
the deuteron. We have assumed so far that the neutrons 
in deuterium are essentially free when struck by the 
fast protons. This cannot be correct when, in elastic 
p-n scattering, the recoil neutron is given an energy 
comparable to its binding energy in the deuteron. This 
occurs only when the proton is scattered through a very 
small angle. In order to determine what effect this has 
on the total “o,-,,” three different least squares 
straight lines have been fitted to the data at each 
energy: (1) one using all the measured points, (2) one 
omitting those measurements made with counter 4 
subtending smaller angles than 6,, where 6, is the lab 
angle at which the proton is scattered in an elastic p-n 
collision with the recoil neutron receiving a lab energy 
of 2.225 Mev, and (3) one omitting those points made 
at angles smaller than 62., where 2, is the proton 
scattering angle corresponding to a recoil neutron 
energy of 4.45 Mev. The values of 2 corresponding to 
6. and 62, are indicated beneath each graph in Fig. 6 
by a long and a short arrow, respectively. The straight 
line in each graph is based on calculation (2), using @. 
as the cut-off angle. 

In Table III are presented the values of the total 
“*b-n”’ cross sections determined from the three different 
extrapolations to zero solid angle. The errors indicated 
are based solely on the counting statistics, but as before 
they depend also on the length of the extrapolation. 
The use of the cut-off angles @, and 42, results in larger 


TABLE III. The total “‘p-n”’ cross sections determined by three 
least squares straight line extrapolations of the data—(1) with no 
lower cut-off angle, (2) with a cutoff at 6., and (3) with a cutoff 
at 02, (see text). 





Proton “ ” 
energy, Total ‘‘op_n,"" mb 


Mev (1) (2) (3) 


380 28.4+0.6 31.0+1.2 
590 31.0+0.9 31.5+1.6 
810 28.6+0.8 28.4+1.0 
1060 30.1+1.2 27.0+1.8 
1260 32.1+1.1 $2,14:1.1 
1480 33.6+1.6 33.6+1.6 
2000 34.341.2 34.341.2 
2600 31.4+0.8 31.4+0.8 





27.2+3.3 
28.1+1.4 
27.0+1.8 
31.641.9 
35.442.4 
34.341.2 
31.4+0.8 
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Fic. 6. The measured values of “op_,(E,Q)” plotted as a func 
tion of the included solid angle 2 for the various proton kinetic 
energies E that were studied. The long and short arrows indicate 
the values of 2 corresponding to @, and 62, at each proton energy, 
as described in the text. The straight lines were fitted to the data 
by least squares calculations using only those points above the 
cut-off angle @.. 


errors in the zero intercepts since fewer points remain 
for making the extrapolation and the remaining ones 
are further from the o axis. It is apparent from Table 
III and Fig. 6 that, with the possible exception of the 
data at 380 Mev, the three intercepts at each energy 
agree quite well with each other, and the differences 
which exist result primarily from the change in the 
number of points used in each calculation. 

At 380 Mev there is perhaps a significant decrease in 
the measured values of ‘“‘cp_,(2)” for angles below 4, 
(see Fig. 6). This may indicate the presence of some 
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Fic. 7. The total “o,_,” and op_¢ as a function of the nucleon 
lab energy £. The errors indicated on each point of the present 
experiment are over-all standard deviations. References: Brook- 
haven—present experiment; Coor et al.—reference 12; Chicago— 
reference 10 and 4; Berkeley—references i, j, and q of Table VI. 


interference in the deuteron in this angular region, but 
the data are not sufficiently precise to establish this. 
Because of this possibility, extrapolation (2) has been 
taken to represent the best values of the total p-n cross 
section. These values are relisted in Table IV together 
with the over-all standard deviation in each. They are 
plotted as a function of the proton lab energy in Fig. 7. 

The over-all errors in the total cross section consist 
of the following components: 

(a) Least squares standard deviations as listed in 
Table IV, column 3. 

(b) Uncertainty in extrapolation: (_;*+*)%, 380-1480 
Mev; (_;**)%, 2000-2600 Mev. 

(c) Error resulting from neglect of accidentals and 
pile-up: (_,*+7)%, 380-1260 Mev; (_,**)%, 1480 Mev; 
(_s+4)%, 2000 Mev; (_s+*)%, 2600 Mev. 

(d) Composition of attenuators: + 1% for all points. 


C. Total p-d Cross Sections 


Since the “oa, _,,”’ determined in this experiment is 
p I 


strictly Op-d—Tp-py the sum of Notts and a is 
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exactly op-¢. To obtain the total p-d cross sections most 
precisely, op-»(Z,Q) and “o,_,(E,Q)” should each be 
determined for the same values of E and Q, added 
together, and then extrapolated to zero solid angle. 
This could not be done with the present apparatus, 
but an essentially equivalent result is obtained by the 
addition of the total p-p and ‘‘p-n”’ cross sections as 
determined above. 

In this case one does not want to eliminate the effects 
of the binding of the neutron in the deuteron as was 
desirable above. Hence the values of “op_,,”’ as deter- 
mined by extrapolation (1) have been used. To these 
have been added the total p-p cross sections interpolated 
from the smooth curve through the measurements 
drawn in Fig. 5. The resulting total p-d cross sections 
are listed in Table IV, column 6, and are also drawn 
in Fig. 7. 

VIII. DISCUSSION 
A. p-p Cross Sections 


The variation of the total p-p cross section with 
energy (Fig. 5) exhibits three prominent features. 
These are the twofold increase in op» between 400 
and 800 Mev, its constancy at a value of approximately 
48 mb from 800 Mev to 1.4 Bev, and the possible 
gradual decline in op_, above 1.4 Bev. 

The sharp rise in the cross section after the long 
plateau from about 150 to 400 Mev can be attributed 
to meson production, as is evidenced by the difference 
between the total and elastic cross sections. The 
differential elastic cross section above 440 Mev has 
been measured in severai experiments.’*~*? In Fig. 8 
are plotted the values of the total elastic cross sections 
determined in these experiments.” Also drawn in this 
figure are the “best” curves through the elastic op_»p 
points and through the total o,_, points of Fig. 5, 


TABLE IV. The total “p-n” and p-d cross sections determined 
by least squares straight line extrapolations of the data and the 
slopes of the “o,_,” lines. The errors and method of calculation 
are explained in the text. 





Least 
squares Total 
slope, Tp-d, 
mb/sterad mb 


Least squares Over-all 
Proton Total standard standard 
energy, “gp-n'', deviations, deviations, 
Mev mb mb mb 


53.2_1.¢*?1 
66.8_» ot?4 
76.0_;, 67? 
78.3_¢:9°** 
80.3_1.5*?? 
80.8_9.1734 
78.7_3.1°** 
74.2_2.9t#4 





29+10 
74+19 
23434 
7+49 
140+12 
195+24 
287439 
281425 


380 
590 
810 
1060 
1260 
1480 
2000 
2600 


31.0 
31.5 
28.4 
27.0 
32.1 
33.6 
34.3 
31.4 


+1.2 
+1.6 
+1.0 
+1.8 
+1.1 
+1.6 
+1.2 
+0.8 


29 In the Brookhaven cloud chamber experiments* the ratio of 
the total elastic cross section to the inelastic cross section at three 
energies has been determined with greater accuracy than the 
absolute values of these cross sections. We have thus combined 
their ratios with our measurements of the total op»_» to obtain 
the values of the elastic cross section indicated in Fig. 8 by the 
open circles. We are grateful to these experimenters for informing 
us of their results prior to publication. 
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TABLE V. Total nucleon-nucleon and nucleon-deuteron cross sections at approximately 1.4 Bev. 
‘ 99 ae 
“Cp—n =Cp-—d—Tp-p, and “Cisne -d —~Tn—p- 


Lab energy op-_p 


mb mb 
Present experiment 47.7_,+? 
Coor et al.* 


* See reference 12. 


together with a curve which is the difference between 
the total and elastic curves. The difference curve 
represents the inelastic or meson production cross 
section. 

It is interesting to note that the center of the rise in 
the inelastic cross section occurs at approximately 630 
Mev. At this energy the total kinetic energy available 
in the center-of-mass system is 293 Mev, which corre- 
sponds to the peak of the r*-p scattering cross section 
in the r-p c.m. system.” This correspondence suggests 
that the meson production, which is mainly single * 
production below 1 Bev,” is occurring through an 
intermediate excited nucleon state 

p+p—n- (excited proton state) 
ee wn 
\ (5) 
at+p 
The cloud chamber measurements” of the angular and 
energy distributions provide additional evidence for 
this process. 

The shape of the elastic op, curve (Fig. 8) in the 
region from 300 to 440 Mev was not determined solely 
by the indicated elastic measurements. The total meson 
production cross sections are quite well known for 
energies up to 440 Mev’; and these, together with our 
measurements, help determine the shape of the elastic 
curve in this energy region. One observes that the 
elastic op_» is rising slightly from 300 to about 500 Mev. 
There appears thus to be a broad maximum in the 
elastic cross section in the region of 500-600 Mev. This 
maximum may be a further indication of the influence 
of the (T=$, J=4%) resonance state, and in any case 
appears to be associated with the sharp rise in the 
inelastic cross section. A rise in the elastic op» above 
400 Mev may be expected, since there should be 
increasing diffraction scattering accompanying the 
increasing inelastic cross section. 

Assuming the curves as drawn in Fig. 8 are approxi- 
mately correct, the inelastic cross section remains 
remarkably constant from 1.0 to 2.6 Bev. In this energy 
region, double and triple meson production are becom- 
ing predominant,” and yet the total inelastic cross 
section remains between 27 and 29 mb. The proton- 
proton cross section thus appears to level off as though 
the p-p interaction were saturated in so far as meson 
production is concerned. This cannot be exactly right, 


% Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954); S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 
100, 306 (1955). 


“Onn” 


42.2+1.8 


Tn-p op-d ond 


opr” 
mb mb mb mb 


33.114 80.8_.*8 


42.44+1.8 84.6+2.5 


however, since the elastic cross section appears to be 
significantly less than the inelastic one. For a “black 
sphere” the two would be equal. 

From the value of the inelastic cross section in the 
high-energy region, approximately 28 mb, one obtains 
the corresponding p-p interaction radius of about 
9.4X10-'* cm. This is comparable with the “size” of 
the proton’s charge and magnetic moment distributions 
as determined by electron-proton scattering experi- 
ments.*! 


B. Total ‘‘p-n’’ Cross Sections 

The values of ‘‘o,_,”’ listed in Table IV are presum- 
ably not affected by the deuteron binding, since the 
collisions involving low momentum transfers have been 
excluded from the extrapolations to zero solid angle. 
It is clear, however, from a comparison with the neutron 
experiment of Coor ef al.” that the deuteron difference 
cross section ‘‘o,_,’’ is not equal to the free n-p cross 
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Fic. 8. The total, elastic, and inelastic p-p cross sections as a 
function of proton energy. The plotted points all represent 
measurements of the elastic p-p cross section. The inelastic curve 
(except below 440 Mev) was obtained by subtracting the elastic 
curve from the total p-p curve. References: Brookhaven cloud 
chamber—reference 23; Brookhaven counters—reference 9; 
Institute for Nuclear Problems, U.S.S.R.—references 24 and 27; 
Carnegie Tech—reference 1. 


31R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 
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section, at least at the higher energies. In other words, 
it cannot be assumed even at these high energies that 
the total deuteron cross section is the sum of the 
individual nucleon-nucleon cross sections. 

In the neutron experiment” o,_, was determined to 
be 42.4+1.8 mb at an average neutron energy of 1.4 
Bev. The detector used was primarily sensitive to 
neutrons with energies between 0.8 and 2.2 Bev; but, 
since gp, and “go, ,,”” do not vary too much over this 
energy region, the measured value of o,_, should not be 
greatly affected by the broad neutron spectrum used. 
The value of “‘cy_,,”” determined in the present experi- 
ment is (33.1_;**) mb at 1.4 Bev, or approximately 
9 mb less than oy_». 

A similar discrepancy exists between the p-p cross 
section at 1.4 Bev [ (47.7_;**) mb ] and the “‘n-n’’ cross 
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section of 42.2+1.8 mb measured by Coor et al."" using 
the D,O—H,0 subtraction method. The free n-n cross 
section should be equal to cp, (excluding electro- 
magnetic effects, as is done in the present experiment) 
since nuclear forces are believed to be charge symmetric. 
Hence the measured values of o, 4 and op-a at 1.4 Bev 
are 5.5 to 9.3 mb less than the sums of the free n-p 
plus n-n (assumed equal to p-p), and the free p-p plus 
p-n cross sections, respectively. A summary of these 
cross sections is presented in Table V. 

A discrepancy of this magnitude has been shown to 
be reasonable by Glauber.” He has calculated that the 
“shielding” of one nucleon by the other should lower 
the deuteron cross section by approximately 4.5 to 7.2 
mb, in agreement with the observed effect. This calcu- 
lation is uncertain in three respects. (1) The deuteron 


TABLE VI. A summary of total nucleon-nucleon and nucleon-deuteron cross sections from 41 Mev to 2.6 Bev. 
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“c , 
Op-n 


Mean 
energy 
Mev 


2600 
2000 
1490 
1480 
1400 
1295 
1275 
1260 
1075 
1060 
850 
830 
810 
740 
615 
590 
535 


437 


Experiment 


Present experiment 
Present experiment 
Present experiment 
Present experiment 
Coor et al. 

Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Present experiment 
Sutton ef al. 

+1.5 


Marshall et al. 429 


+1.3 
Marshall ef al. 


+1.1 
Present experiment sti 
Nedzel 
Marshall ef al. 
Present experiment 
Dzhelepov et al. 
Chamberlain et al. 


+1 


+1.2° 

+ 0.4 +0.1" 
=24.3 +1.2 

23.4 +0.9% 
+ 0.15+0.05" 
=23.6 +0.9 
de Carvalho 24.3 +1 
Dzhelepov ei al. > 22 
Fox et al. 
Marshall ef al. 
DeJuren 
Chamberlain e/ ai. 
Chamberlain ef al. 
DeJuren and Moyer 
de Carvalho 
Alphonce et al. 


Chamberlain ef al. 


23.1 +2.1° 


22.9 +1.3° 
22.4 +0.9" 


25.8 +2.0 


8 R. J. Glauber, Phys. Rev. 100, 


and private 


“oe 


16(+4) 


19(+3) 


23.142.0 


om ¢ 98 ane 
=Cp-d—CTp—p, and “on_n @On-d—On_p. 


“Gp_n” 
mb 


31.4; ;*22 
34.3_; 5°? 3 


non Op—d 
mb mb 


42.4+1.8 84.6(+2.5) 


28+4 


31.642 
31.0_, 3715 


20.0+1.4 


3343 


3841.5 


4142.4 
37.042.0 62.8+3.0 


49.2+1.6 


communication. 
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Mean 
energy op_p 
Mev mb 


. hamberlain el al. f 164 22.6 +1.3” 
DeJuren and Moyer j 160 
Alphonce et al. k 149 
Cassels l 147 +1.3¥ 
Marshall et al. : 144 2 +0.7% 
Taylor and Wood 134 3.7 +0.9 
Alphonce ef al. : 132 
Chamberlain et al. f 120 
Alphonce et al. : 117 
Alphonce et al. c 109 
Culler and Waniek 98.6 
Kruse ef al. 95 
95 


Refer- 


E xpe riment ences 


+1.3” 


2 +1.6" 


Bloom and Chamberlain 
DeJuren and Knable 
Culler and Waniek 
Hillman et al. 

Cook et al. 

Kruse ef al. 

Kruse et al. 

Kruse ef al. 

Hillman et al. 
Hildebrand and Leith 
Kruse et al. 


=t-2.0" 
+2.3" 
+ 1.8" 


71.6 +5.0 


® See reference 12. 

b See reference 1. 
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4 See reference 10. 
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Tnp 
mb 


51.2+2.6 


24.8+2.0 


25.342.4 


27.242.4 
29.1+-3.6 
32(+4) 


104+4 
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117+5 


196+10 


20347 289+13 
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« The total meson production cross section was obtained from an analysis of all available production data. 
v The total elastic p-p cross section was obtained by multiplying the average measured differential elastic cross section by 27. 


~ Published value was a differential cross section derived from an attenuation measurement assuming isotropy 


by multiplying the published value by 27. 


[he number presented here was obtained 


x Was obtained from the difference be ‘tween the two neighboring measurements. 


Y gp-d is obtained by adding to ‘‘ap_n'’ 


wave function at small distances 


is not accurately 
known. The use of different wave functions produces 


the above-stated variation in the calculated effect. 
(2) In the absence of experimental evidence spin 
dependence effects were neglected in the calculation, 
although it could easily be generalized to include them. 
These effects might not be negligible even at these 
energies.* (3) Although the shielding calculation was 
developed for a general form of interaction, in order to 
obtain numerical results it was necessary to assume a 
“black sphere” model for the nucleons. It is now clear 
(see Fig. 8 and Sec. VIII.A) that the “black sphere” 
model is not entirely adequate. Despite these uncer- 
tainties, however, it appears that the shielding calcu- 
lation of Glauber provides a reasonable explanation for 
the observed discrepancies at 1.4 Bev. 

It should be noted, on the other hand, that in the 
energy region from ~95 to ~410 Mev the discrepancy 


33 §. Drell (private communication). 


the value of op_p obtained from a smooth curve through the op_p data. 


between o,-» and and between op, and 
“Gn-ny 1S very small, if not zero. This can be seen in 
Table VI, which contains a summary of nearly all the 
total nucleon-nucleon and nucleon-deuteron cross sec- 
tions measured from 2.6 Bev down to 41 Mev. In the 
low-energy region below 410 Mev, the interactions are 
mainly elastic, and the incident particle wavelengths 
are much longer. Hence one might expect interference 
effects in the deuteron to be important and to manifest 
themselves. It appears, however, that their net effect 
is essentially negligible, so that in the entire low-energy 
region the D,O—H,O difference cross sections 
nearly equal to free neutron cross sections. 

A reasonable explanation of the significant differ- 
ence in the observed deuteron defect at high and low 
energies may arise from the variation of the nucleon’s 
characteristics with energy. At high energy (above 800 
Mev) the nucleon is nearly opaque and may possibly 
be represented by a purely imaginary potential well 


cc ’” 
Tp- ny 


are 
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TABLE VII. Values used to obtain the corrected n-p cross section 
“gy_»°°™”’ and the total T=0 state cross section oro. 


Proton a ' 1 

energy 

Mev 1 —Cop-_, 
400 1.00 
500 : ; 1.020 
600 5 30.5 1.050 
700 : 1.096 
800 
900 

1000 

1100 

1200 

1300 

1400 

1500 

1600 

1700 

1800 

1900 

2000 

2100 

2200 

2300 

2400 

2500 


40.1 
40.8 
41.1 
41.3 
41.4 
41.1 
40.9 
40.5 
40.0 
39.4 
38.8 
38.2 
37.4 


(see also reference 23). At low energies (below 400 Mev) 
there is essentially no inelastic interaction, and the 
nucleon may be represented by a purely real potential 
well. 

Since monoenergetic sources of neutrons at high 
energies are not available and since it would be very 
difficult to measure the variation of ¢,_, with incident 
neutron energy by means of present-day machines and 
techniques, it is of considerable interest to convert our 
measured values of ‘‘c,_,”” into free -p cross sections. 
Above 1 Bev the general shielding calculation® should 
give reasonably accurate corrections. These corrected 
cross sections will be called “ao, ,°°'".” The method 
used in obtaining the “o,_,,°°'"” values is described in 
Appendix I. 

These calculated values are listed in Table VII, 
column 5. In Fig. 9 a smooth “‘o,_,°°""” curve is drawn, 
together with smooth curves fitted to the o,-, and 
“gyn data (see Figs. 5 and 7). 

It is apparent that “oc, ,°°""” varies much differently 
with energy than does o,-». The sharp rise in op» 
from 400 to 800 Mev is completely absent, and 
“o,-n°°'"”’ in this region is instead almost constant. 
There is a small rise in “‘o,_,°°'"”’ above 1 Bev, in the 
energy region where o,_, is very nearly constant. Such 
differences as these are not unexpected, since the p-p 
interaction can occur only in an isotopic spin T=1 
state while the p-n interaction occurs half in the T=1 
state and half in the 7=0 state. Thus we can write that 


Tp-p>=9T=1, 
and 
ane 2 1 
op-n=307T 0+ 207=1, 


where o7—o and or-; are the total cross sections for 
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nuclear interaction in the 7=0 and T= 1 states, respec- 
tively. Assuming that the cross sections “op, ,°°'',” 
as calculated in Appendix I, are approximately equal to 
the free p-n cross sections, the values of or» can be 
obtained from the simple equation 


ora0=2[op-n—20y-p]. 


These are listed in column 6 of Table VII and are also 
plotted in Fig. 9. 

The shape of the oro curve is quite similar to that 
of or; but is displaced to higher energies by about 
700 Mev. The curves indicate perhaps that single pion 
production, which predominates below 1 Bev, proceeds 
mainly through the 7=1 state and very little, if at all, 
through the 7=0 state. or—o then rises quite sharply 
above 1 Bev, where double pion production becomes 
important.'*> These features are to be expected if pion 
production occurs predominantly in a 7 = $ pion-nucleon 
interaction. Such a 7= 3 interaction, involving only one 
nucleon, cannot occur in a T=0 neutron-proton state. 
Thus meson production would be inhibited in the 
T=0 n-p state at energies below the onset of double 
meson production. Double pion production can occur, 
however, in the T=0 state (as well as in the T= 1 state) 
with both mesons being emitted from T= 3 excited 
nucleon states. Hence, from the coincidence of the sharp 
rise of single x production with the sharp rise of o7~1, 
and from the coincidence of the rise of double r produc- 
tion with the rise of oro, one might conclude that 
pion production proceeds predominately through T= 3 
nucleon states. 
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Fic. 9. Derived cross section curves. The op_p and “op_,” 


curves are smooth curves drawn through the data (see Figs. 5 
and 7). The “oy_,°°""” curve was obtained from “‘o,_,” as de- 
scribed in Appendix I. The derivation of or is described in the 
text. 





TOTAL p-p AND ‘‘p 


C. Total p-d Cross Sections 


As can be seen in Table VI, op-¢ and on_a are essenti- 
ally equal at all energies up to 437 Mev. The equality 
of op-4 and o,_a implies the equality of op» and on—n, 
which is required for the charge symmetry of nuclear 
forces. A comparison of our -d cross section of 
(80.8_,+°) mb at 1.4 Bev with the corresponding 
measurement by Coor ef al.” of o,-¢=84.642.5 mb 
indicates that charge symmetry is still valid at this 
high energy. 
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APPENDIX I. SHIELDING CORRECTION TO THE 
MEASURED “o,_,”? VALUES 


As discussed in Sec. VIII.B, it is necessary to correct 
the measured “‘p-n”’ cross sections for the shielding of 
one nucleon by the other in the deuteron. If it is 
assumed that the nucleon interactions are purely 
absorptive, as is indicated by the cloud-chamber 
measurements,” Glauber® has shown that the total 
p-d cross section is given by the equation 


anit ‘ ~299\ 
Tp—-d=Tp pt op-a— — Cr dT p—pT p—ny 
T 


(6) 


where op_» is the total cross section for nuclear inter- 

action of a proton with a free neutron. The constant 

(“r-*”), is the expectation value in the deuteron of a 

function which behaves asymptotically for large 

neutron-proton separation as r~*; but this function 

remains finite for small r, where it has a form which 

depends on the opacity distribution of the individual 
nucleon. 

Since “apn” =p-d—Tp-p, we have 
1 
Op-n= “Opn +— 


Aor 


by —299 
"9 dT p pt p—n- 


66-299 
( r )aT n pon ne 


1 
Tn—n— “On - ce + 
4 


us 


-n 
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Since the deuteron wave function at small distances 
and the opacity distribution of the nucleon are not well 
determined, we shall evaluate the quantity (“r-’’), 
from the measured cross sections at 1.4 Bev. Since 
Tp-n=On—p, and assuming that on_n=¢p—»p, as is indi- 
cated by Sec. VIII.C, the deuteron defect for incident 
protons iS Op-»—“Gp-n =On—-p—‘Op-n =42.4—33.1 
=9.3 mb at 1.4 Bev (see Table V). The deuteron defect 
for incident neutrons is on-n— “Onn” =Op-p— “Onn” 
=47.7—42.2=5.5 mb. These two values are equal 
within the experimental errors, as they should be; and 
we shall thus use the value of 7.4 mb as the average 
deuteron defect. (This can be compared with the defects 
of 4.5, 5.7, and 7.2 mb calculated by Glauber using 
different deuteron wave functions.) 

Substituting the average defect into Eq. (7), we 
obtain 


1 
—{‘"-2”) 1X 47.7 mb X 42.4 mb. 
4 


7.4 mb= 


Hence, (1/47)(“r-”)g=3.66X 10-* mb™, which will be 
called the constant C. The equation for op_,, becomes 
therefore, from Eq. (7), 


1 
ine ““ ” 
oT p—-n = “Se CT p- ne 
1—Co>_» 


Equation (8) should be quite accurate for energies 
above 1 Bev, since from 1 Bev to 2.6 Bev the inelastic 
p-p cross section is practically constant and the proton 
is nearly “all black” (see Fig. 8). At 400 Mev the deu- 
teron defect is about zero. Between 400 Mev and 1 Bev 
it is not clear how the deuteron defect varies. In the 
absence of better information, we shall assume that the 
correction factor [1/(1—Coyp_,) | varies linearly from 
1.215 at 1 Bev down to 1.000 at 400 Mev (instead of 
the value of 1.10 which the correction factor would 
have at 400 Mev if Eq. (8) were still applicable at this 
energy). 

Since this correction is somewhat uncertain, we shall 
call the corrected cross sections “‘o,-,""” in order to 
distinguish them from the true free cross sections op» 
Or ony. The values of the correction factor are listed 
in column 4 of Table VII. In columns 2 and 3 are the 
values of op-p and “oy »,” respectively, obtained from 
smooth curves through the data (see Figs. 5 and 7), 
which were used in calculating the correction factor 
and “a, ,°°''.” The cross sections “a, ,°°'"” are listed 
in column 5 of Table VII and are plotted in Fig. 9, 


(8) 
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Mass of the + Hyperon* 
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Ten examples of the protonic decay from rest of the + hyperon have been analyzed. The ranges of the 
protons from the =* decays were corrected for variations in the stopping power of each emulsion batch by 
determining the mean range of » mesons from +—y decays. The mean range of the protons, after correcting 
for variations in stopping power, was found to be 1669.4+8.0 microns. The rms deviation of the proton 
ranges was found to be 38.5+8.0 microns. The Q of the 2+ decay, +> p+7° is 116.1+0.5 Mev, and the 


mass of the 2* hyperon is (2327.4+1.0)m,. 





I. INTRODUCTION 


HE first few examples' of the decay from rest of 

the charged =*+ hyperon into a proton strongly 
suggested that only two particles are involved in the 
decay. The ranges of the protons were nearly the same 
and the small differences could be attributed to strag- 
gling and to variations in the stopping power of the 
emulsion. The consistency with the charged mesonic 
decay mode? strongly suggests that the neutral particle 
associated with the protonic decay is the 7° meson. 
It was immediately recognized that the mass of the 
=+ hyperon could be determined with considerable 
precision from a very few events.* The limitations in 
the measurements are principally the result of the 
range straggling of the protons, which is quite small, 
and variations in the stopping power of the emulsion. 
It is known that the stopping power of emulsion varies 
from one batch to another due to variations in the 
water content’ and probably to small changes in the 
chemical composition. For this reason it is necessary 
to determine the stopping power and shrinkage factor 
for each batch with considerable precision. It is desirable 
to have the error in the proton energy due to the un- 
certainty in the stopping power less than the error 
introduced by the range straggling of the protons for 
the sample to be studied. 


* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

{ Present address, Nucleonics 
Laboratory, Washington, D. C. 
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4A. J. Oliver, Rev. Sci. Instr. 25, 326 (1954). According to 
J. Rotblat [Nature 167, 550 (1951) ], we would expect that the 
variation of the stopping power within a given batch of emulsion 
is negligible. 
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II. PROCEDURE 


Twelve examples of the protonic decay from rest of 
a =* hyperon were found in plates exposed to particles 
from the Cosmotron and Bevatron accelerators. Two 
of these twelve were not suitable for precise measure- 
ments and were not used in the mass determination. 
The stopping power of each batch of emulsion has been 
determined by measuring the range of » mesons from 
m—p decays. The regression method® was used to 
determine the shrinkage factor for each batch. The 
expected straggling of the protons from decays from 
rest is* about 25 microns [ (25/1670) 100=1.5% ], 
and hence for a sample of ten * decays it is necessary 
to know the stopping power of each batch with an 
accuracy of at least 0.6%. The straggling of 4 mesons 
from m—y decays has previously been found to be 
29.1+0.7 by Fry and White® (probable error in strag- 
gling) and 27.1+0.8 microns by Barkas.* Therefore, 
in order to determine the mean range of the » mesons 
with a precision of 0.6%, it is necessary to have a 
sample of about [ (29/600) (100/0.6) P&+70 x—p decays. 
It was decided to measure the range of 100u mesons 
from —y decays in each batch of emulsion containing 
=* hyperon decays. 

The energy of the protons was determined from their 
mean range using the range-energy relationship of 
Barkas.’ The mean range of » mesons from r—y decays 
in emulsion of the density used by Barkas in the range- 
energy measurements is 602 microns. The range of each 


TABLE I. Summary of u-meson range measurements. 





Shrinkage 
factor 6a 
2.58 0.13 
0.20 


2.40 
2.58 — 0.06 


Mean range 
in microns Variance 
30.1+2.1 
31.442.2 
35.44+2.4 


Exposure 


K- — §99.1421 
3-Bevr- 588.9422 
3-Bev p 611.0+2.4 





_ ®6is the correction to the originally assumed shrinkage factor. The value 
for 6 was found by the regression method.5 


5 W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953). 

° Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 

7 Bradner, Smith, Barkas, and Bishop, Phys. Rev. 77, 462 
(1950). W. H. Barkas and H. Hahn, University of California 
Radiation Laboratory Report UCRL-2579 (unpublished). The 
authors are indebted to Dr. Barkas for several informative dis- 
cussions relating to the range-energy relationship. 
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proton from a =+ decay was corrected for variation in 
stopping power by multiplying it by the ratio of the 
mean range of the » mesons from r—y decays (in the 
same batch of emulsion) to the range 602 microns. The 
mean energy of the protons was then found from the 
mean of the corrected ranges. 

The energy release from the 2+ decay and the mass 
of the 2+ hyperon were determined by assuming the 
decay scheme 2+—>p+7° and using the known masses 
of the proton and 7° meson. 


III. EXPERIMENTAL RESULTS 


Of the twelve =*+ hyperons which decayed from rest 
into a proton, six were produced by the absorption of 
stopped negative K mesons, three by 3-Bev x mesons, 
one by a 4-Bev x meson, and two by 3-Bev protons. 

The mean range of u mesons from r—y decays was 
determined in the pellicle stacks exposed to stopped 
K~ mesons, to 3-Bev x mesons, and to 3-Bev protons. 


TABLE II. Characteristics of + hyperons. 


Length of track 
(microns) 


Source 


3-Bev x > 1500 
3-Bev 2~ > 800 
3-Bev 2 40 
a. 250 
290 


1560 
302 
264 


K 
K 
K 920 
K 
K 
3- 
3 820 


Bev p 
Bev p 
4-Bev x 275 
K 227 


The data on the yw-meson range measurements are 
given in Table I. 

The best value for the variance of the u-meson range 
distribution from this work is 32.3+1.4 microns which 
is consistent with previously measured values. 

The origins of the 2+ hyperons and the lengths of 
their tracks are given in Table II. 

A summary of the measurements of the ranges of the 
protons from the 2* decays is given in Table III. 

The estimated error in the measurement of the range 
of the proton from the 2+ decays (column 3 in Table ITT) 
is based on several contributing factors; namely, in- 
accuracies in stepping off segments of the track, dis- 
tortion, and errors due to “following through” at the 
surfaces of adjacent pellicles. The error introduced by 
the uncertainty in the stopping power is included in 
the error of the range corrected for stopping power 
(column 4 in Table ITI). 

The mean range of the protons from events 1 through 
10 is 1669.4+8.0 microns. The root-mean-square devia- 
tion of the proton ranges is 38.5+8.0 microns. This 


2+ HYPERON 227 


TABLE III. Measurements of proton ranges from =* decays. 


Number of 

Average plates con- 
dip angle taining 
ot proton proton 
in degrees track 


Estimated 
error in 
range meas 
urement* 
(microtis) 


Measured 
range of 
proton in 
microns*® 


Range corrected 
tor stopping 
power 
(microns) 


1619417 13 
1663+13 13 
1626+ 26 35 
1725427 40 
1734427 38 


1677+13 
1632+13 
1656+27 
1655+13 


Event 


1583 15 
1626 10 
1591 25 
1718 26 
1725 26 
1669 10 
1624 10 
1649 26 
1679 10 
1732 31 1707+32 


1800 150 60 
1605 50 66 


* The correction for distortion is included in the quoted range. This 
correction was necessary for event 10 only. The distortion correction re 
duced the range by 44 microns. 

b The error introduced by the shrinkage factor uncertainty is included. 


variance is to be compared with a straggling of 25 
microns predicted by Barkas.*® 

It should be noted that the ranges of the protons 
from 2+ hyperons in the m plates and the proton 
plates, are consistent with the range distribution ob- 
tained from the K-meson plates alone after correcting 
for the stopping power. The proton range distribution 
is consistent with the assumption that the protons 
from the + decays are monoenergetic. 

The energy of a proton of range 1669.4+8.0 microns 
is E=18.84+0.10 Mev. The error in the energy is the 
result, not only of the uncertainty in the range due to 
straggling, which is 0.6% in range, but also of the un- 
certainty in the range-energy relationship which, when 
the stopping power of the emulsion is accurately known, 
is 0.7% in range.’ Using for the mass of the proton 
(1836.13+-0.04)m,,8 and for the mass of the 7° meson 
(264.2+0.5)m.,° the Q for the decay of the 2+ hyperon 
by the reaction 


Stop+n! (1) 


is found to be Q=116.1+0.5 Mev and the mass of 
the 2+ hyperon is found to be (2327.4+1.0)m,. The 
errors in the Q value and the 2+ hyperon mass take into 
account the uncertainty in the w’-meson mass. 


ACKNOWLEDGMENTS 


This work was made possible by the whole-hearted 
cooperation of Dr. George Collins and Dr. R. K. Adair 
of the Brookhaven National Laboratory and Dr. E. J. 
Lofgren and Mr. Roy Kerth of the Radiation Labora- 
tory, University of California. Their help and assistance 
is greatly appreciated. 


8 J. W. M. Dumond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953). 

® The mass of the charged x mesons given by Barkas, Birnbaum, 
and Smith [University of California Radiation Laboratory Report 
UCRL-3147 (unpublished) ] was used. The mass difference be- 
tween the charged + meson and 7° meson (8.8+0.6)m,, is given 
by W. Chinowsky and J. Steinberger, Phys. Rev. 93, 586 (1954). 





PHYSICAL REVIEW VOLUME 103, NUMBER 1 JULY 1, 19586 


Low-Energy Primary Cosmic-Ray Particles in 1954* 
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The experiments herein described support and extend the relationship found by Forbush, namely, that 
there is an inverse relationship between solar activity and cosmic-ray intensity. During the summer of 
1954 the sun was at a minimum of activity. Ionization chambers set up in the Arctic as well as at inter- 
mediate latitudes showed a considerable increase in intensity, during the period, compared with 1951. 
Atmospheric absorption combined with magnetic rigidity requirements indicate that protons with energies 
down to at least 150 Mev were coming to the earth in the summer of 1954. We conclude that there was no 
cutoff of primary particles, i.e., no “knee,” at least for protons down to this energy. Using the increased 
areas under the ionization-depth curves, combined with geomagnetic calculations, an estimate may be 
made of the numbers of primary particles coming in near the poles in 1937 (solar maximum), 1951 and 
1954 (solar minimum). These values are 0.10, 0.14, and 0.24 cm™ sec sterad™, respectively. The fluctua- 
tions in 1954 were also small compared with those measured in 1937, 1938, and 1951. The evidence points 
to low intensity and large fluctuations of cosmic rays when the sun is active and vice versa. Thesechanges may 
be understood qualitatively by assuming a modulating mechanism in the form of clouds ejected from the sun 


and varying with the solar cycle. 





I. INTRODUCTION 


HE present experiments are a continuation of 
those made! in 1951 and were undertaken to 
continue the study of how the low-energy part of the 
cosmic-ray spectrum changes with time. It was quite 
apparent even before the summer of 1954 that large 
changes were taking place in the primary radiation 
over long periods of time and it was also apparent that 
the low-energy particles were subject to much more 
change than those of high energy. A study of Fig. 3, 
reference 1, which gives the measured changes at 
Bismarck over a period of years, shows the chief 
characteristics of these changes. The presence of the 
additional radiation in 1951 compared with 1937 or 
1938, resulted in an ionization-depth curve which did 
not pass through a maximum. This behavior is to be 
expected if the radiation causing the difference is com- 
posed primarily of particles which do not multiply 
appreciably in the atmosphere, i.e., low-energy particles. 
There was no obvious correlation of these large 
changes taking place at Bismarck with any terrestrial 
or solar phenomena. It was Forbush’ who showed, from 
the long series of observations at the several Carnegie 
stations, that there is an inverse correlation between 
solar activity and cosmic-ray intensity. The data at 
Bismarck were consistent with this relationship except 
for the flights in August, 1940. These will be discussed 
later in this paper. It was apparent that the summer of 
1954 was an ideal time to make another series of balloon 
flights, especially at high latitudes, since it was quite 
certain that the sun would be at a minimum of activity 
during this period and according to Forbush’s relation- 


* Assisted by the joint program of the Office of Naval Research 
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ship, the intensity of cosmic rays should be at a 
maximum. 

As in 1951, two expeditions were organized and 
simultaneous flights were made by the two groups. The 
one again went to Bismarck, the other went from 
Boston to Thule on the icebraker U.S.S. Atka, then 
transferred to the U.S.C.G.C. Eastward and continued 
on north to geographic latitude 83°N, or 4° beyond the 
geomagnetic pole. All the balloon flights were made 
from shipboard except that made near Boston prior 
to boarding the ship. 


II. DESCRIPTION OF APPARATUS 


The equipment used was essentially the same as that 
used previously.! Some modifications were made, how- 
ever, to secure a higher degree of accuracy and re- 
liability. The changes made in the ionization chambers 
have been described elsewhere.’ Seven of these chambers 
have been set aside and are used for calibration pur- 
poses. They have been compared with our older photo- 
graphically recording chambers which were used in past 
years on balloon flights. They have also been carefully 
compared with each other, using the gamma rays from 
thorium C’’. Over a period of nearly two years, no 
systematic changes in any of these seven instruments 
relative to the others have been detected. Three of 
these instruments were taken by the Bismarck group 
and four were used by the group going to Greenland. 
The instrument sent up was carefully compared with 
these standards just prior to the flight. The error in 
calibration was probably no more than +0.2%. 

The ionization chambers were found to have a tem- 
perature coefficient, due to the nonuniform thickness of 
the gold coating on the quartz fiber. Each of 42 instru- 
ments was run at three different temperatures, namely 
44°, 22°, and 4°C, when subject to the same intensity 


3H. V. Neher and Alan R. Johnston, Rev. Sci. Instr. 25, 517 
(1954). 
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TABLE !. Repeatability of readings of ionization chambers from 
one day to another, at a temperature of 22.2°C. 


Instr. th le 
No. (sec) (sec) 


19.894 
20.945 
23.819 
16.935 
26.030 
16.703 
22.102 
17.293 
17.574 
16.801 


19,902 
20.945 
23.793 
16.980 
26.030 
16.733 
22.125 
17.300 


~ CMs 


17.577 
16.796 


of gamma radiation. A thermostatically controlled re- 
frigerated room was used. To illustrate the consistency 
of measurement, the sample data of the first ten instru- 
ments are given in Table I. The times between chargings 
given in columns two and three were taken on two 
different days inside the thermostated room. The tem- 
peratures were the same, namely 22.2°C. The fourth 
column gives the percentage difference between the 
two readings. Repetition at other temperatures shows 
equal reproductivity. 

A temperature coefficient of each instrument was 
thus determined. By means of an Olland cycle, using a 
bi-metallic strip, the temperature information was 
transmitted to ground at intervals of 8 minutes during 
a flight. The temperature control of the instrument and 
the temperature coefficient were such that for no flight 
was the correction to the ionization greater than 1%. 
It is estimated that errors caused by temperature were 
in no case greater than 0.1%. 

To illustrate the degree to which the temperature of 
an instrument may be controlled by using the sun and 
the ‘‘green-house”’ effect, Fig. 1 is given. The essential 
details of the cage and wrapping were as follows: Two 
layers of one-half inch thick mineral wool were wrapped 
around the instrument. It was then suspended inside a 
light bamboo cage around which was wrapped two 
layers of clear cellophane. The spacing between the 
light colored mineral wool and the cellophane was 1 to 
2 inches. If the flight is made near the middle of the 
day, a 30% covering of aluminum foil is used, for other- 
wise the instrument becomes too warm. 

A further change in the 1954 instruments over those 
used in 1951 was in the barometer units.‘ It was found 
that some hysteresis was being introduced by the 
guiding phosphor-bronze strip on the front of the 
bellows. Owing to the fact that the barometer was 
calibrated by reducing the pressure at the rate expected 
during a flight, a hysteresis effect should not introduce 
an appreciable error. However, it was found that the 
strip could be dispensed with, and hence it was not 
used on the present units. 

The over-all performance of the equipment is illus- 


4H. V. Neher, Rev. Sci. Instr. 24, 97 (1953). 
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Fic. 1. Temperature record of Flight 82K1, July 28, 1954. With 
proper insulation and covering the instrument may be kept close 
to a constant temperature during a daytime flight. 


trated in Fig. 3. Here the ionization vs atmospheric 
depth is given for five flights at geomagnetic latitudes 
of 81° and higher. The abscissas of curve A are correct. 
The other curves have been shifted successively 10 g 
cm~ to the right to separate them. If plotted one on 
top the other, none of these curves departs more than 
0.5% from the average of the other four in the middle 
part of their range. 

Fluctuations in the primary radiation during the 
summer of 1954 were expected to be low because of the 
very low activity of the sun. We prefer to interpret the 
curves of Fig. 3 as showing that the combination of 
instrumental errors and fluctuations in the primary 
radiation at the times of these flights, which covered a 
three-week period, were less than 0.5%. 

The performance of the equipment sent up with 
balloons was such that the only failure in the ionization 
record of the 25 flights made was the result of a hurri- 
cane which resulted in an antenna being knocked off by 
a tree just after launching near Washington, D. C. 
The major difficulty encountered on the other flights 
was in the premature bursting of the Neoprene balloons 


used. 
III. EXPERIMENTS PERFORMED 


Most of the flights made by the mobile station are 
listed in Table II. Seven other flights were made but 
the altitudes reached were too low to add useful in- 
formation. 

In Fig. 2 are plotted the data from the flights made 
by the roving station on July 11, 17, 19, and 28. These 
flights covered the geomagnetic latitude range from 
53° to 81°N. The data for the flight of July 19 have 
been increased by 2% to allow for the fluctuation 
measured that day at Bismarck. 

In Table III are shown the values of the ionization 
at 100 g cm™ taken from the flights at Bismarck. From 
this table it will be seen that July 19 and 28 are not 
consistent with the other days. July 19 was low not 
only at Bismarck but also for the station on shipboard. 
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Fic. 2. Data taken by the mobile station on the trip from 
Boston, Massachusetts north to Greenland. 


Hence this latter flight was corrected as indicated in 
the foregoing. The July 28 flight at Bismarck seems to 
be anomalous and may represent the same kind of non- 
simultaneous change found between Bismarck and 
Thule in 1951.' 
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Fic. 3. Comparison of five flights taken in the Arctic. Curves B, 
C, D, and E have been shifted to the right successively 10 g cm™ 
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TABLE II. Times at which instruments reached maximum 
height, minimum pressure, and geomagnetic latitude for the 
mobile station. 


Pmin 


g cm? 


Geomag. 
lat. 


Date 


Instr. 
(1954) 


No. 
117 





The flights made on July 28, August 10, 17, 18, 19 
in the arctic region are shown in Fig. 3. To separate 
the curves, beginning with the second from the left, 
each curve has been shifted successively 1% of one 
atmosphere, or 10 g cm~, to the right. The accuracy 
of these curves has been discussed previously in con- 
nection with the performance of the equipment. The 
tendency for the slope to increase at the lowest pressures 
is evident in all five curves. Whatever is responsible 
for causing this behavior was present on these five days 
which extended over a period of three weeks. 

To find the dependence of the ionization on latitude 
at a given atmospheric pressure, one may pick off the 
proper values from the curves of Fig. 2. These are 
plotted in Fig. 4, which is taken from an earlier paper® 
and is here reproduced for completeness. 

In Fig. 5 we have collected pertinent data at 15 g 
cm~ over a period of years taken at various latitudes. 
Instruments used in 1951 and 1954 were compared 
directly with the photographically recording instru- 
ments used in other years.® Hence it is believed that 
the results over the years may also be compared. The 
1937 curve is a composite one. The point at 85°N was 
taken from the flight made by Carmichael and Dymond’ 
in 1937 within 10 days of the flights made by Bowen, 
Millikan, and Neher® at 60°N. The curve of Carmichael 
and Dymond was fitted to that of Bowen, Millikan, 
and Neher by making them cross at the same point as 
was found necessary in the flights of Neher, Peterson, 
and Stern' in 1951 when they compared the simul- 
taneous flights made at Bismarck (56° geomagnetic 


TABLE III. Ionization at 100 g cm™ pressure at Bismarck 
for the indicated days of 1954. 


I at 
100 g cm™? 
334 


334 
333 


IT at 
100 g cm 
331 
331 


324 
348 


Date 
July 11 
17 


19 
28 


5H. V. Neher and E. A. Stern, Phys. Rev. 98, 845 (1955). 

6 Bowen, Millikan, and Neher, Phys. Rev. 53, 855 (1938). 

7H. Carmichael and E. G. Dymond, Proc. Roy. Soc. (London) 
A171, 521 (1939). 
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north) and Thule, Greenland (88°N). The points at 
38°N and 3°N were taken in 1936 while that at 17°N 
was taken in 1939. 

A further comparison of the 1954 data with that 
obtained in 1951 for the Arctic region is shown in Fig. 6. 
Here also the curve of Carmichael and Dymond is 
given, adjusted as stated above. A similar comparison 
of flights made at Bismarck in 1951 and 1954 is given 
in Fig. 7. The 1937 curve is from the flight made at 
Saskatoon, Canada at geomagnetic latitude 60°N re- 
ferred to above. 


IV. DISCUSSION OF DATA 


It is evident from Figs. 4-6 that large changes took 
place in the amount of radiation measured at high 
altitudes and high latitudes between 1951 and 1954. 
Still larger changes took place from 1937 to 1951. 
Taking Forbush’s finding that cosmic-ray intensity is 
inversely related to solar activity, we see that the data 
herewith presented corroborate his result. For, as shown 
in Fig. 8 where we have plotted the relative sunspot 
numbers, as a measure of ‘solar activity, we see that 
1937 was a period of high sunspot activity, 1951 was 
during the waning part of the last period of activity, 
while the summer of 1954 was a time when the sun was 
less active than it had been for several cycles. Thus, 
while Forbush’s result was obtained with ionization 
chambers at ground level, where the average energy of 
primary particles contributing to the ionization is 
probably in excess of 40 Bev, we see that instead of 
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Fic. 4. Ionization vs geomagnetic latitude at the atmospheric 
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Fic. 5. Latitude curves for constant pressure for three different 
years. In 1937 the sun was at a maximum of activity while in 1954 
it was at a minimum. 


the 4% change which he obtained, the changes at high 
altitudes and latitudes in the ionization is at least 
50%, or a ratio of over 12 to 1 in the relative changes. 

Indeed, this is one of the chief characteristics not only 
of this particular cosmic-ray fluctuation, but of others 
also, namely that the percentage change in the low- 
energy radiation, which comes in at high altitudes and 
latitudes, is much more than occurs in the high-energy 
primaries. The ratio given previously® was 7 to 1 for 
the relative changes at 50 g cm~ at Bismarck as com- 
pared with ground level, and since the changes at Thule 
were the same as at Bismarck,! this same ratio held for 
the changes in the Arctic, at this pressure, compared 
with sea level. Thus the lower the energy of primary 
involved, the larger was the percentage change com- 
pared with that in the high-energy primaries. 

From Figs. 4 and 5 it is seen that in 1937 and in 1951 
a quite sharp break occurs in the ionization vs geo- 
magnetic latitude curves at around 55°N. This has 
been called the “knee” of the latitude curve and has 
been taken in the past as evidence that there is a cut- 
off of primary particles below a rather definite magnetic 
rigidity. In 1951 this cutoff! was placed at 58°N which 
corresponds to a minimum energy for protons of 
0.8 Bev. The latitude at which this cutoff occurs shifts 


* H. V. Neher and S. E. Forbush, Phys. Rev. 87, 889 (1952). 
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Fic. 6. Ionization curves near the geomagnetic north pole 
for three different years. 


to higher latitudes as more lower energy particles are 
admitted, as is demonstrated very nicely by the air- 
plane neutron data of Meyer and Simpson.’ 

Using the calculations on the effect of the earth’s 
magnetic field on incoming charged particles, one finds 
from the 1951 and 1937 curves of Fig. 5 that the addi- 
tional radiation responsible for the increase had rigidities 
lying primarily between 4 and 1.5 Bev/Zc, but nothing 
less than 1.5 Bev/Zc. In 1954 there was practically no 
additional radiation with rigidity above 1.5 Bev/Zc 
and there appeared to be no cutoff of low-rigidity 
particles at all. 

Combining the range of protons in air with geo- 
magnetic calculations enables one to plot the mass of 
air overhead that new protons, admitted by the earth’s 
magnetic field, can penetrate at various zenith angles, 
vs geomagnetic latitude. This is done in Fig. 9 for 
45°E and W. The energies of the protons involved 
above 60°N are such that the additional particles ad- 
mitted lose most of their energy by ionization rather 
than by nuclear collisions. At 15 g cm, using an omni- 
directional device, very little effect of additional protons 
admitted by the earth’s magnetic field will be measured 
beyond 68°N. The slow, continued rise of the curves in 
Figs. 4 and 5 above 68° we have attributed to the 
shadow-cone effect, modified by the albedo effect! and 
is present in 1937 as well as 1951 and 1954. 

We therefore interpret the curves for 1937 and 1951 
as shown in Figs. 4 and 5 to mean, if not a complete 


®Peter Meyer and John A. Simpson, Phys. Rev. 99, 1517 
(1955). 


NEHER 


absence of low-energy primaries in 1937 and 1951, 
certainly a scarcity of particles having rigidities below 
1.5 Bev/Zc. In contrast, in 1954, the ionization vs 
latitude curves, at the lowest pressures, continue to 
rise, up to the latitude where the atmosphere above the 
instrument would cut out the least absorbable particles. 
We therefore interpret these data to mean that there 
was no cutoff of primary particles in the summer of 
1954 at least down to a rigidity of 0.54 Bev/Zc which 
corresponds to an energy for protons of 150 Mev. We 
have here used the minimum rigidity for particles 
affecting our instrument as those coming from 45° E. 

That these low-rigidity particles are protons rather 
than heavier nuclei may be seen as follows: An a@ par- 
ticle having a rigidity of 0.54 Bev/Zc would have an 
energy of 160 Mev and its range would be about one- 
fourth as large as that of a 150-Mev proton. Heavier 
nuclei would have even less range for the same rigidity. 
We therefore conclude that in 1954, the particles 
responsible for the rise of the latitude curve at high 
altitudes between 60° and 68° N and also for the turn 
up of the curves at the lowest pressures in Fig. 3 are 
protons. 

As an illustration of the kind of behavior to be ex- 
pected of low-energy protons, an attempt has been 
made to build up curves at various latitudes which are 
consistent with the latitude curves found experimentally 
and therefore also consistent with the increase in area 
under the curves from one latitude to another. 

In such an attempt, one must take account of the 
change in ionization along the path of the particle, 
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Fic. 7. Ionization curves at Bismarck for the same years as for 
Figs. 5 and 6. (Except curve A, which is for Saskatoon.) 
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since we are here dealing with protons which primarily 
lose their energy by ionization and which come to the 
end of their paths high up in the atmosphere. We must 
also integrate over a solid angle of 27 since our instru- 
ment is omnidirectional. 

We start first from the fact that the increase in area 
under the ionization vs depth curve in 1954 from 56° to 
90°N was 5500 ions cm sec~! atmos™ of airxg cm™~ 
in air at normal pressure and temperature. We next 
assume a differential energy distribution of the par- 
ticles. A number have been tried. One of the simplest 
is the following: 


N(E)=6/E, 0.15<E<0.85 Bev for protons. 


Hence 


E2 
f EN (E)dE=b(E2— E) 
Ei 

= 5500 ions cm sec™ atmos™ of air 


=0.13 Bev cm™ sec“, 


where we have taken the value of 32 ev per ion pair. 
Using the value of 6 thus determined together with 
calculations on the energies of protons involved, one 
finds the additional energy brought in from one latitude 
to another. Using, then, the expected change of ioniza- 
tion along the path of the particle and the omni- 
directional requirement, one may build up the curves 
to be expected starting with \,,=56° as a base. The 
result is shown in Fig. 10. The crosses in the figure are 
the points obtained from the flight of August 10, 1954 
at 89°N. We have used the minimum energy of protons 
as that to be expected at the vertical at a given latitude. 
A somewhat better fit might have been obtained at the 
lowest pressures if higher energy particles toward the 
east had been taken into account. 

Although the agreement of the calculated and the 
experimental curves is not perfect, it is clear that the 
turn-up of the ionization-depth curve at the lowest 
pressures found in 1954 is consistent with what is to 
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Fic. 8. Solar activity as measured by the relative 
sunspot numbers. 
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Fic. 9. Range in the atmosphere for protons which can just 
get through the earth’s magnetic field as a function of geomagnetic 
latitude. 


be expected from a continuous distribution of primary 
particles and is nothing anomalous. 

Taking the above number distribution we find the 
number of particles between E» and E£, to be 6 In(£2/E)) 
=0.32 cm™ sec. If one assumes isotropy at the top of 
the atmosphere, this corresponds to 0.10 cm™~ sec! 
sterad—!. The average energy of protons, responsible for 
the difference between curves A and B of Fig. 6, then 
is 0.13/0.32=0.40 Bev, or not far from the mean of 
0.85 and 0.15 Bev. 

An estimate of the numbers of particles responsible 
for the difference between curves B and C of Fig. 6 may 
also be made. The area of the difference extended to 
all depths is approximately 8000 ions cm~ sec~! atmos™! 
of airXg cm~ or 0.20 Bev cm™ sec~!. Assuming an 
average energy of particle, causing the difference, of 
1.5 Bev, we find 0.04 particle cm~ sec~ sterad™ as the 
number of particles, assuming protons, responsible for 
the difference. 

In a previous estimate” based upon data taken in 
1937 and 1948, the number of primary cosmic-ray 
particles, assuming protons, down to an energy of 
1.0 Bev was found to be 0.10 cm™ sec™ sterad. 
Referred to 1951, we find from the above that this 
should be increased to 0.14. We must add another 0.10, 
giving 0.24, to arrive at the total number coming in 
near the geomagnetic poles in 1954. It is clear from the 
behavior of the curves of Fig. 3, that still more low- 
energy particles would have been measured had our 
balloons gone higher. We therefore believe that the 


” H. V. Neher, Phys. Rev. 83, 649 (1951). 
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Fic. 10. The expected ionization curves at various latitudes, 
constructed by using geomagnetic calculations and a differential 
number distribution, V(Z)=)E™, assuming protons, and using 
A\m=56°N as a base. The crosses are the data for August 10, 1954 
at Am=89°N. 


number of primary particles changed by at least a 
factor of 2.4 from the solar maximum of 1937 to the 
solar minimum of 1954. 

It is interesting to compare the number of primary 
cosmic-ray particles calculated from areas under ioniza- 
tion curves with direct measurements using rockets 
carrying Geiger counters. While in principle the rocket- 
borne equipment should give a much more accurate 
determination of this quantity, in reality it suffers from 
much more uncertainty. This is due primarily to the 
effect of the albedo, i.e., to particles ejected upward 
from the atmosphere, many of which are caught by 
the earth’s magnetic field and are returned to the 
atmosphere. 

Meredith, Van Allen, and Gottlieb" have recently 
summarized their rocket data and have attempted to 
correct them for albedo effects. In Table IV we give 
their data for various latitudes, both before (column a) 
and after (column 6) correcting for albedo. The values 
given in columns c are those derived from ionization 
data.” Units are particles cm~ sec sterad~. 

The chief uncertainty in the ionization method is in 
the energy going into neutrinos. An error is also made 
in assuming that all of the primaries are protons. The 
effect of these two errors on the calculated numbers is 
in the opposite sense and probably of nearly the same 
amount. The area under ionization curves is inde- 

1 Meredith, Van Allen, and Gottlieb, Phys. Rev. 99, 198 
(1955). 
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pendent of albedo effects since the location in the 
atmosphere where the energy is lost is not important. 
It is interesting to observe that the two methods are 
now in quite good agreement. 


V. INTERPRETATION 


The inverse relationship between solar activity and 
cosmic-ray intensity points to some indirect influence 
of the sun rather than to the sun itself acting as a 
source of cosmic-ray particles. In effect the activity of 
the sun somehow suppresses the numbers of particles, 
their energy, or both. In fact, during most of the time 
low-energy particles seem to be kept away from the 
earth more or less completely and it is only during 
very quiet periods of the sun that they are permitted 
to enter. Even when protons down to 150 Mev are 
admitted they are not there in the numbers that might 
be expected. Thus, although a differential distribution 
N(£)=6E™ appeared to hold for the low-energy par- 
ticles coming in in 1954 that were not present in 1951, 
this is a much less rapid dependence on E than is found 
at the higher energies. The reason for this may lie in a 
further mechanism, either in the acceleration process, 
or in some other modulating effect (see below) 

When the fluctuations and intensity measured in 
1954, are compared with those of 1937,’ 1938,” 1947,}8 
and 1951,' it is seen that not only was the intensity 
low when the sun was active, but the fluctuations were 
much more pronounced. Thus it appears that when the 
sun is active, the intensity of cosmic rays is down and 
the fluctuations are up, and conversely, when the sun is 
least active, the intensity of cosmic rays is up and the 
fluctuations are down. 

Although much further work is required to give this 
general relationship a sound basis, it appears at the 
present time that most of the recognized fluctuations in 
cosmic rays (excluding flares) are of this type, namely, 
when the sun becomes active, the cosmic-ray intensity 
is suppressed and the fluctuations are increased. 

Qualitatively this behavior may be understood by a 
modulating mechanism in the form of clouds of gas 
being emitted by the sun. These clouds, ionized and 
carrying with them magnetic fields, would presumably 


TABLE IV. Comparison of numbers of primary particles meas- 
ured with rockets (column a before correction for albedo, column 0, 
after correction) compared with values calculated from ionization 
data (columns c). 


Am Emin protons b 


0° 14 0.018 
41° 3.8 0.048 
54° 1.0 t 0.11 
87° . 0.27 


0.012 
0.042 
0.10 
0.11 


Phil. Soc. 83, 427 


2R. A. Millikan and H. V. Neher, Am. 
(1940). 

48 Biehl, Montgomery, Neher, Pickering, and Roesch, Revs. 
Modern Phys. 20, 360 (1948). 
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affect low-energy particles more than those of high 
energy. At the same time such clouds, by their random 
distribution in the planetary system, varying size, and 


random emission from the sun would result in larger. 


fluctuations than when they are absent. Morrison" has 
worked out a detailed theory of the effect of such clouds 
which has many attractive features. 

Whatever the mechanism involved, in addition to the 
requirements stated previously, it now appears that it 
must also satisfy the following requirements: 


(1) It must give the proper ratio of the changes in 
the low-energy particles to those of high energy. 

(2) It must account for the world-wide character of 
these changes. 

(3) While suppressing the total energy by something 
like 14% and holding the numbers of particles down to 
0.4 of their value during a quiescent period of the sun, 
the mechanism, during an active period, must not 
allow large changes to occur from one day to another. 
In terms of clouds of solar origin, they cannot be present 
for a few days during large solar activity and then 
disappear. 

(4) As the sun passes through the waning part of its 
cycle, the mechanism must permit the cutoff rigidity 
to move toward lower and lower values, permitting to 
pass most particles above this value, but still excluding 
those whose rigidity is below a certain value. 


A conclusion one might be tempted to draw from 
the above picture is that during a very quiescent period 
of the sun, such as existed during the summer of 1954, 
all possible cosmic-ray particles should be able to get 
to the earth. In other words, if 150-Mev protons were 
able to get in, one might think that certainly all par- 
ticles with higher rigidity would be able to enter. We 
should like to point out that this is not necessarily true 
and that other agencies of quite an unknown character 
may be at work. In 1940 a series of balloon flights, 
using ionization chambers, was made at Bismarck, 
North Dakota, Omaha, Nebraska, Oklahoma City, 
Oklahoma, Fort Worth, and San Antonio, Texas.'® 
These same instruments are now used to calibrate those 
now employed, and it is believed that the results of 
1940 may be compared directly with data obtained in 
recent years. The curves found, at all the stations 
except San Antonio, during the period, were higher than 
values obtained in 1937 and 1938 and higher than is to 
be expected from the present known solar cycle change. 
These changes, however, are consistent with those 
measured at Cheltenham and Huancayo by the Car- 
negie instruments. Forbush’ has plotted the departures 
from balance of the Huancayo meter against the values 
taken from our curves, over a period of years, at 140 
g cm. The Bismarck point, which came from an 
average of 3 flights made on August 21, 1940, falls on a 
straight line that is consistent with the other points 


4 P. Morrison, Phys. Rev. 101, 1397 (1956). 
18 Millikan, Neher, and Pickering, Phys. Rev. 66, 299 (1944). 


COSMEC 


RAY PARTICLES 


BISMARCK 


AUG. 2,3,4, 195! 


AUG. 19, 1954 


AUG. 21, 1940 








| 


e —— 
150 g cor? 


50 aa Re 
AIR OVERHEAD 


Fic. 11. Comparison of ionization curves of 1954 and 1940. 
All possible particles were not getting to the earth in 1954, as 
indicated by curve C taken in 1940. 


for other years. Thus these 1940 data for Bismarck are 
completely in accord with what was found at Huancayo 
for the same day. In Fig. 11 this flight of 1940 is repro- 
duced and compared with the flight of August 19, 1954, 
at Bismarck. 

From this evidence, we conclude that on certain 
occasions at least 10% more energy may be brought to 
the earth by cosmic-ray particles than during normal 
times of very low solar activity. This is not the solar- 
flare type of increase, since it persisted for a number of 
days. We must indeed remember that the tacit assump- 
tion has been made up to the present discussion that 
cosmic rays are constant at some distance from the 
solar system. Such, of course, may not be true and other 
agencies may be at work. 


VI. CONCLUSIONS 


Evidence is presented to show that, in contrast to 
the usual idea that cosmic rays remain essentially 
constant, there are indeed large changes over a period 
of years. During a solar maximum the intensity appears 
to be least. From the solar maximum of 1937 to the 
minimum of 1954, the energy being brought to the 
earth near the poles increased by 14% and the numbers 
of incoming particles by at least a factor of 2.4. The 
appearance of the “knee” of the latitude curve during 
an active period of the sun and its disappearance during 
a quiet period seem to be manifestations of the fluctua- 
tions which are much more pronounced in the low- 
energy particles compared with those of high energy. 
If these changes are to be ascribed to a modulating 
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effect due to ionized clouds being ejected from the sun, 
then we might expect the density of ionized matter in 
the vicinity of the earth to change during a solar cycle 
also. Besides correlations with magnetic activity, one 
might expect to find correlations of cosmic-ray intensity 
with other phenomena which depend on the presence 
of ionized matter in the vicinity of the earth. 
Although the solar influence is probably the most 
important, the possibility of other modulating mecha- 
nisms must be borne in mind. The situation of August, 
1940, where 10% more cosmic-ray energy was coming 
to the earth than during the solar minimum of 1954, 
is cited as a case in point. This was not the solar-flare 
type of increase for it not only lasted for a number of 
days but it was measured at Huancayo, Peru also. 
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Spallation of Yttrium by 240-Mev Protons* 
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The individual cross sections of 36 nuclides resulting from the inelastic interaction of 240—Mev protons on 
yttrium were determined. The results were found to be in agreement with the current theories of high-energy 
nuclear reactions. By means of interpolated cross sections for the stable nuclei produced in the reactions, it 
was possible to estimate the total inelastic cross section for yttrium with 240-Mev protons. By use of this 
value and application of the optical model, r» for Y* was found to 1.2110— cm and the nuclear trans- 


parency about 17%. 


INTRODUCTION 


NVESTIGATIONS of the interaction of high-energy 
particles with complex nuclei are made to seek 
answers to the following: (1) the mechanism by which 
high-energy reactions take place, (2) the total inelastic 
cross section, (3) the distribution of energy transferred. 
Two experimental approaches may be used. One is 
the study of the particles emitted in these reactions by 
means of emulsions, cloud chambers, and counter 
telescopes. The second is the radiochemical approach 
whereby the products formed are isolated chemically 
and identified. 

In this study, yttrium was bombarded with 240-Mev 
protons, the reaction products were separated and their 
yields determined by the radiochemical approach. In- 
herent in this approach is the disadvantage that the 
primary process is not observed directly but must be 
deduced from the end products. However, it has the 
advantage that it is possible to detect the effects of the 
emission of neutral particles. 


* The investigation was supported by the U. S. Atomic Energy 
Commission. This report is based on a thesis submitted by Albert 
A. Caretto, Jr., in partial fulfillment of the requirements for the 
Ph.D. degree at the University of Rochester, 1953. 

t Present address: Radiation Laboratory, University of Cali- 
fornia, Berkeley, California. 


Other studies on the interaction of high-energy 
particles with complex nuclei, as approached by the 
radiochemical method, are given in a recent review.! 


EXPERIMENTAL 


Yttrium in the form of spectroscopically pure 
yttrium oxide* was irradiated in the University of 
Rochester 130-in. synchrocyclotron at a radius corre- 
sponding to 240-Mev protons. Each target was prepared 
by wrapping 100 mg of yttrium oxide in a 5-mil alu- 
minum foil envelope, 3 mmX3 mm X3 cm, the latter 
dimension perpendicular to the radial direction of the 
beam. 

Two 1-mil aluminum foils were placed before and 
after the target foil, of which the two inside foils served 
to monitor the integrated proton beam through use of 
the known cross section for the reaction Al?’(p,n)Na*. 
A value was used for the cross section for this reaction 
of 11.0 mb, which is based on an interpolation of the 
values determined by Hintz and Ramsey’* at 110 Mev 


1D. H. Templeton, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, pp. 93-104. 

2 The yttrium oxide, supplied through the courtesy of Ames 
Laboratory, Iowa State College, Ames, Iowa, was better than 
99.9% pure. 

3N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 
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and Marquez at 420 Mev.‘ Each 1-mil aluminum foil 
was dissolved in 1.0 ml conc. HCl and a 0.1-ml aliquot 
absorbed on a filter paper disk 1.8 cm in diameter. The 
filter paper disk was then cemented to a stainless steel 
disk, which was used for counting. The 15-hour Na* 
was determined in each case. In one run, a uniform 
mixture of the oxides of aluminum and yttrium wrapped 
in a 5-mil aluminum foil envelope, was bombarded, and 
the Na™ produced from the aluminum oxide was 
chemically separated. It was thus possible to compare 
the ratio of the yield of Na™ to that of various products 
from yttrium by these two different targeting arrange- 
ments. From the second method a correction can be 
obtained for the decrease in radial penetration of the 
proton beam through the target, as will be explained 
later. 

The yttrium oxide target was placed in a distilling 
flask which contained known quantities of inert carriers 
of the elements niobium, zirconium, strontium, ru- 
bidium, bromine, selenium, arsenic, and germanium. The 
flask was connected to an all-glass line which had provi- 
sion for flowing helium through the system. The target 
was dissolved by adding conc. nitric acid. The bromide 
carrier was oxidized to bromine, which was carried by 
the helium and absorbed in a CCl, trap held at 0°C. 
Radioactive krypton, produced from the yttrium, was 
carried by the helium through a series of dry ice traps 
and was finally adsorbed in a charcoal-filled trap at 
liquid nitrogen temperature. 

The chemical separations for the remaining elements 
were based on modifications of standard procedures.® 
The fraction of the inert carrier recovered was deter- 
mined in most cases by gravimetric analysis. Samples 
of each of the recovered elements were prepared by 
filtering a convenient form of the element through a 
glass chimney onto filter paper disks. Each disk was 
then glued to a stainless steel disk and covered with a 
few drops of Duco solution (2-3 g/cm’). 

All samples were counted with a methane-flow beta 
proportional counter. When the nature of the radiations 
permitted, a sodium iodide scintillation counter and an 
X-ray proportional counter were also used. 

Each radioactive nuclide produced was identified 
by (a) its half-life from resolution of decay curves, 
(b) maximum beta-spectrum end points obtained with 
a survey beta spectrometer, and (c) chemical isolation 
experiments in certain cases. 

Each counting rate was converted into a disintegra- 
tion rate by correction for solid geometry and use of the 
decay scheme of the particular nuclide. For beta 
emitters, correction factors were applied for back scat- 


4L. Marquez, Phys. Rev. 86, 405 (1952). 

5 A. A. Noyes and W. C. Bray, A System of Qualitative Analysis 
for the Rare Elements (The MacMillan Company, New York, 1948) ; 
W. W. Meinke, Atomic Energy Commission Report AECD-2738 
(unpublished); C. D. Coryell and N. Sugarman, Radiochemical 
Studies: Radiochemistry of the Fission-Product Elements (McGraw- 
Hill Book Company, Inc., New York, 1951 and 1952), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9 Div. IV. 
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tering, self-absorption and self-scattering, and air and 
window absorption. The back scattering factors used 
in this work were determined experimentally by use of 
standard techniques.* The self-absorption and self- 
scattering factors were determined by use of the pro- 
cedure outlined by Baker and Katz.’ The factor for air 
and window absorption was determined in each case by 
the empirical relationship of Gleason, Taylor, and 
Tabern.® The solid angle of the source with respect to 
the counter was determined both by the use of 
Blachman’s equation? and experimentally by use of 
calibrated sources. Also, by use of calibrated sources the 
sensitive volume of the counting chamber was deter- 
mined and this effect was incorporated in the geometry 
factor. 

The counting efficiency of the proportional counter 
for beta particles was taken as 100%, which was in 
agreement with calculations made on standard sources. 
The efficiency for gamma radiations was 1.5%, obtained 
from a calibrated source of Co™. Finally, the x-ray 
counting efficiency was calculated both by using mass 
absorption coefficients and by intercalibration with the 
X-ray proportional counter and pulse-height analyzer. 

All disintegration rates were calculated to infinite 
bombardment time and this saturation disintegration 
rate was compared with the saturation disintegration 
rate of Na™ from the aluminum monitor. From this 
comparison and taking into account the weight of the 
targets, the cross section was calculated for each 
product. 


RESULTS AND DISCUSSION 


The experimental values of the cross sections of the 
various products obtained from the spallation of 
yttrium at! 240 Mev are given in Table I. The results 
are an average of three to six separate determinations 
and the precision estimate is the average deviation of 
these multiple determinations. Of the 63 radioactive 
nuclides between zirconium and germanium that could 
feasibly be produced by the spallation of yttrium, 36 
were definitely observed. This leaves 27 nuclides not 
found because of low cross sections or too long or too 
short half-lives, of which 65% were on the neutron 
excess side of stability. 

Several general features are apparent from a study of 
Table I. First, the products observed lie predominantly 
on the neutron deficient side of stability. Comparison 
of the cross section of Ge”? with the other germanium 
isotopes indicates the low probability of making 
neutron excess nuclides, even when they are many mass 
numbers removed from the target. Secondly, it is seen 
that in the mass region between three and ten mass 


®L. Zumwalt, U. S. Atomic Energy Commission Report MDDC- 
1346 1947 (unpublished). 

7R. G. Baker and L. Katz, Nucleonics 11, No. 2, 14 (1953). 

8 Gleason, Taylor, and Tabern, Nucleonics 8, No. 5, 12 (1951). 

9B. P. Burtt, Nucleonics 5, No. 2, 28 (1949). 

1 The interaction of yttrium with protons of 60, 100, 150, and 
175 Mev will be presented in a forthcoming paper. 
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TABLE I. Cross sections for the formation of nuclides from the 
bombardment of yttrium with 240-Mev protons. 





Gross reaction Cross section (mb) 


(p,m) 6.1 
(p,2n) 25.6 
(p,3n) 9.2 
(p,4n) 


Nuclide 


Zr® 
Zr 
Zr? 
Zr 


= (p,pn) 

bad (p,p2n) 
Y8™ and Y* * (p,p2 or 3n) 
_ (p,p4n) 

Y* and Y®* (p,p5 or 6n) 
ba (p,p7n) 


Sr87™ (p,2pn) 

Sr®5 (p,2p3n) 
Sr (p,2p5n) 
Sr (p,2 p6n) 


(p,3 pn) 
(p,3p3n) 
(p,3p5 or 6n) 





Sorno 
noon 


— 


UPSD SCOWUMNAN 
= 2 


—_ 


Rb* 
Rb®*™ 
Rb® and Rb® * 


eH OER EOE EE Hs HE HE 


— he 
ane 


Kr” b 
Kri7b 
Kr76éb 


(p,4p7n) 
(p,4p9n) 
(p,4p10n) 


Br® (p,5p5n) 
Br” (p,5p8n) 
Br76 (p,5p9n) 
Br® (p,5p10n) 


ee © 


Se75 
Se” 
Se” 


(p,6p9n) 
(p,6p11n) 
(p,6p12n) 


worms coon 


As™ 
As” 
As™ 


(p,7 p9n) 
(p,7pl1in) 
(p,7p12n) 


(p,8p5n) 0.007+ 0.005 
(p,8p11n) 2.1 + 1.0 

(p,8p13n) 0.016+ 0.01 
(p,8p14n) 0.021+ 0.01 


S22 SS 


— 
= 
= 
“ds 
+ 0 
= 
& 
* 
+ 
= 


— 
Oo 
maw 


Ge™? 
Ge™ 
Ge® 
Gees 
483.5 


Total +86.5 





* Value represents the sum for the two species. Separation difficult due to 
similar half-lives. 

>’ Values based on the yield of Br’® grown in from a purified krypton 
fraction. 


numbers from the target, the cross sections in general 
do not decrease rapidly. 

Another interesting feature is found in a comparison 
of several isobaric pairs of nuclides. Yields of Rb® are 
larger than those of Sr®, and As” yields are larger than 
those of Se”. If the mechanism for the production of 
nuclides many mass numbers removed from the target 
involves the evaporation of one or more nucleons, 
especially in the last step, then nucleon binding energies, 
Coulomb barriers, and the level density of the product 
nuclides will be important factors in determining their 
yield. Since the level density"” of the even-even 
nucleus is lower than that of the odd-odd nucleus, the 
odd-odd nucleus might be expected to have the higher 


1S. N. Ghoshal, Phys. Rev. 80, 939 (1050). 
12 EF. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 
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cross section of the two nuclei comprising the isobaric 
pair, other factors being equal. 

The general features of the spallation product dis- 
tribution can be summarized as follows: (1) The 
maximum yield for an isotope of a given element is 
apparently one to two mass units on the neutron de- 
ficient side of stability, increasing slightly with. increas- 
ing distance from the target, (2) From 3 to 7 units of 
Z lower than the target, the cross sections drop off 
smoothly. (3) At many nucleons removed from the 
target, the yield distribution includes nuclides on the 
neutron excess side of stability as well. 

From these general features it is possible to obtain 
approximate values of the cross sections of the stable 
isotopes formed by spallation from interpolation of 
cross section vs mass number for a given Z, and cross 
section vs Z for a given isobaric chain. Smooth distribu- 
tions, with maxima from 1.5 to 2 mass units on the 
neutron-deficient side, were assumed in each case 
except for Sr**. For the latter, owing to the probably 
different mechanism for its production, a cross section 
equal to 1/1.28 times the Y** cross section was assumed. 
This will be discussed later. The total cross sections in 
millibarns for each element, including the interpolated 
values, are as follows: Zr, 42; Y, 162; Sr, 250; Rb, 200; 
Kr, 82; Br, 21; Se, 8; As, 6; Ge, 2. Thus, the total 
inelastic cross section for 240-Mev protons on yttrium 
is 7734177 mb. The estimated error emphasizes the 
approximate nature of the value. It may be noted that 
the strontium isotopes account for the largest fraction 
of the cross section when the estimated yields of stable 
nuclei are included, though the largest observed activity 
is in the yttrium fraction. 

As was mentioned previously, the ratio of the pro- 
duction of Na™ to various products from yttrium was 
measured by two different target monitoring arrange- 
ments, i.e., one with aluminum foil on the outside of the 
envelope and the other with aluminum oxide mixed 
uniformly with the yttrium oxide target. These gave 
a difference of about 11% in the yields. By means of the 
empirical relationship developed by Clark” for the 
radial penetration of the proton beam in the Rochester 
cyclotron, it was possible to calculate this effect on the 
target arrangement which had the external aluminum 
foils as monitors. This calculation gave a value of 14% 
for the correction, which is in good agreement with the 
value of 11% obtained from the internal monitor. 


Comparison of Results with Optical Model 


It is of interest to compare this experimental plus 
interpolated value of the total inelastic cross section 
with a calculation by the optical model as has been 
done by Belmont and Miller.” The results of these 
calculations are given in Table II. From this table it can 


18D. L. Clark, Ph. D. thesis, Department of Physics, University 
of Rochester, 1952 (unpublished). 
14 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 





SPALLATION OF Y 


be seen that the experimental value of o, obtained in 
this work corresponds to an 7 of 1.21 10-" cm and a 
nuclear transparency of about 17%. 

This value of 17% for the nuclear transparency of 
Y® nuclei with 240-Mev protons compares with 13% 
obtained by Perry® for AgBr nuclei irradiated with 
240-Mev protons, 35% for AgBr emulsions, obtained 
by Bernardini ef al.,!° with 380-Mev protons, and the 
values of 53%, 41%, and 31% for carbon, copper, and 
lead, respectively, irradiated with 270-Mev neutrons 
by De Juren." 


Model for High-Energy Reactions 


The over-all results of the spallation of yttrium are in 
agreement with current theories of high energy re- 
actions.'* The primary process is thought to consist of 
two phases: the knock-on phase, which gives rise to an 
internal nucleonic cascade and deposits a distribution 
of energies in the nucleus, followed by the evaporation 
phase, whereby the excited nucleus evaporates protons 
and neutrons until thermal equilibrium is attained. 
This mechanism explains the distribution of yields 
given in Table I. The maximum in the yields should be 
expected to occur close to the target element, as actually 
found, since the probability of an extended nucleonic 
cascade is low. The small amount of neutron-excess 
nuclides found is explained by the higher probability 
of evaporating neutrons compared to protons, forming 
neutron-deficient nuclides. 

The knock-on mechanism explains the high cross 
section for the production of Y**. The incident proton 
knocks out a neutron from Y® leaving an Y** nucleus 
with less than 10 Mev of excitation. This occurs in 
about 10% of the cases. By this mechanism, the ratio 
of the cross section for Y** to Sr** should be approxi- 
mately equal to the neutron-to-proton ratio in Y®. 
For this reason, the interpolated value of the Sr** cross 
section was chosen as 1/1.28 times the Y** cross section, 
as was mentioned previously. For the purposes of 
interpolation, differences in pn and pp scattering 
angular distributions were ignored. 

About 5% of all reactions lead to the production 
of neutron-deficient zirconium nuclides. To produce 
these the incident proton knocks out one or more neu- 
trons and is captured by the target nucleus. Part of the 
yield of the zirconium nuclides can be accounted for by 
charge exchange processes. Table I shows the trend in 
the yields of these nuclides as the number of neutrons 
lost increases; Zr** is produced in highest yield while 
the nuclides on both sides are lower. This is probably 
due to the energy spectrum left behind in the excited 
nucleus remaining after the knock-on process. Thus, the 


15 A. M. Perry, Phys. Rev. 85, 497 (1952). 

16 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952). 

17 J. De Juren, Phys. Rev. 80, 27 (1950). 

18 R, Serber, Phys. Rev. 74, 1269 (1948). 
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TABLE II. The absorption cross section, oa, for yttrium with 
240-Mev protons calculated by means of the optical model as a 
function of ro. The geometric cross section, (og=mrc?A!X 10-%6 
mb), and the percent nuclear transparency are also listed. 


ro X10'3 (cm) aa(mb) @ (mb) % transparency 


0 553 625 
Al 660 757 
2 755 904 
os 870 1055 
A 
is) 


946 
1070 


yields fall off as one, two or three neutrons are evapo- 
rated, as might be expected from energy requirements. 
The effect of secondary particles on these yields was 
investigated in two experiments where the target mass 
was reduced by a factor of 5. There was no measurable 
effect. 

The production of yttrium nuclides involves the loss 
of one proton, i.e., the incident proton and one or more 
neutrons up to seven for Y®. A similar loss of many 
neutrons from the target element has been observed in 
other cases.!8 From Table I and the estimated total 
yields (including stable nuclides) it is seen that despite 
the large yield of Y** and the large number of yttrium 
nuclides observed, the total yttrium cross section is 
less than that of either strontium or rubidium and 
actually amounts to only about 20% of the total 
inelastic cross section. Approximately one-half of the 
total yttrium cross section is accounted for by Y*, 
which must be predominantly a knock-on product. 
The yield of the remaining yttrium nuclides shows a 
maximum at about Y*’ and decreases with increasing 
loss of protons. This means that it is more probable for 
the excited yttrium nucleus to evaporate at least one or 
more protons rather than six or seven neutrons and no 
protons. 

To account for the yield distribution of products 
shown in Table I, it is necessary to conclude that the 
residual nucleus, after the nucleonic cascade, is left with 
a wide spectrum of excitation energies. Based on calcu- 
lations made by Le Couteur"’ it appears that it requires 
from 10 to 20 Mev of excitation energy for each particle 
evaporated. With this assumption, the results of this 
work indicate that the most probable amount of energy 
transferred to the struck nucleus is less than half the 
incident energy. 
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18 B. Dropesky, Ph. D. thesis, University of Rochester, 1953 
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Among the cosmic-ray events recorded with a multiplate cloud chamber there are twelve in which two 
of the new unstable particles (hyperons or heavy mesons) seem to originate in the same nuclear interaction 
inside the chamber. Seven events show two neutral V particles, four show one neutral and one charged V, 
and one a neutral V and an S particle. The histogram of the dihedral angle between the production and 
decay planes of the unstable particles is found to be consistent with a uniform distribution. This result does 
not necessarily imply small spin for the new unstable particles. 





I. INTRODUCTION 


NE of the fundamental properties of a particle 

is its spin. The determination of this quantity 

for hyperons and heavy mesons (here called collec- 

tively: “new unstable particles’”’) is as yet an unsolved 

problem. It is of interest, in particular, to ascertain 

whether some of the “new unstable particles” have 

spin greater than 3.' 

A natural approach to the problem? is suggested by 

the fact that in reactions responsible for the production 
of the new unstable particles such as 


x +p A+, 
at+n— A°+ Kt, 


(1) 


the dihedral angle y between the planes of production 
and of decay*® of the unstable particles is closely 
analogous to the angle employed to study the polari- 
zation of particles in double-scattering experiments. 
If the measured distribution of y, F(W), shows a definite 
asymmetry, then among the hyperons and heavy 
mesons there are particles with spin greater than 3.4 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t On leave of absence from Tata Institute of Fundamental 
Research, Bombay, India. 

1 See the discussion by M. Gell-Mann and A. Pais in Proceedings 
of the Glasgow Conference (Pergamon Press, London, 1955). It 
would be of theoretical interest to find particles with spin >1 
in view of the renormalization difficulties encountered there. 
It may also be noted that the existence of a spin (and isotopic 
spin) 3 isobar of the nucleon, which is suggested by the resonances 
in the r-nucleon scattering and photomesonic cross sections, may 
be closely related to the existence of the ‘‘new unstable particles.” 
See H. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), p. 192 ff. Also, a 
knowledge of spins would shed light on the identity of the 6 and 
7 mesons. 

2 Other methods have been suggested by S. Treiman, and by 
R. Karplus and M. Ruderman (to be published). 

5 The plane of production is determined by the lines of flight 
of the bombarding particle and of the unstable one. The plane of 
decay is determined by the lines of flight of the unstable particle 
and that of either of its charged secondaries. 

4 The angular distributions are discussed by E. Eisner and R. G. 
Sachs, Phys. Rev. 72, 680 (1947); L. Wolfenstein, Phys. Rev. 75, 
1664 (1949); Treiman, Reynolds, and Hodson, Phys. Rev. 97, 244 
(1955); S. Treiman and H. Wyld, Phys. Rev. 100, 879 (1955); 
R. Adair, Phys. Rev. 100, 1540 (1955); L. P. Puzikov and Ia.A. 
Smorodinskii, Doklady Akad. Nauk. U.S.S.R. 104, No. 6, 843 
(1955) (translation by M. D. Friedman, 572 California Street, 
Newtonville 60, Massachusetts). 


In reactions of the type observed in a multiplate 
cloud chamber, 


(x or nucleon)+ (nucleus) > V.+V> 
+ (other charged and neutral secondaries), (2) 


the heavy nucleus may seriously affect the presumed 
correlation between production and decay planes, for 
the following reasons: (a) a considerable amount of 
angular momentum may be carried away by the 
residual nucleus, and the secondaries of the reaction 
other than the unstable particles; (b) the new unstable 
particles may be produced plurally or indirectly;* 
(c) the new unstable particles may be scattered before 
they decay because of strong interactions with the 
nucleons.® 

Since the energy of the primary particle is very large 
compared with the binding energy of the nucleons, 
reactions of type (2) may nevertheless yield information 
on the correlations. It is easy to see the necessary 
conditions for the simple reactions (1) to have occurred. 
Since in (1) the lines of flight of the primary and those 
of the two unstable particles must be coplanar, we 
must have 


v=x;, (3) 


where y is the polarization angle and x is the dihedral 
angle between the plane determined by the lines of 
flight of the two unstable particles, and the plane that 
contains the lines of flight of one of the unstable 
particles and either of its decay products.’ 

As a consequence of conservation of energy and 
momentum, we must also have 


iav(A°) <57° 
p (4) 


dia» (O°) unrestricted 


where ¢ is the angle that the line of flight of the V° 


5 Besides the possibility of successive production of the unstable 
particles in the nucleus (plural production), both unstable 
particles could be produced by particles other than the visible 
primary (indirect production). 

6 The possible importance of scattering has been noted in 
connection with the energy spectrum of the hyperons by G. James 
and R. Salmeron, Phil. Mag. 46, 377, 571 (1955). 

7 This definition extends to V’—V* events the angle used by 
Ballam, Hodson, Martin, Rau, Reynolds, Treiman, Phys. Rev, 
97, 244 (1955). 
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forms with the line of flight of the primary of the 
interaction.® 

In an attempt to determine the possible asymmetry 
of F(y) we have analyzed twelve reactions of the 
general type (2) produced in the Massachusetts 
Institute of Technology cloud chamber by energetic 
cosmic rays.’ It is seen from Tables I and II that Eq. 
(3) is satisfied in five of the twelve events presented and 
that all but one of the events satisfies Eq. (4). 


II. SELECTION OF THE EVENTS AND 
IDENTIFICATION OF THE UNSTABLE 
PARTICLES 


We discarded for one of the following reasons seven 
of the nineteen M.I.T. events that show more than 
one unstable particle: (a) the only possible origin of 
the unstable particles is outside the chamber; (b) none 
of the nuclear interactions visible inside the chamber 
can be identified as the origin of the unstable particles 
without leaving one of the transverse momenta un- 
balanced; (c) the secondary prongs of each V are too 
short to permit a determination of the Q value. In the 
twelve events reported, there is only one _ possible 


TABLE I. Data on double V® events. N,—number of visible 
charged secondaries produced with the unstable particles. §—angle 
of uncoplanarity of the V. ¢—angle between the primary of the 
interaction and the unstable particle. y—dihedral angle between 
the production and decay planes of the unstable particle. x—di- 
hedral angle between the plane formed by the lines of flight of the 
two V’s and the decay plane of the unstable particle. 


Serial 


N, d(deg) ¢(deg) ¥(deg) x (deg) QO (Mev), remarks 


9 9  <4l, probable A°. 
26 194 
70 Cannot be identified. 
11 >81 if ®, cannot be A°. 
37 Cannot be identified. 
40 Cannot be identified. 
32 659 
31-73A°. Cannot be @. 
33A°. Cannot be &. 
Cannot be A°. 
24-49A°. 
Cannot be identified. 
<51A°. Cannot be @. 
> 199. Cannot be A°. 
26-27A°. Cannot be @. 


103 075 


0 : 70 >101@. Cannot be A°. 





§ A detailed analysis of the dynamics of reaction (1) is found in 
reference 5. 

®The chamber is described by Bridge, Peyrou, Rossi, and 
Safford, Phys. Rev. 90, 921 (1953). The plates in this chamber are 
brass or lead. Our cases do not indicate that the type of nucleus 
in Eq. (2) is relevant for the angular distributions discussed. 
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TABLE II. Data on double V’s: V°+V*. The 


symbols are those employed in Table I. 


Serial 


No. N. 4&(deg) Q(Mev), remarks 


30-81A° 


¢(deg) ¥(deg) x (deg) 


67060 6 . 38 > eal 
; 59 6 36 





87074 146 6f ‘67 <45A° 
27 14 
96787 : 141 54 S 18-53A° 
} 136 Kyo (72-85 g range, Br) 

98163 32 18-71A° 
19 

<50A° 

(produced by neutral 

primary) 


95829 


origin common to the two unstable particles inside the 
chamber. 

The V° particles have been analyzed assuming the 
following decay schemes: 


yo _ ptr, (5) 
Yorn. (6) 


A V°® which, when analyzed according to scheme (5), 
gives a Q value compatible with 37 Mev is identified as 
a probable A°. A V° which, when analyzed according to 
scheme (6), gives a Q value compatible with 214 Mev 
is identified as a probable #. In many events it is 
possible to say that the V® is not a A° (or a ®) from 
considerations of residual range, ionization, and inferred 
transverse momentum of the charged secondaries. 

It is unfortunate that the identity of the V“ particles 
cannot be established. In the four events analyzed, 
the charged secondary forms a large angle w with the 
line of flight of the V** and leaves the chamber without 
penetrating any plates. From an estimate of the ioniza- 
tion of the V*" and the measured angle w we can 
conclude that in three of the four V°—V“ events (the 
exception being 95 829), the unstable particle can be 
neither a mw decaying into a u meson nor a hyperon 
decaying into a proton. It is not possible to say whether 
the V™ particles are heavy mesons decaying into 
m’s or w’s or hyperons decaying into + mesons. The S 
particle in event 96 787 is most probably a Kye since 
its secondary has a range between 72 and 85 g cm” 
of brass. 

It is difficult to determine exactly the error involved 
in angular measurements. Our estimate is that for all 
the angles discussed the error is between 2 and 4 
degrees.'° 


III. SUMMARY OF RESULTS 


The number of charged secondaries, the angles, and 
the Q values are given in Tables I and II. 


1” See the discussion by Bridge, Peyrou, Rossi, and Safford, 
Phys. Rev. 91, 362 (1953). 
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Fic. 1. Distribution of 10 double-V events in the ya—y plane 


(Wa<y in degrees). 


We note some general features of the events 
considered. 

(i) The number of visible prongs that emerge from 
the interaction presumably responsible for the produc- 
tion of the unstable particles ranges from 0 to 9. These 
prongs do not seem to lie preferentially in a plane. 

(ii) The V° particles that have been identified as 
probable A° (with the exception of 96 787) have angles 
of production in the laboratory frame of reference, 
diab, smaller than 60°." 

(iii) Event 64 844 is likely to represent a reaction 
of type (1): 


(charged primary)+ (nucleon) — A°+@. 


Since no charged prong is seen to come from the 
interaction in spite of the fact that the origin of the 
V’s is in the well-illuminated region of the chamber 
and about one millimeter above the bottom of a plate. 
Also Y= x for both V’s. It is probably accidental that 
v= x in event 26 194 since \,=9 and for one of the V’s 
6=10°. 

(iv) In two of the three V°—V“ events for which 
comparison is possible, Y= x within the experimental 
uncertainty. In the V°—S event, we also find y= x. 

(v) To understand the behavior of y and x, we have 
plotted in Fig. 1 the y. versus the y» corresponding to 
the two unstable particles contained in each event and 
in Fig. 2 xq versus x». The conventions pa<vi, Xa<xs 
are used with the consequence that the experimental 
points lie all on the same side of the 45° line. Only Fig. 
2 includes events reported by other groups” since 
usually x but not y is given. No tendency towards a 
clustering of the points is found. Figure 3 is a histogram 


4 The histogram of ¢),, for all identified V° [including the single 
V’s previously reported by us, Phys. Rev. 99, 642(A) (1955) ] 
indicates a peak at about 30°. For a further discussion of this 
distribution, see R. Jastrow, Phys. Rev. 97, 181 (1954). 

2 J. Ballam ef al., reference 7; G. James and R. Salmeron, 
reference 6; J. D. Sorrells, private communication; Thompson, 
Burwell, Huggett, and Karzmark, Phys. Rev. 95, 1576 (1954). 
See also forthcoming papers by N. Deutschmann, M. Cresti, 
W. Greening, L. Guerriero, A. Loria, G. Zago, W. D. Walker, 
and W. D. Sheperd. 
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Fic. 2. Distribution of events in xa—x» plane for 40 double-V° 
events reported by various groups (xa<x» in degrees). 


of the y for 32 events (including our “single V’s).” " 
Fitting to the theoretical curves gives no evidence for 
spin greater than 3 


IV. CONCLUDING REMARKS 


Our results may be summarized as follows: the 
presence of prongs indicates the complexity of the 
reactions discussed ; a number of the events considered 
satisfy the conditions for an elementary reaction 
[Eqs. (3) and (4) ]; within the statistics the observed 
distributions of y and x are uniform. 

Clearly one cannot combine the statements above 
to infer that all the “new unstable particles” have spin 
less than 1 mainly because a heavy nucleus rather than 
a nucleon is the target of the reactions analyzed. 
Inelastic collisions of + mesons with hydrogen nuclei, 
recently studied at Brookhaven, obviate this difficulty." 
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Fic. 3. Dihedral angle (degrees) between production 
and decay planes of 32 V® events. 


8 Fo wler , Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953) ; a3 "361 (1954) ; 98, 121 (1955). 
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The results obtained by this latter method seem to 
favor the existence of spins greater than 3. We hope 
that improved statistics may soon settle this important 
question. 

Note added in proof—W. D. Walker and W. D. 
Shepard have recently reported some new evidence for 
angular correlations in the A° decay [Phys. Rev. 101, 
1810 (1956) ]. 
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Z Dependence of Bremsstrahlung for the Case of Complete Screening* 


Kart L. BROWN 
High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received March 29, 1956) 


The relative yield of 235-Mev photons from the elements Cu, Ta, and U for incident electrons of energy 
500 Mev has been measured by using the photoproduction of positive pions from liquid hydrogen as an 
essentially monoenergetic photon detector. The observed photon yield per radiation length of uranium 
relative to copper is 0.878+0.02, and of tantalum relative to copper is 0.937+0.015. These results are 
consistent with the predictions of a theorem of Olsen which evaluates the integral bremsstrahlung cross 
section in terms of the integral pair-production cross section of Bethe, Maximon, and Davies. 


I. INTRODUCTION 


HE Bethe-Heitler theory' of bremsstrahlung and 

pair production as developed in 1934 has been 
superseded recently by the calculations of Bethe, 
Maximon, and Davies,?~> with some important con- 
tributions by Bethe, Maximon, and Low,® and by 
Olsen.’ The essential difference between the present 
theories of Bethe, Maximon, and Davies and the 
Bethe-Heitler theory is that the current calculations 
are based on the use of Furry-type wave functions; 
whereas the original Bethe-Heitler calculations are 
based on the Born approximation which represents the 
electron wave functions in the initial and final states as 
plane waves and hence ignores the Coulomb distortion 
effect. 

In the first calculations for bremsstrahlung made by 
Bethe, Maximon, and Davies,?* both the initial and 
final electron wave functions were represented by a 
plane wave plus an outgoing spherical wave. In a later 
article Bethe, Maximon, and Low® pointed out that 
the final electron wave function should be represented 
instead by a plane wave plus an ingoing spherical wave. 
This was the basis for the later papers of Bethe, 


* The research reported here was supported in part by the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

1H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 

2. C. Maximon and H. A. Bethe, Phys. Rev. 87, 156 (1952). 

3 Handel, Davies, and Bethe, Phys. Rev. 87, 156 (1952). 

4H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 

5 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 

6 Bethe, Maximon, and Low, Phys. Rev. 91, 417 (1954). 

7H. Olsen, Phys. Rev. 99, 1335 (1955). 


Maximon, and Davies‘® in which they concluded (in 
contradiction to their previous result?*) that, in the 
limit of complete screening, their formulation for 
bremsstrahlung went over into the old Bethe-Heitler 
result. Since then, Olsen’ has shown that the particular 
choice of the final state wave function of the electron 
is important if the differential bremsstrahlung cross 
section for a given direction of the scattered particle 
is to be calculated. However, if only the cross section 
integrated over all possible directions of the scattered 
particle is desired, then one can equally well use the 
plane wave plus outgoing spherical wave-type function 
for the final state. This permits the integral brems- 
strahlung cross section to be deduced from the corre- 
sponding pair cross section by a detailed balancing 
transformation. Conversely, by the inverse transforma- 
tion, the integral pair cross section may be derived 
from a knowledge of the corresponding bremsstrahlung 
cross section. This conclusion holds whether the screen- 
ing is absent, partial, or complete. Using the Davies, 
Bethe, and Maximon result for pair production (which 
has had numerous experimental checks at high energies®), 
Olsen gives the following expression for the bremsstrah- 
lung spectrum at high energies: 
46 1 
(da /dk) = (do /dk) 34—— "yadda FEoE)f(Z), (1) 


4 


where (do/dk)nu is the Bethe-Heitler bremsstrahlung 
spectrum including the effect of atomic screening'; 
&, and E are the initial and final total electron energies ; 
k is the photon energy; = (Z?/137) (e2/mce*)?; and f(Z) 
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is the same as is given by Davies, Bethe, and Maximon® 
for the pair cross section case. The Coulomb correction, 
which is given by the last term in Eq. (1), is, therefore, 
the same whether the screening is absent, partial, or 
complete. 

As a direct consequence of the Olsen theorem and 
the pair production results of Bethe, Maximon, and 
Davies, it may be concluded, also, that the error in 
(do/dk) as given by Eq. (1) should be less than 1/E 
and that the form of the bremsstrahlung spectrum is 
essentially unchanged by the Coulomb correction. In 
particular, in the limit of complete screening the per- 
centage deviation from the Bethe-Heitler theory is 
given, to a good approximation, for both brems- 
strahlung and pair production, by the expression 
[100f(Z)/log(183Z-*) ] percent. Therefore, in the limit 
of complete screening, this result for the integral brems- 
strahlung cross section is in contradiction to the 1954 
Bethe and Maximon paper,‘ but is in agreement with 
their earlier results.?* 

The present experiment was begun before the results 
of Olsen were known, and had as its objective the 
experimental confirmation or denial of a deviation from 
Bethe-Heitler theory for the case of complete screening. 
A previous measurement in this laboratory, using Cu, 
Ta, Pb, and U radiators, had already confirmed a 
deviation in the region of incomplete screening* which, 
incidentally, is in good agreement with the Bethe, 
Maximon, and Davies, and Olsen predictions, as may 
be seen from Fig. 2. Previous results of Lanzl and 
Hanson,’ Curtis,’° and Fisher" have all shown negative 
deviations from Bethe-Heitler theory which are of the 
right order of magnitude to agree with Olsen’s result; 
Fisher’s data, especially, are in excellent agreement 
with Olsen’s theorem. All of these data are summarized 
in Fig. 2. 


Il. EXPERIMENTAL METHOD 


As it was pertinent to perform an experiment in the 
region of complete screening, or at least in a region 
approaching complete screening, the following experi- 
mental scheme was adopted which provided an essen- 
tially monoenergetic photon detector: The relative 
yield of photons produced by the elements Cu, Ta, 
and U for incident electrons of energy 500 Mev was 
detected by observing the photoproduction of positive 
pions from a liquid-hydrogen target. The pions were 
selected in both energy and angle so that only those 
pions produced by photons within the energy range 
234+6 Mev were detected. For these conditions, the 
screening parameter 


y= 100m?k/E,)EZ* 


8 Barber, Berman, Brown, and George, Phys. Rev. 99, 59 
(1955). 

®L. H. Lanzl and A. O. Hansen, Phys. Rev. 83, 959 (1951). 

” C, D. Curtis, Phys. Rev. 89, 123 (1953). 

1 P, C. Fisher, Phys. Rev. 92, 420 (1953). 
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Fic. 1. Photon detection apparatus showing the pion 
geometry and target configuration. 


is equal to 0.029, which is very close to the complete 
screening requirement that y=0. 

The 500-Mev electrons were extracted from the 
Stanford Mark III linear accelerator’? by a double- 
deflecting magnetic-analyzing system." This system 
provided an intense beam of purified electrons (i.e., 
free of neutron and gamma-ray contamination) of 
known energy which then passed through the experi- 
mental equipment shown in Fig. 1. 

The basic scheme was to produce bremsstrahlung in 
the Cu, Ta, and U radiators which followed the first 
secondary emitter monitor. The electrons were then 
deflected to the left by the sweeping magnet and the 
photon flux passed through the liquid-hydrogen target. 
The hydrogen target was viewed by a channel 2 in. 
wide by 4 in. high at 75° with respect to the incident 
photon flux. The analyzing magnet was adjusted to 
accept 68-Mev positive pions which were then channeled 
into the plastic scintillator and detected by observing 
the positrons from the r—u—e decay. This meson 
detection scheme has been described in a previous 
article.*® The over-all resolution of the equipment 
was such that positive pions of 68+5 Mev correspond- 
ing to photons of 2346 Mev were detected. Hence, 
one had an essentially monoenergetic photon detector 
whose characteristics were independent of the radiator. 
*. This experiment was sensitive only to the consistency 
of the meson and electron energies used and was quite 
insensitive to a knowledge of their absolute values. 

2 Chodorow, Ginzton, Hansen, Kyhl, Neal, and Panofsky, 
Rev. Sci. Instr. 26, 134 (1955). 

18 W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 


4 Crowe, Friedman, and Motz, Phys. Rev. 98, 268(A) (1955). 
16 Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955). 
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The primary electron beam energy was held constant 
to better than +0.1 of one percent throughout the 
experimental runs and the current through the meson- 
analyzing magnet was stabilized to approximately the 
same precision. 

The size of the electron beam impinging upon the 
radiators was approximately § in. by ¢ in. The hydrogen 
target (also described elsewhere'*) consisted of an 
aluminum cup of 0.002-in. wall, 5} in. long, 3 in. wide, 
and 7 in. high. This cup was surrounded by a layer of 
Styrofoam, a liquid nitrogen jacket, and a second layer 
of Styrofoam. In order to avoid undesirable background, 
the nitrogen jacket was designed with large windows 
at the points of entry and exit of the photon beam. The 
liquid hydrogen consumption was found to be 2 to 2} 
liters per hour. 

The relative electron beam intensity (integrated 
charge) passing through the Cu, Ta, and U radiators 
was monitored by secondary-electron monitors before 
and after the radiators. These monitors"? are essentially 
energy-independent and have proved to be accurately 
reproducible. The ratio of the integrated charge of the 
two monitors was found to remain constant inde- 
pendently of the radiator between the monitors to 
within better than }% throughout the duration of each 
Tun. 

A total of five independent runs were carried out 
using three different sets of Cu, Ta, and U radiators. 
The first three deviated from the above description in 
that the sweeping magnet was not available. In these, 
the electron beam also passed through the hydrogen 
target and the second beam monitor was positioned 
after the hydrogen target rather than before. Through- 
out the experiment the data were taken by cycling the 
Cu, Ta, and U radiators (plus a run without a radiator 
to evaluate background) so as to minimize the effects of 
drifts in the electronic equipment. The Cu, Ta, and U 
radiators, of approximately 0.03 radiation-length thick- 
ness, were always chosen to be as nearly equal in thick- 
ness (radiation lengths) as possible. Under these condi- 
tions, the corrections due to electron energy loss in the 
radiators and to multiple scattering were negligible. 

The pions were counted through the decay positrons 
from the muons. The basic idea of the electronics has 
been recorded,‘ but was somewhat modified from 
the previous arrangement. The output pulses from the 
photomultiplier were recorded simultaneously in four 
delayed-time gates after the beam pulse and in three 
integral discriminator channels such that one had a 
3X4 coincidence matrix. The first gate was delayed 
approximately 2.5 usec after the electron beam pulse 
of the machine and had a gate width of 0.5 usec. The 
second and third gates followed in succession after the 
first gate and had widths of 0.7 and 1.0 usec, respec- 


16 Panofsky, Woodward, and Yodh (to be published). 
17G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 


(1955). 
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tively. The fourth channel of 10-ysec duration was 
delayed 10 usec after the beam pulse and served to 
evaluate background arising from thermal neutrons. 
This choice of gate lengths yielded an approximately 
equal number of counts in the first three time channels 
inasmuch as one is observing the 2.2-usec decay of 
the muons. 

Let Cou, Cra, Cu, and C, be the observed counts per 
integrated charge from the Cu, Ta, U radiators and the 
radiator-out cases. Then the quantities of interest are 


the ratios 
Ta, Cr—C, U Cu-C, 
v( )- and r( ) = 
Cu7 Cou-C, Cu7 Cou-C, 

It is important to understand the origin of the back- 
ground C,. These “radiator-out”’ counts arose primarily 
from the bremsstrahlung produced in the Dural output 
window, the secondary emitter monitors, and in the air 
spaces between these components (see Fig. 1). In the 
first three runs, when the sweeping magnet was not in 
use, a substantial contribution to C, also arose from 
the electron-pion production in the hydrogen target 
and from the bremsstrahlung produced in the target. 
However, all of these sources of C, remained constant 
throughout any given experiment and, hence, C, could 
be determined accurately even though its magnitude 
was large. Furthermore, the importance of C, was 
minimized by selecting the radiator-thicknesses so as 
to produce as nearly as possible the same number of 
photons from each radiator. 

In the first three runs (without the sweeping magnet) 
C, was found to be approximately one-half of the ob- 
served counts with the radiators in. However, when the 
sweeping magnet became available, this dropped to 
one-fourth. As may be seen from the data in Table I, 
the outcome of the experiment was the same with or 
without the sweeping magnet. Background runs were, 
of course, made with the liquid-hydrogen target empty 
(i.e., hydrogen gas only). The resulting count rate for 
hydrogen gas was, in all cases, only a few percent of 
the full-target rate and was furthermore found to be 
proportional to the “target full” count rates. An addi- 
tional statistical error must be added to the results to 


(2) 


TABLE I. Summary of the experimental results showing the 
consistency of the five independent runs. R(£o,Z) is the ratio of 
the observed bremsstrahlung yield from an element Z to the 
observed yield from copper, all normalized to the yields predicted 
by the Bethe-Heitler theory. 


R(Eo,Z) 
Tantalum/copper Uranium/copper 


0.940+0.022 
0.921+0.028 
0.938+0.023 
0.978+0.045 
0.932+0.026 


Run 


0.873+0.025 
0.793+0.032 
0.917+0.025 
0.927+0.038 
0.876+0.025 
0.878+0.02 


Average 0.937+0.015 
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account for nonuniformities in foil thicknesses. This 
amounted to +1% for the Cu-Ta data and 1}% for 
the U-Cu data. After each independent run, 1-in. 
diameter circles were punched from the foils with their 
centers corresponding to the location of the bearn center 
(this could be located very accurately) and then 
weighed. This weight was used to determine the best 
density of the foils and the deviation of the density of 
larger areas from this value was used to evaluate the 
magnitude of the foil nonuniformities. These nonuni- 
formities were the determining factors in the ultimate 
precision of the experiment. An additional 1% absolute 
correction was applied to the uranium data to account 
for oxygen content.'® 


RESULTS 


The corrected results of the five independent runs are 
tabulated in Table I. The quantity R(£»,Z) is the 
ratio of the corrected experimental bremsstrahlung 
yields of an element Z to that of copper normalized to 
the theoretically expected yields using Bethe-Heitler 
theory. The Wheeler-Lamb” correction for the contri- 
bution of atomic electrons to the bremsstrahlung yield 
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Fic. 2. The data labeled with the squares represent the results 
of this experiment. The experimental points are the ratios of the 
observed bremsstrahlung yield of an element Z to that of copper, 
normalized to the Bethe-Heitler theory. Hence, R(£,29) is by 
definition unity. The solid curves show the ratio of the expected 
yield, using the Bethe, Maximon, Davies, and Olsen calculations, 
to the yield predicted by the Bethe-Heitler theory. These theo- 
retical curves are normalized to unity for copper in order to make 
comparisons with experiments. The deviation from Bethe-Heitler 
theory for a given element Z is given by the difference between 
the intercept at Z=0 and the ordinate for the element Z. The 
34- and 24-Mev data are those of reference 8. The symbol £ is 
the initial electron energy and & is the photon energy. 


18 We are indebted to K. Street and D. R. Bomberger of the 
University of California Radiation Laboratory at Livermore for 
the analytical analysis of our uranium foils. 

19 7. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939) ; 
101, 1836 (1955). 
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was also included in these data. Figure 2 gives a plot 
of the quantity R(E,Z) as a function of Z*/100. It is 
clear from Fig. 2 that the present data substantiate the 
Olsen theorem (which utilized the Bethe, Maximon, 
and Davies result for pair production). However, the 
data are not sufficiently precise to prove or disprove 
the slight deviation from a Z* law which the function 
f(Z) of Bethe, Maximon, and Davies predicts.* There- 
fore, one is justified in representing the 500-Mev data 
as showing a —(1.42+0.2)K10-*Z°% deviation from 
Bethe-Heitler theory. Also plotted in Fig. 2 are the 
previous results of Fisher, Curtis, Lanzl, and Hanson, 
and of the Mark II group in this laboratory, all of 
which tend to substantiate the Olsen theorem. 

Recently, a very precise experiment (statistical errors 
less than 3%) has been performed at Harwell by 
Moffatt, Thresher, and Wilson” on the total absorption 
cross section of 96-Mev photons in C, Cu, Ag, Pb, 
and U. The relative cross sections are believed to be 
known to better than 0.2%. From these results, Moffatt, 
Thresher, and Wilson are able to show that the correc- 
tion to the Bethe-Heitler theory of pair production 
does indeed have a slight deviation from a Z? law as is 
predicted by Davies, Bethe, and Maximon.' The 
absolute deviation from Bethe-Heitler theory which 
they find is within ~}% of that predicted. From the 
Olsen theorem, it may therefore be concluded that the 
bremsstrahlung cross section as given by Eq. (1) 
should be as valid at high energies as is the pair cross 
section. The error in Eq. (1) for the bremsstrahlung 
cross section resulting from theoretical approximations, 
is expected to be less than 1/E where E is the total 
energy of the final electron. It should be mentioned that 
at electron energies below about 10 Mev and for k/E 
approaching unity, there are experiments which show a 
positive correction to the Born approximation theory.”!” 
This is not surprising inasmuch as Sommerfeld’s exact 
calculations in the nonrelativistic limit show that the 
Born approximation calculations yield an answer which 
is too low. 
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* Moffatt, Thresher, and Wilson (private communication, to be 
published). 

"tN. Starfelt and H. W. Koch, Bull. Am. Phys. Soc. Ser. II, 1, 
10 (1956). 

2 J. W. Motz, Phys. Rev. 100, 1560 (1955). 

*3 A. Sommerfeld, Ann. Physik 11, 257 (1931). 
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Cosmic-Ray Neutron Intensity Increase Associated with Solar Flare 
of February 23, 1956* 


J. A. Locxwoop, H. E. Yinest, A. R. CALAwa, AND G. SARMANIOTE 
University of New Hampshire, Durham, New Hampshire 
(Received March 5, 1956) 


An increase of 35-fold in the cosmic-ray intensity was observed with a neutron detector located at Durham, 
New Hampshire (geomagnetic latitude \= 54° N), during the solar flare which began at 0330 UT, February 
23, 1956. For several days prior to the onset of the flare a large decrease in the daily average neutron intensity 


was recorded. 


LARGE increase in the neutron intensity of 

cosmic radiation was observed to begin between 
0345 and 0400 UT, February 23, presumably associated 
with the giant flare observed at this time. The neutron 
intensity was measured by lead-paraffin pile monitors 
located at Durham (geomagnetic latitude \=54° N, 
longitude ¢=71° W, elevation sea level), and Mt. 
Washington, (A=55.5° N, ¢=71° W, elevation 6262 ft). 
The lead-paraffin pile at Mt. Washington is of standard 
design for the International Geophysical Year! and 
the pile at Durham, although not of standard design, 
has a similar energy response to the nucleonic 
component of cosmic radiation. The neutron counting 
rates of these two detectors are ~2600 and 200 min, 
respectively. 
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Fic. 1. Hourly average neutron intensity, NV, in counts per 
hour at Durham and Mt. Washington, New Hampshire, for 
February 23, 1956. Scaling factors of 8 and 64, respectively, were 
used. 

* Supported by the Geophysical Research Directorate of the 
Air Force Cambridge Research Center, Air Research and Develop- 
ment Command. 

1 J. A. Simpson, “Cosmic radiation neutron intensity monitor,” 
University of Chicago, 1955 (unpublished). 


In Fig. 1 is shown the hourly average counting 
rates corrected for barometric pressure (a= —9.7%/ 
cm Hg) at Durham during the solar flare. Operation 
difficulties were encountered at the Mt. Washington 
station during part of this period, but sufficient data 
was available to ascertain that the increase did not 
begin prior to 0348 UT. If it is assumed that the flare 
effect began at this time and increased as a linear 
function of time to its maximum value within 15 
minutes, a comparison of the Mt. Washington and 
Durham data yields a conservative increase of 30-fold 
at Durham. From Fig. 1 it is more probable that the 
increase occurred as a step function in which case the 
flare effect began at 035945 UT and the increase at 
Durham was calculated to be 35-fold. A bank of four 
BF; proportional counters surrounded by a Cd shield 
which was in operation at this time increased by a 
factor of ~20. 

Prior to the occurrence of this large flare a marked 
decrease in neutron intensity was evident at these 
two stations as shown in Fig. 2. The intensity decrease 
of approximately 9% at Durham and 10% at Mt. 
Washington, determined by comparing the minimum 
February 19 with daily averages for the two preceding 
months, appears to be the largest since the start of 
this monitoring program in 1953. During the period 
February 10-17, at which time the large decrease 
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Fic. 2. Daily average hourly neutron intensity, V, as a function 
of time for Durham and Mt. Washington with the same scaling 
factors as Fig. 1. 
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248 LOCKWOOD, YINGST, 
occurred, solar activity data’ indicated tthe greatest 
outbreak of active regions since 1951. The mean of the 
daily averages from February 11 to 27 inclusive is 
830 hr“, which is greater than the average of the 


2 Solar activity data furnished by High Altitude Observatory 
and National Bureau of Standards, Boulder, Colorado. 
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preceding period, February 1-10, indicating that there 
is an average net increase of low-energy primaries and 
not a redistribution in time of the existing cosmic-ray 
flux. 

These intensity-time variations of the nucleonic 
component of cosmic radiation will be reported later 
in more detail. 
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Two Hyperfragments from Negative K-Particle Capture 
and the Mass of the Negative K Particle* 


Francis C. GILBERT, CHARLES E. VIOLET, AND R. STEPHEN WHITE 
Radiation Laboratory, University of California, Berkeley and Livermore, California 
(Received March 26, 1956) 


Two hyperfragments are described which have been found from 81 negative K-particle interactions at rest 
and in flight. Event 35 was identified as a K~ capture in carbon which emitted a ,Li’ hyperfragment that 
decayed into a x~ meson and a Be’ fragment. The binding energy of the A hyperon in ,Li’ was found to be 
4440.7 Mev. The mass of the negative K particle which was captured in this reaction was found to be 
966.2+-5.0 electron masses. In Event 71, a negative K particle was captured in a light nucleus. Four charged 
particles and a +~ meson and a hyperfragment, ,He‘, left the K~ ending. The ,He* decayed into a proton, a 
meson, and a He’ fragment. The binding energy of the A hyperon in ,He‘ was found to be 1.5+0.6 Mev. 


STACK of 112 Ilford G.5 emulsions, each 6 in. 

X6 in.X600u thick, has been exposed to the 
“negative K-particle beam’! with momenta of 270 to 
380 Mev/c at the Berkeley Bevatron. Among 81 
negative K-particle interactions at rest and in flight 
that have been found in this experiment there are two 
examples of hyperfragment emission, herein designated 
as Events 35 and 71. 


EVENT 35 


In this event, drawn in Fig. 1, a negative K particle 
was captured at rest in a light element of the emulsion.? 


POINT OF 
Kk” CAPTURE 
a 





100 MICRONS 


Fic. 1. A drawing of the decay of a ,Li’ hyperfragment (track B) 
into a x~ meson (B;) and a Be’ nucleus (Bz). The ,Li? comes from 
the capture of a negative K particle in a C” nucleus producing a 
a meson (A), a Het (C), and a proton (D) (Event 35). 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Kerth, Stork, Haddock, and Whitehead, Phys. Rev. 99, 
641(A) (1955). 

2 The energies of the short prongs (B and C) lie below the 
Coulomb barrier for the heavier elements in the emulsion. 


From the star were emitted a proton (D), a hyperfrag- 
ment (B), a short prong (C), and a light meson (A) that 
escaped through the edge of the stack approximately 1 
mm from the end of its range. The hyperfragment de- 
cayed into a m~ meson with a range of 2.19 cm and a 
recoil of 2 microns range. 

The identities of prongs A, B,, and D were obtained 
from ionization, scattering, and range measurements. 
The identities of prongs B, Bz, and C and the charge of 
prong A (zm) were inferred from the following K~ capture 
and hyperfragment decay reactions: 


K-+C\ 9+ sLi?+He'+H'+Q,, (1) 


sLi?4-+ Be’+ Qn. (2) 


Fic. 2. A photomicrograph of the decay of a tHe‘ hyperfragment 
(track F) into a He’ (F;), a proton (F2), and a x~ meson (F3). The 
aHet is emitted from the capture of a negative K particle, yielding, 
in addition to the hyperfragment, four charged particles (A, B, C, 
and E) and a x meson (Event 71). 





TWO HYPERFRAGMENTS FROM K-PARTICLE 


TABLE I. Measurements from Event 35. 





Momentum 
(Mev/c) 


Energy 
(Mev) 


Range 


Track Identity (u) 


CAPTURE 


TABLE II. Measurements from Event 71. 


Momentum 
(Mev/c) 


Energy 


(Mev) 


Range 
Track Identity (u) 





> 34 000 

6.3+1.0 

8.7+1.0 

29 290+400 

21 950+700 
2+1> 


49.7+1.9 
2.80+0.20 
2.50+0.20 
96.6+0.7 
37.2+0.7 
0.89+0.02 


rr a 
ALi? 


128+6 
191+7 
137+6 
43743 
108+1 
108+1 





* The x~ left the stack. Its energy was determined from range and 
ionization measurements. 

> The momentum and energy of the Be’ were obtained from conservation 
of momentum. The range of the Be’ is consistent with this energy. 


Only these reactions simultaneously satisfied the 
following conditions: (a) the momentum of the reaction 
products must be conserved (for the above capture reac- 
tion the x, y, and z components of the momentum 
unbalance were 20+17, 2+17 and 38433 Mev/c); 
(b) prongs Bz and C must be stable against charged 
particle emission that would give rise to observable 
prongs; (c) the binding energy of the A in the hyperfrag- 
ment must be positive ; and (d) the mass of the negative 
K particle, as obtained from energy conservation in 
reactions (1) and (2), must be the same as the mass of 
the positive K particle (966 m,) within the errors of 
measurement. The prong identities along with their 
ranges, energies and momenta are given in Table I. 

From the hyperfragment decay reaction (2) and the 
A hyperon decay 

A—H!+2-+(0Qa, (3) 


where Q,=36.9+0.2,' the binding energy of the A in 
the ,Li’ is calculated to be 4.4+0.7 Mev.‘ 

The mass of the negative K particle was found from 
Eqs. (1) and (2) to be 966.4+5.0 electron masses. 

If condition (d) above (that the mass of the negative 
K particle be the same as the positive K particle) be 
relaxed, then two more capture reactions are found 
which satisfy the first three conditions. Both require a 
neutron to balance residual momentum. 


K-+C%s9-+ ,Li?+He+H'+n+0;, (4) 
K-+0"4-+ 4Li7+Be’+H'+n+Q,. (5) 


The mass of the negative K particle, using Eq. (2) 
would be 1008.4+5.0 m, for reaction (4) and 1065+19m, 
for reaction (5). These last two masses are not in 
agreement with other measurements of negative-K- 
particle masses.° 


3 Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
(1954 


‘It is possible for the Be’ to be left in an excited state. The only 
known excited level that would result in a bound A is that at 0.4 
Mev [F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) ]. This excitation would reduce the A binding energy to 
4.0+0.7 Mev. 

5 J. Hornbostel and E. O. Salant, Phys. Rev. 98, 339 (1955) 
obtained (931+24) m. by Hp and range method. Chupp, Gold- 
haber, Goldhaber, Iloff, and Webb reported (>966+6) m, 


330+3 
158+2 
74+1 
89+1 


F AHe* 97.2+1.0 
Fy He3 19.7+1.0 
PF p 70.7+1.0 
F; ™ 13 9704420 


14.0+0.2 
4.43+0.10 
2.91+0.10 
28.1+0.5 





It should be noted that the same hyperfragment, ,Li’, 
is obtained from all three acceptable reactions. The only 
other example that has come to our attention of a 
lithium hyperfragment whose binding energy has been 
measured, is an event® that might be interpreted as a 
aHe* or a 4Li’—Li®+H'+-2~ with a B.E. (A in Li’) 
=8+4 Mev. 

EVENT 71 


A photograph of Event 71 is shown in Fig. 2. This 
event is quite likely another example of the capture of a 
negative K particle in a light nucleus. Four charged 
particles and a m~ meson and a hyperfragment, ,He* 
(track F), left the K~ ending. The ,He* stopped and 
decayed into a x~ meson and particles F; and F2 which 
were coplanar to 4+5 degrees. Particles F; and F, were 
identified as a He® and a proton by momentum conserva- 
tion. The decay reaction is then 


aHe*—He'+ H!+2-+ 0s. (6) 


The resulting momentum unbalance was 3+2, 2+3, 
and 11+14 Mev/c in the x, y, and gz directions re- 
spectively. Measurements on the tracks from the 
hyperfragment are given in Table II. 

From Eggs. (3) and (6), the binding energy of the A in 
aHe‘ is found to be 


B.E.(A in ,4He*)=Qia—Qs, 


which gives a value of the binding energy of 1.5+0.6. 
This value is in excellent agreement with the values 
appearing in the literature.’ It is interesting to note that 
the momentum of the A in the ,He‘*, as obtained from 
the sum of the momenta of the proton and the 2 
meson is rather high for this case, namely, 158 Mev/c. 
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and (>935+5) m, from captures on free protons (unpublished). 
Webb, Chupp, Goldhaber, Goldhaber obtained (96312) m, 
from comparison to the r-meson mass [Phys. Rev. 101, 1212 
(1956) ]. 

6 G. Crussard and D. Morellet, Compt. rend. 236, 64 (1953). 

7 For a recent summary of values of the binding energies of A 
gpa in nuclei, see Seeman, Shapiro, and Stiller, Phys. Rev. 
100, 1480 (1955), 
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Production and Annihilation of an Antiproton in a Nuclear Emulsion* 


R. D. Hirt, Stic D. Jonansson, AND F. T. GARDNER 
Physics Department, University of Illinois, Urbana, Illinois 
(Received March 26, 1956) 


A track connecting two high-energy stars in a nuclear emulsion has been identified as an antiproton. 
Ionization density and scattering measurements on the track indicate that the antiproton’s energy was 710 
+150 Mev, whereas the energy in the secondary star,caused by the antiproton was certainly greater than 
1460 Mev. The stars in which the antiproton originated and was annihilated are described. 





PRELIMINARY report of an event which 

showed the probable production and annihila- 
tion of an antiproton has been given.! At the time of this 
report, the star in which the antiproton was produced 
had not been analyzed and the antiproton track had not 
then been critically examined for evidence of multiple 
scattering. The complete analysis now supports more 
strongly the identification as an antiproton, and we 
believe it may be of interest to report the details of the 
production and annihilation of an antiproton in this 
particular event. 


PRODUCTION STAR 


The production star, A, is a 9+ 4 star produced by a 
6.2-Bev proton accelerated in the Berkeley Bevatron. 
A diagram of the star, showing prong numbers, is given 
in Fig. 1, and details of the measurement on the prongs 
are given in Table I. 

Wherever the tracks did not end in the emulsion, 
ionization measurements were combined with scattering 
and/or range observations in order to identify the tracks. 
Confirmation of the ionization—scattering identifica- 
tion was obtained from variation of ionization density 
vs range for tracks 3 and 10 of star A and for five cases 
of star B. We feel reasonably confident therefore that 
the identification from ionization—scattering alone of 


the three x mesons in star A is reliable. These tracks, 8, 
13, and 14, do not dip excessively steeply for scattering 
measurements and there is good agreement of the 6 
values obtained from ionization and scattering measure- 
ments. Had these tracks been protons, their p68 values 
obtained from ionization observations would have been 
between 1 and 4 Bev/c, which are very much higher 
than the scattering values observed. 

Track 4, which breaks up into a hammer track at its 
end, appears to be a Li® fragment. A slow electron 
emerges from the center of the hammer, and from the 
equal lengths of the hammer prongs we estimate a Q 
of 9.1 Mev, which is consistent with the known decay 
of Be®. From the fact that eight protons are observed in 
star A and the recognition of Li’ as one of the products 
of the star, we may conclude that the disintegrating 
nucleus was probably heavier than O"*. 

The energies of the tracks from star A have been es- 
timated, when the tracks stopped in the emulsion, from 
range-energy values,” and when the tracks left the emul- 
sion, from ionization density—energy data.* The total! 
energies of the particles are given in the final column of 
Table I. A value of 8-Mev binding energy has been 
added to the kinetic energy of a proton, and a rest 
energy of 140 Mev has been added to the kinetic energy 


TABLE I. Details of tracks in star A. 








Space 
angle to 
Dip track 


Range Plates angle* 


Grain or blob 
count> 


Momen- 


Scattering tum Energy 
(Mev/c) (Mev) 


~B (Mev/c) 


Ionization 


?B (Mev/c) 





cee 0.95bp 
548y 
>11.3 mm 
19% 
6434 
161y 
>7.6 mm 
>4.9 mm 
(1.4 mm) 
>2.9 mm 
74u 


COMI AUMEwWNHe 


Ou 
>14.7 mm 
>22.5 mm 


AFaIyvs sar sed oovss 


(2.27 +-0.12) gp 


(1.72+0.07) gp 
(0.93 +-0.04)bp 
(1.09 +0.05)bp 
(2.56 +0.1)gp 


(0.95 +.0.03)b» 
(1.15 +0.04)bp 


(280 +40) (280_100*2) 


(505 _s5*1%) 
(280_60**) 
(750_240*87) 
(145 _40*8) 


(510+50) 
(370_120*2) 
(11154150) 
(240 +20) 


(210 20%) 
(155~30*) 


(280 20+) 
(130 +10) 








* Dip angles are in the undeveloped emulsion. 


> bp and gp» refer to the plateau values of blob and grain densities, respectively. 


* Assisted by the joint program of the Office of Naval Research and the U. S. Atomic Energy Commission. 

1 Hill, Johansson, and Gardner, Phys. Rev. 101, 907 (1956). 

* Baroni, Castagnoli, Cortini, Franzinetti, and Manfredini, C.E.R.N. Document BS9 (unpublished). 

3B. Judek and E. Pickup, private communication; A. Husain and E. Pickup, Phys. Rev. 98, 136 (1955); J. R. Fleming and J. J. 
Lord, Phys. Rev. 92, 511 (1954). 
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PRODUCTION 


of a pion in order to obtain an estimate of the total 
energy taken by each particle. 

The value of the visible outgoing energy from star A 
is considerably lower than the incident proton energy of 
6.2 Bev. There is certainly sufficient energy available, 
after allowing for the energy of the visible prongs, for 
the production of a nucleon pair. At the same time, 
however, no conclusion from energetics alone can be 
reached as to whether track 9 is an antiproton of 710 
Mev or some other higher energy particle capable of 
producing star B. The total visible energy in star A, 
including 1876 Mev required for antiproton-proton 
production, is only 4260 Mev. The total visible out- 
going momentum of star A in the direction of the 
incident proton is only 3260 Mev/c, in the backward 
direction is 580 Mev/c, and the net momentum in the 
forward direction is therefore 2680 Mev/c as compared 
with an incident proton momentum of 7076 Mev/c. In 
the plane at right angles to the incident proton, the 
momentum is well balanced and of the order of 800 
Mev/c in any particular direction in this plane. 

Energy and momentum in star A cannot be balanced 
by assuming that as many neutrons as protons were 
emitted in the star and that the neutrons had energy 
and momentum distributions similar to the protons. 
Excluding the antiproton, only 600 Mev was carried off 
by the eight protons observed in star A. If eight 75-Mev 
neutrons were to have been emitted all in the forward 
direction, a very unlikely occurrence, there would still 
have been a large momentum deficiency of ~1350 
Mev/c in the direction of the incident proton. The most 
reasonable assumption, consistent with the probable 
production dynamics of an antiproton, would seem to be 
that a single high-energy neutron, of the order 1 Bev or 
more, was emitted in the forward direction. A number of 
lower energy neutrons, with a more isotropic angular 
distribution, could also have been emitted to make up 
the balance of momentum and energy in the star. 

Two interesting features concerning antiproton pro- 
duction in star A are that three pions are simultaneously 
produced and that the protons observed in the forward 
direction are of relatively low energies. For a proton of 
6.2 Bev, colliding with a nucleon at rest in the labora- 
tory system, the energy available in the center-of-mass 
system of the two nucleons after providing for nucleon- 
pair production is only 140 Mev. There is therefore 
insufficient energy for producing pions, for deflecting 
the nucleons taking part in the production process 
significantly from the direction of the incident proton, 
and for modifying the energies of the nucleons involved 
in the production process from the average value of 
approximately 1 Bev. Thus, in order to understand the 
production of an antiproton in star A in terms of a 
nucleon-nucleon collision, it seems necessary to assume 
that some of the protons involved in the production 
process interacted with other nucleons in emerging from 
the parent heavy nucleus. 

For a nucleon Fermi energy of 25 Mev and a momen- 


AND ANNIHILATION 


OF ANTIPROTON 251 
tum vector opposite to the direction of the incident 
6.2-Bev proton, the energy available in the center-of- 
mass system of the two colliding nucleons is 4.6 Mc’. 
This would energetically allow the production of pions 
in association with nucleon-pair production. According 
to Fermi,‘ the probability of single pion production 
accompanied by nucleon-pair production is ~2X10~, 
in units of the total collision cross section, ~6X 10~-** 
cm’. The probability of zero-pion production accom- 
panied by nucleon-pair production is ~ 20X 10~, in the 
same units. It seems unlikely, therefore, that the three 
pions observed in star A, could all have arisen in the in- 
itial nucleon-pair production process. This conclusion is 
also consistent with the fact that the nucleons involved 
in the antiproton production process must certainly 


6.2 Bev 
+P! p2 


13 


Fic. 1. Facsimile drawing of the observed antiproton event. 
The antiproton is created in star A, track 9, and is annihilated in 
star B, track 1, after passing 1.4 mm of emulsion. For explanation 
of the other tracks, see Tables I and IV. 


4, Fermi, Prog. Theoret. Phys. Japan 5, 570 (1950). 
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Fic. 2. The antiproton track (full line, A—B) with reference to 
beam protons (dotted lines) used in ionization density measure 
ments. The X and Y coordinates are perpendicular to and along 
the direction of the 6.2-Bev protons. Coordinate Z refers to the 
height in the emulsion strip above the glass and S is along the 
projected length of the antiproton track. 


have lost energies and have been deflected from their 
initial paths by interactions with other nucleons of the 
parent nucleus. The observed energies and angles of 
emergence of the protons which were most likely to have 
been involved in the nucleon-pair production process 
are: No. 9, antiproton, E=710 Mev, 6=7.2°; No. 7, 
proton, E= 290 Mev, @= 14.8°; No. 10, proton, E=123 
Mev, 6= 27.8°. These values are not incompatible with 
a process in which at least one nucleon, and more 
probably two nucleons, involved in the production 
process subsequently interacted within the heavy 
nucleus. 
ANTIPROTON TRACK 


(a) Ionization Density Measurements 


Except for the presence of standardizing 6.2-Bev 
proton tracks in the immediate vicinity of the anti- 
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Fic. 3. The antiproton track (full line, A—B) with reference to 
beam protons (dotted lines) used in scattering measurements. The 
X’ and Y’ coordinates are perpendicular to and along the direction 
of motion of the scattering microscope stage. Coordinate Z refers 
to the height in the emulsion strip above the glass and S is along 
the projected length of the antiproton track. 
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TABLE II. Summary of scattering results (second differences). 








(a) Antiproton vs 6.2-Bev beam protons 
D200 p Ds00 » D400 p 


0.395 gas 


0.380 
0.135 0.150 0.230 


(b) 6.2-Bev protons vs protons 
Deoo BM Doo BM 


0.316 0.302 
0.036 


Devo " 


0.845 
0.640 





Mean bed = 
Error (u) 





Deoo u 


0.252 
0.086 


Ds00 B 
0.261 





Mean (yz) 
Error (xu) 





proton track, a reliable measurement of the ionization 
density of the antiproton track could not have been 
possible. The positions of the calibrating beam protons 
relative to the antiproton track joining stars A and B 
are shown in Fig. 2. A total of 1196 blobs were counted 
in 5400 uw of proton tracks distributed equally above and 
below the antiproton track. In the 1400 u of the anti- 
proton track there were 352 blobs. The blob density of 
the antiproton track was therefore 25.4+1.1 blobs per 
100 u, and the 6.2 Bev proton blob density was 22.1+0.5 
blobs per 100 u. If the 6.2-Bev protons are assumed to 
have an ionization density 5% below plateau ioniza- 
tion,’ the antiproton ionization density is 9% above 
plateau and its energy is 710 Mev.° 


(b) Scattering Measurements 


The antiproton track is 1.4 mm long and dips 2 y, in 
the developed emulsion, along its whole length. The 
path of the antiproton between stars A and B is shown 
in Fig. 3. Also shown in the figure are high-energy 
(6.2-Bev) proton tracks at an angle of approximately 
7° to the antiproton track, and with reference to which 
the scattering of the antiproton track was measured 
using a track-to-track type of measurement. Each 
scattering measurement with reference to a particular 
proton was carried out a number of times. The average 
values of the mean second differences of the antiproton 
track compared to six beam proton tracks are given for 
different lengths of cells in Table II(a). The standard 
deviation errors were obtained from the number of 


TABLE ITI. Mean scattering angle @o0, for antiproton track. 


(i) From noise subtraction 


200 u 3002 400n 
0.047° 0.031° —-0.031° 
0.017° 


0.028° 0.017° 
(ii) From noise elimination 


200 u-400 u 
0.026° 
0.021° 





600 
0.032° 
0.025° 


"Cell length 
100 “ 
Error 








300 u-600 wu 
0.033° 
0.028° 


Cell lengths 
100 u 
Error 





5 Owing to a slight reassessment of the calibration curve® above 
plateau, this energy value is slightly lower than that previously 
reported.! The error, on the basis of a 5% standard deviation in 
blob density, is of the order of +100 Mev. 
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TABLE IV. Details of tracks of star B. 


ANNIHILATION 


OF ANTIPROTON 





Space 
angle to 

Dip track 
angle® No. 1. 


Range Plates 


Grain or blob 
count> 





(1.4 mm) ee 
194y 20, 24° 
1734 63° 
2.3 mm 84° 
7636 86° 
964u 90° 
>20 mm y 93° 
>12.5 mm 109° 
>15.9 mm 120° 
>1.85 mm 103° 
>30 mm ( 
>30 mm - 7 ( 
63u 
4p 
1.18 mm 
>14.8 mm 
4.66 mm 


.~) 


— 
Cem IOUNFESNRE 


WVVK VV VA TAs VS evs 
~ 


20-14 


(1.09 +0.05) bp 


(1,01 +0,.03)b»p 
(1.62 +0.08) gp 
(1.38 +0.06) gp 
(1.50+0.11) ep 
2,540.09) gp 
2.32 +0.08) gp 


(2.72 +0.09) gp 


Momen- 
Scattering tum 
PB (Mev/c) (Mev/c) 


(750 ~240**"°) 


Ionization 

DB (Mev/c) 
(1115+150) 1355 
eee 101 
98 
209 
152 
te eo% 162 
(185_15*#) (120_25*#) 226 
(90 +10) (125~35*%) 130 
(125 +10) (270_¢0*'™) 162 
(105 +15) (40_15**) 145 
(235 +20) (230_30*#) 509 
(270+20) (235357 


50) 


(130 +30) 


(210+15) 








* Dip angles are in the undeveloped emulsion. 


> bp and gp refer to the plateau values of blob and grain densities, respectively. 


independent cells of the antiproton track only. The 
scattering of the same proton tracks, as used in the 
foregoing, were measured with reference to one another 
in a number of combinations. The scattering was meas- 
ured only for those lengths which covered the same 
region of the emulsion as the antiproton track. The 
averages of the second differences for different cell 
lengths are given in Table II(b). The standard deviation 
errors in these cases are based on the numbers of inde- 
pendent cells for the six proton tracks. 

It is significant that, whereas the mean second dif- 
ferences for the proton track-to-track scattering remain 
sensibly constant with length of cell, the second dif- 
ferences for the antiproton track scattering increase 
with increasing cell length.6 The mean scattering 
angles, @100,, for the antiproton track were obtained 
from the data of Table II in two ways. The values of 
G00, obtained from Table II(a) by subtraction of the 
appropriate noise of part (b) are given in Table III (i). 
The values of &00, obtained from Table II(a) by noise 
elimination between two different cell lengths are given 
in Table III (ii). These values of G00, are consistent 


®In other direct scattering experiments on high-energy beam 
proton tracks, a value of 0.184 has been obtained for scattering 
noise. A value of ~0.3 for track-to-track scattering noise is 
therefore reasonable. Our noise is mainly attributable to grain 
noise. We use an internal scale instead of a goniometer line for 
locating the y-coordinate of a track. In the presence of this com- 
paratively large grain noise, there is no evidence from Table II(b) 
of increase of noise due to stage noise or to reading noise for cells 
up to lengths of ~600,. 


with one another, and, although the accuracy of the 
scattering on account of the short length of track is not 
high, point to a reliable evaluation of the multiple scat- 
tering of the antiproton track. The weighted mean scat- 
tering angle is 0.032°, with an estimated standard de- 
viation of the order of 0.015°. For a scattering constant 
of 24.1, we obtain for p@ of the antiproton track a value 
of (750_204+®) Mev/c. The 8 value from ionization 
density measurements, assuming a proton mass and an 
energy of 710 Mev, is (1115+150) Mev/c. 


ANNIHILATION STAR 


The information concerning the annihilation star is 
summarized in Table IV. These results are practically 
the same as given previously,! except that for some 
tracks more accurate grain density measurements have 
been made. On the basis of the variation of ionization 
density vs range, tracks 11, 12, and 16 have been con- 
clusively identified as protons, and for tracks 8 and 9 
there is strong support for the identification of these 
tracks as pions by means of ionization density vs 
scattering. The revised value for the total visible energy 
release in star B, including proton binding energies and 
pion rest energies, is 1460 Mev. 
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The implications of isotopic-spin conservation for fast strange-particle reactions, especially the production 
processes as well as the K-particle interactions with nuclei, have been investigated. The possibility of 
distinguishing the Gell-Mann, Pais, and Salam-Polkinghorne theories of strange particles is also discussed. 


I. 


ELL-MANN’” has recently proposed a theory of 

strange particles which accounts for their stability 

and copious production in terms of a new concept, v7z., 

the conservation of strangeness. A brief statement of 

this proposal, expressed in terms that can be readily 

adapted to our subsequent discussion, can be given in 
the following way. 

We introduce two charge spaces, labeled by J, and 
I, respectively, of which the first is the usual isotopic- 
spin space. We then postulate that the various ele- 
mentary particles (hyperons and mesons) carry in- 
trinsic angular momenta I, and I, in these spaces and 
so can be characterized by the eigenvalues of the 
operators J,’, I;., I", I22, provided the latter quantities 
are conserved in the presence of the s/rong interactions 
(those couplings responsible for the production of 7 
mesons and strange particles). 

In Gell-Mann’s scheme, it is supposed that the strong 
interactions are invariant with respect to arbitrary 
rotations in J; space, but only with respect to rotations 
about the z-axis in J. space; accordingly, for this case, 
I,, I12, and I, are good quantum numbers. The conser- 
vation of J,, and J2,, which takes place even in the 
presence of electromagnetic interactions, implies that 
charge is conserved, since the charge Q of a particle is 
given by the relation 


O=11,4+12.4+}, (1) 


where ¢=1, 0, and —1 for fermions, bosons, and 
antifermions, respectively. The “strangeness”’ quantum 
number S is directly related to J2, by the equality 
S=2I,,. Upon introduction of the weak interactions, 
which account for the instability of the strange parti- 
cles, J;, and J, (and hence S) are no longer separately 
conserved. 

A trivial variation of the Gell-Mann scheme can now 
be obtained by using, in place of Eq. (1), the following 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t On leave during the summer of 1955 from the Department of 
Physics, University of Rochester, Rochester, New York. 

1M. Gell-Mann, Phys, Rev. 92, 833 (1953); also a paper 
entitled “The Interpretation of the New Particles as Displaced 
Charge Multiplets” (to be published). 

*M. Gell-Mann and A. Pais, Proceedings of the 1954 Glasgow 
Conference (Pergamon Press, London, 1955), p. 342. 


definition for the charge: 

Q=N.tTs,’, (2) 
i.e., 72, and J,’ are related by the equation 

Tog! = Io,4-}t. (3) 


Upon introducing a new strangeness quantum number 
S’=2I,', we notice that, whereas the “ordinary” 
particles [ nucleons (9t) and x mesons | are characterized 
in the original Gell-Mann formulation by strangeness 
S=0, we now have S’=1 and 0 for N and z, respec- 
tively. In Table I, we have listed the assignments of 
I;, I2z, and I»,’ for the various types of elementary 
particles. 
Il. 


A generalization of Gell-Mann’s scheme can be 
obtained by postulating invariance of the strong inter- 
actions under arbitrary rotations in both J spaces, 
independently. This is essentially the result contained 
in Pais’s theory.2* However, there are two ways of 
proceeding with this generalization, depending upon 
which of the two definitions of charge [(1) or (2) ] is 
adopted, and the distinction between the resultant 
classifications of the elementary particles is no longer 
trivial. Pais’s original theory is based on Eq. (1); the 
variation of this theory that is obtained from Eq. (2) 
was given recently by Salam and Polkinghorne (re- 
ferred to henceforth as SP).* 

The magnitude of the intrinsic spin in J, space will 
now be a good quantum number. If we denote this 
quantity by J2 or 2’, according to whether the charge 
is defined by Eq. (1) or Eq. (2), and assume that J2 
and J,’ take on the minimal values allowed by Table I, 
we obtain the assignments of quantum numbers given 
in Table ITI.° It will be noticed that, whereas the Gell- 
Mann scheme deals with displaced charge multiplets, 

3A. Pais, Proc. Nat. Acad. Sci. 40, 484 (1954); Proceedings of 
the Fifth Annual Rochester Conference, 1955 (Interscience Publish- 
ers, Inc., New York, 1955), p. 131 

4A. Salam and J. C. Polkinghorne, Nuovo cimento 2, 685 
(1955). 

5 SP (reference 4) distinguish between the @ and + meson by 
making the assignments /;=4, J2'=} and /,;=0, J2'=1 for these 
two particles, respectively. However, the observation of the 
production mechanism J1+9—-8+2+7 by P. S. Goel and 
K. A. Noelakantan [see the Report on the Pisa Conference by 
R. E. Marshak, Atomic Energy Commission Report NYO-7138 
(unpublished) ] would seem to preclude this assignment for the r 


meson. Accordingly, following Gell-Mann and Pais, we treat the 
@ and 7 meson on an equal footing. 
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the essential feature of Pais’s theory is that one now 
has double multiplets. 


III. 


As is well known, the assumption that the 2-9 
and m-% interactions are charge-independent (or, 
equivalently, conserve isotopic spin) leads to important 
relations for reactions involving pions and nucleons.** 
In the theories of strange particles, we may expect 
analogous restrictions to appear when only strong 
interactions are involved. 

The situation is now somewhat more complicated, 
however. So far as the implications of the conservation 
of ordinary isotopic spin are concerned—we also refer 
to this symmetry property as charge independence of 
the first kind or CI,—, the results will clearly be the 
same for all three schemes—Gell-Mann, Pais, SP. In 
the Pais and SP theories, we have also to deal with the 
conservation of isotopic spin in J: space, i.e., with 
charge independence of the second kind (CI,). One has 
therefore, in principle, a means of distinguishing all 
three classification schemes from one another. 


TABLE I. Classification of elementary particles according 
to the Gell-Mann scheme. 


Particle Ii 


Hyperons: Jt 


Mesons: 


An essential question which needs to be considered 
at this point, however, is this: How is one to reconcile 
CI, with the facts that Pais’s formulation contains too 
many particles, some of which are multiply charged, 
and that SP assign % and X, with widely differing 
masses, to the same double multiplet? To answer this 
question, we assume, first, with Pais, that the super- 
fluous particles that appear in his scheme are sufficiently 
massive so that they decay quickly (in other words, 
the mass degeneracy with respect to Js, is supposed to 
be lifted). Secondly, we will conjecture that the inter- 
actions that give rise to the mass differences that now 
appear in both the Pais and SP theories do not alter 
appreciably the charge-independent character of the 
interparticle forces at the energies under consideration 
(these interactions may be with fields of very heavy 
quanta, say). 

Hence, it will be assumed that CI; is still applicable, 
in the usual way, to reactions involving strange parti- 


6K. M. Watson, Phys. Rev. 85, 852 (1952). 

7Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952); 
L. Van Hove, Atomic Energy Commission Report NYO-3704, 
1952 (unpublished). 

8 D. Feldman, Phys. Rev. 89, 1159 (1953). 
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TABLE II. Classification of elementary particles according to 
Pais and Salam-Polkinghorne. 


Particle 


Hyperons: 


Mesons: 


. ‘7 -_ 
® Since JU and Z bear the same quantum numbers in the SP theory, 
they are assigned to the same double multiplet. 


cles, except that one must take notice of the fact that 
the matrix elements depend explicitly on the masses 
of the incoming and outgoing particles. A comparison 
of a set of reactions that are related by CI, but whose 
outgoing products, say, do not have corresponding 
masses is then impossible (except at energies that are 
sufficiently high so as to render the mass differences 
negligible) unless one knows the functional form of the 


TABLE III. Implications of CI, for x-Nl, r-d 
and X-Il, I-d reactions. 


Reaction Relation 


+p + EtK? 
p > m0 Ko 
>= Kt 
+p —> A°K tt 
p> A°K 9 
— A°K te- 
+p —> ZtK tx 
— Xt Kt 
— DK tet 
wp > =*Kr 
- °K tr 
—> DOK 70 
— = Ktx 
— = K°rt 
rtp — pKtK? 
w p— pK°K- 
— nKt+K- 
— nK°Ko 
+p — EKTK*, etc. 
+d — pztK® 
— pr°Kt 
— n=tKt 
pp — pA°K* 
np — pA®°K® 
— n\*K* 
pp — purKe 
onl p2Kt 
— n=tKt 
np — p2°K® 
— pz Kt 
— n=*K° 
— n2X°Kt 
pp — dK+Re 
— dK°K® 
— dK*K- 
pd —-d=*K® 
—» d°Kt 


A(a,2b,c) > 0" 


A(a,2b,c) >0 


A(2a,b,2c) > 0» 


(2c+2d)*> at—b! 


Same as 4 


A(a,2b,c) >0 


A(a,b,c) 20 


a+c+e+ f=2(b+d+g)* 


A(a,b,c) 20 


®We use the notation A(a,b,c) 20 to denote the three triangular in- 
equalities at +b! —c} 29, bi+ci —ai 290, d+ai—b 20. 

> There is also an equality relating the eight cross sections, which is of 
the form of a phase relationship (reference 7). This equality is lost, how- 
ever, when one deals with unpolarized particles (reference 8). 

© There are also inequalities for this case, e.g., A(a,2b,c) 20, etc. 
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TABLE IV. Implications of CI, for K-3U and K-d reactions. 


Reaction 
rp —> A®x® 
rn —> A®s 
p> Bie 

—> Doz 


—+Z 9 


Relation 





2a=b* 


a+c+e=2(b+d) 
—n Dx a+c+d=2(b+e)” 
— Zz 7 
p> A atx 
a > A® 77? 
— A°n x" 
in —> Ane 
ap A°x “7 
on — Kn 
“p+ K-p 
— Ry 
p> Ste 
tr 


3 Deter 


Ww 
~~] 


Same as 2 


b 
ea 8 AS 


A(a,b,c) > 0° 


aoe S 


a+b+f+gth+kt+l+m 
=2(c+d+e+i+7) 


b+cetet+fthtjt+tk+m 
=2(a+d+g+i+tl) 


—> 2x7 


— Dx" xt 


a'r 
wn * 


>) 
z at+ctet+tgtht+itk+m 
=2(b+d+f+j+l) 
n> Zia e 
> Dx ar 
—> Lr 7 
+2 9'nr 
—+ D9 7® 
— 2 xx 
n> nT Re, etc. 
n — K°=-, etc. 
n— = 2 K*, etc. 
po AKtK 
nal A°KoRe 
n — A°K°K 
*n — A°K°K*, etc. 
n — K°=-R?, etc. 
*p— K*EtK®, etc. 
d > =n 
—+z p 2a = 4 
d — A®nr® 2a=b* 
+> A° br 
d— 2*nr 
+> px 
— LD yx 
d — =z pr 
e€ >= nr" 
16a ; » pnK 
b + npK 
c +nnk° 
lja K-d-—dK-wr 
b + dK, 
18a K-d— pz -K°, etc. 
19a Kd — A°D°K® 
K 


Same as 8, Table ITT* 
Same as 4 
Same as 8, Table III 


A(a,b,c) 20 
Same as 9 


Same as 8, Table ITT 
Same as 8, Table ITI 


K 
K 
K 
K 
K 
K 
K 
K 
K 
K 
K 


a+d+e=2(b+<c) 


a+b+e=2(c+d)¢ 


A(a,b,c) > 0¢ 
2a =e 


Same as 16 
2a=b 
b +A K* 


20a d —2*K, etc. Same as 15 


* See reference 1. 
» There also exist inequalities for this case, e.g 
ence 11) 
© Similar relations are obtained when K* 
4 See reference 11 
¢ These relations imply the equality ’=d, which has been given by Lee 
reference 9); one has also some inequalities, e.g., A(a,4c,e) 2 ) 


A(a,4b,c) >O (see refer 


particles are used as projectiles. 


matrix elements for the various isotopic-spin eigenstates 
involved. 

The arguments of the preceding paragraphs are, of 
course, highly speculative and have clearly been intro- 
duced so as to provide some plausibility for the retention 
of J, as a good quantum number in the Pais and SP 
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proposals. For, otherwise, the generalizations inherent 
in the latter theories do not constitute any improvement 
over the Gell-Mann scheme. 


IV. 


We have examined the implications of CI, and CI, 
for all possible strange-particle reactions in which one 
has an incident pion, nucleon, or K particle impinging 
on a target nucleon or deuteron, subject only to the 
limitation that no more than three particles shall 
emerge in any reaction. The results are tabulated in 
Tables III to VI. The consequences of CI, for some of 
the reactions listed have been studied previously by 
several authors.!:?-"! 

The constraints imposed by charge independence 
take the form of equalities and inequalities which 
relate the differential cross sections for reactions that 
differ from one another solely in the assignment of J;, 
(or J2,) to the particles involved. Clearly, reactions for 
which one can deduce relations in the form of equalities 
are to be preferred as a test of charge independence. 
For such reactions, one can generally also derive weaker 
relations in the form of inequalities, some of which 
have been noted in the footnotes to the tables. All the 
relations given in the tables are applicable to reactions 
involving either polarized or unpolarized particles. 
They are also valid when applied to total cross sections 
except that some relations may be lost (one can then, 
for example, no longer distinguish K~+ p—-A°+2*+2- 
from K~+p—A°+a~-+77); one must also exercise the 
customary care in defining total cross sections when 
identical particles are emitted. 

The symmetry property that we have denoted by 
CI, also implies, as a special case, invariance under 
rotations through 180° about the x-axis, say, in J; 
space (charge symmetry of the first kind or CS). For 
the sake of brevity, we have not listed reactions that 
are related by CS, only; these are quite familiar and 
are readily recognized. On the other hand, we have not 
ignored the implications of CS.; indeed, most of the 
relations deduced for Pais’s theory and ascribed to CI, 


TABLE V. Implications of CI, for x-U, r-d, 
Ji-d reactions. 


Relation 
Reaction 


wd 


MN — dKK 
—+dKK 





*T. D. Lee, Phys. Rev. 99, 337 (1955). 

10 S. Gasiorowicz, University of California Radiation Laboratory 
Report No. UCRL-3074, 1955 (unpublished). 

4 Case, Karplus, and Yang, Phys. Rev. 101, 358 (1956). 
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are equally correct under the less stringent requirement 


of CS. 
V. 


We conclude this note with several miscellaneous 
remarks. 


(1). The implications of CI, and CI, for strange- 
particle reactions are valid even if the K-particle beams 
contain r mesons. The only precaution that needs to be 
observed is that the proportion of such 7 mesons to be 
found among incident K particles must be kept constant 
for a series of comparable reactions. 

(2). The equalities that are implied by CI, all have 
the form of Watson’s relation,® which may be phrased 
in the following way. Suppose we have a proton or 
charged K particle incident on a target nucleon which 
is, with equal probability, a neutron or a proton,” and 
consider a set of reactions that are identical with one 
another except for the J,, assignment of the target 
and outgoing particles. Then, denoting by v,, v_, and 
vo the number of positive, negative, and neutral + 
mesons (or = particles'*) emitted into a given solid 
angle, we have 

vi~+v_=2y. (4) 


Although the utility of these relations with respect 
to = particles may well be limited (because of the 
difficulty in distinguishing 2° from A°), this is not the 
case for mesons. A test of the validity of CI, for 
strange particles can thus be made by counting the 
charged and neutral + mesons emitted in the absorption 
of K~ particles that have been brought to rest in d.™ 

(3). Although we have assumed specifically that the 
target nucleus is N% or d, our results dealing with the 
implications of CI, can be readily generalized so as to 
be applicable to the use of other light nuclei as targets. 
Thus, by way of example, in every reaction in which 
we have a deuteron target and a nucleon or deuteron 
appearing as one of the reaction products, we can make 
~ 18 More generally, the state of the target must be isotropic in 
isotopic-spin space; the target can therefore also be d, He*, C"?, etc. 

18 These are the only two species of elementary particles that 
are assigned spin unity in J; space. 

4 The only reactions that are then energetically capable of 
producing w mesons are those listed in Table IV (14 and 15) and 


K-+d-—A°+n-+2++7-, etc.; for the latter case, there are two 
equalities similar to those given in Table IV (15). 
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TABLE VI. Implications of CI, for K-9U and K-d reactions. 





Relation 
Reaction Pais 


KW — KI 
KN — KH =) 
+ Kz 
KN — Kr 
KN — KN 
— K=r 
KM — AKK 
KN — AKK 
—+ AKK 
KI—- 2KK 
RM — =RK 
+ Z=KK 
Kd —Kd 
Rd —Kd 
Kd > NK 
Rd +— 20K 
— MEK 
— ZENK 
Kd —dKr 
Rd —dRr 


A(a,b,c) >0 
Same as 1 
A(a,b,c) >0 


A(a,b,c) >0 


Same as 3 


(2¢+2d)*> |at—bi| 








the replacement d—He', p—He’, n—Hi; the utility of 
k--He‘ reactions as a test of CI, has recently been 
noted by Lee.® 

(4). Perhaps the simplest test of CI, in Pais’s theory 
would consist of a comparison of the elastic scattering 
of K+ and K~ mesons by self-conjugate nuclei, e.g., 


K++d—K+-+d, 
K-+d—K-+d; 


(Sa) 
(5b) 


the equality of the two cross sections is actually based 
on CS, and CS, [Table VI (5) ]. As has already been 
noted, a test of the various inequalities that are listed 
for the SP theory would have to be performed at 
energies high enough so as to render the St-= mass 
difference unimportant, except for reactions (3) and (4) 
of Table VI for which, curiously enough, the impli- 
cations are the same in both the Pais and SP theories. 
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Selection rules governing the annihilation of a nucleon-antinucleon pair into pions, photons, and heavy 
mesons are derived from the conservation of angular momentum, parity, charge parity, and isotopic spin. 
Special attention is given to the probability of annihilation purely into neutral pions. 





E consider annihilation of nucleonium, i.e., a 

nucleon-antinucleon pair, from a state of defi- 
nite angular momentum, parity, isotopic spin, and 
charge parity (if neutral) into systems of pions, pho- 
tons, and heavy mesons. 


STATES OF NUCLEONIUM 


A state of a weakly interacting nucleon-antinucleon 
pair can be described by the quantum numbers of total 
angular momentum j, spin s, orbital angular momentum 
l, and by a specification of the isotopic spin states, i.e., 
pi, np, pp, or nv. From these we can express the 
parity @=—(—)!, the isotopic spin i=1 or 0, the 
charge parity (in the case of neutral nucleonium, i.e., 
i,=0) C=(—)**, and the “CT” parity! CT= (—)#***, 
If the pair is interacting strongly, then s,/, and the 
“isotopic spin specification” are no longer good quan- 
tum numbers, but @, i, and CT (and C if i,=0) are 
good quantum numbers if we neglect electromagnetic 
interaction. For instance, if we call a nucleonium state 
3*P2 we really mean the state having 7=2,i=1, P=+1, 
CT=—1 (and C=+1 if i,=0). 


DECAY INTO PIONS 


The pion has CT parity —1, so that an N-pion state 
has CT=(—)%. The pion has an intrinsic spatial 
parity —1, so that an V-pion state has P= (—)* Porpitai- 
For two pions, 7 equals / because the pion is spinless, 
therefore ®= (—)?; for three pions having j7=0, Porpitai 
equals +1 and therefore = —1. 

Thus a nucleonium state having CT={+, —} can 
decay into an {even, odd} number of pions; with the 
qualifications that two pions are impossible if (—)’® 
1 (which is always the case for spin-singlet nu- 
cleonium), and three pions are impossible if the state 
is (0+). Selection rules based on CT are not absolute 





5 


2 3 4 
0.3333 0.2000 0.0667 0.0286 


N 
Py 


This table is derived in the appendix. Then, still 
neglecting the effects of space states, we can write the 
probability Po that neutral nucleonium, decaying into 
pions, decays into neutral pions only: 

* This work was performed under the auspices of the UV. S. 
Atomic Energy Commission. 

1 See A. Pais and R. Jost, Phys. Rev. 87, 871 (1952). C is the 
eigenvalue of charge conjugation, and T is the eigenvalue of a 
rotation of 180° in isotopic spin space around an axis transverse 


in the presence of electromagnetic interaction, but 
decays violating these selection rules will be slower 
than the corresponding radiative decays.' 

Table I lists the least number of pions into which 
each nucleonium state can decay; a state that decays 
into some (even or odd) number of pions can decay 
into any larger (even or odd) number of pions also. 
For states of higher odd or even /, the table would be 
precisely the same as given for P or D state respec- 
tively, except that the forbidding of three mesons from 
#Po is not repeated, since the corresponding higher 
I states do not have j=0. If for a given / one weights 
the four spin states equally, and either weights the 
four isotopic spin states equally (‘‘mixed”’ nucleonium, 
e.g., p incident on D) or gives equal weight to the two 
i,=0 states (“neutral” nucleonium, e.g., # incident on 
H) one finds the ratios of the number of states with 
least pion numbers of 2, 3, 4, or 5 given in Table IT. 

If the annihilation takes place in a small volume, 
then low orbital angular momenta in the final state 
will be favored. The lowest-/ configurations are listed 
in Table I for the least pion number states; the lowest-/ 
configuration for a state of 2n additional pions simply 
has an additional factor of s*”. 

It is of some interest to estimate the proportion of 
decays leading to pure 7° states, since these will yield 
the entire nucleonium rest mass as visible energy in a 
Cerenkov counter. Since C= +1 for a system of neutral 
pions, and (for a neutral system) we can write CT 
=(—)'C=(—)%, a system of N neutral pions has 
i= {0,1} if NV is {even, odd}. If we neglect the space 
state of the N-pion final state, and thus assume that 
all isotopic spin states are equally populated, we can 
deduce the probability Py that an N-pion state is a 
pure w° state, given that i,=0 and i={0, 1} if N is 
{even, odd}. 


6 7 8 9 
0.0095 0.0037 0.0012 0.0005 — 


Po=d 3 Pw(av™+ay), 
Po=d §Py(2ay™+3ay®+an™), 
Po=L §Pw(an™+2an®+an™), 


10 
0.0001 +- 





even |, >2: 

odd 1, >1: 

average /: 
- the 3 or “charge” axis. Only systems with 7,=0 have a T parity, 
and then T=(—)‘. CT is the product of C and T, and is useful 


in that, in the usual representation of the + matrices [where, 
under C: 71,3 — 71,3, 72 —72, if the T-rotation is taken to be 
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TABLE I. Characteristics of the allowed final states from nucleonium annihilation. 





Initial nucleonium state 
Cc CT 


aa 


Pions* 


KK» 





2p like 


3p? like 


3s? 


4p) 


unlike 


unlike 


5sp*; 3sp; 3pd like; unlike; like 


2s; 4sp?; 2d like; unlike; like 


4s p? unlike 


unlike 


3sp 


# 
Dr- ° 
2p: ot Of 


p? 
2. . 2 
3p; 3(! a 3d 


like; unlike; like 


like; unlike; like 


2D. unlike 


+ 


( 
( 


UD» + + 





K mesons and pions 
Scheme B: the 6 


is (1 —) 


Scheme A: the @ is (0+) 
KKre 
unlike K mesons 


4 


like K mesons a OF 


(‘:) , 
mp (v) 


SoS 


pop 


515 


(52): (2) 5:00: (er) 


ds 


sid 
SiS Pip; (») 
dis 


pp 


—; Sip; dip 


(ss) 


pis 


Sod 
pop; (r) ; did 
dos 


Pil; pil; fif 


pd 
dp 


pid 





® The prefixed number is the least possible number of pions; the lowest-l configuration is given for this least number state. 

b “Like” signifies that the pair KK must be either 60 or r7; “unlike” that the pair is 67 or 70. 

¢ The lowest-l configuration is given, the first letter being the orbital state of the KK pair, with its isotopic spin as a subscript; the second letter is the 
orbital state of the pion around the K-meson pair. Where the isotopic spin of the KK pair can be either 0 or 1, it is not stated. 


4 The lowest / orbital state is given. 


where the ay are the branching ratios for decay into 
N pions of a state that decays into at least m pions 
(N—™m even). The estimation of the ay by the Lepore- 
Neuman statistical theory’ indicates them to be rapidly 
decreasing functions of NV; i.e., amy2 Kam, so that 
ay) ~6ym. Further, since the phase space for a final 
state of two heavy mesons (see next section) is nearly 
the same as for two pions, the at-least-four-pion decay 
states would not decay into pions on this theory. 
Taking the estimations? a.°=3/7,a;°= 3, and all 
others zero, we find 0.033 for the probability that 
neutral nucleonium decays (directly) into 7°’s only. 
around the 2-axis all three pions have odd CT parity. If the 
T-rotation is taken to be around some other axis in the 1-2 plane, 
the charged pions will have a different CT parity, which is much 
less convenient [Pais and Jost did in fact take the 1-axis, which 
makes CT=+1 for the charged pions]. Note added in proof.—T. 
D. Lee and C. N. Yang [Nuovo cimento 3, 749 (1956) ] have also 
used the CT operator (G in their notation) to derive the selection 
rules for annihilation of nucleonium into pions. 


2 Lepore, Neuman, and Stuart, Phys. Rev. 94, 788 (1954). See 
the forthcoming paper by J. V. Lepore and D. H. Holland. 


DECAY INTO HEAVY MESONS 


We assume Gell-Mann’s scheme, assigning i=} to 
both the @(— 27) and the r(— 3x), which we call 
collectively K mesons. The spin and parity of the two 
are known to the following extent. The @ must have 
@®=(—)? in order to decay into two pions, and further, 
j must be even for & to decay into two neutral pions.* 
The 7 seems to be (O—) on the basis of Dalitz’s analysis 
of the observed correlation in the final state. We shall 
accept the 7 as (O—) and consider the possibilities that 
the @ is either (0+-) or (1—), calling the first assumption 
[8 is (0+) ] scheme A, the second [@ is (1—) ] scheme B. 


’J. Osher (unpublished) has evidence from an experiment 
similar to that of G. B. Collins [Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience 
Press, New York, 1955), p. 139] that the & — 1°+7° decay does 
occur, with lifetime and abundance of the same order as for 
& — x++7x~-. Furthermore, from the theoretical point of view, 
if the @ has odd spin its two-pion final state would necessarily 
have i=1, so that the different lifetimes of 6+ and & would be 
inexplicable under charge independence. 
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TABLE II. Relative numbers of nucleonium states 
decaying into each pion multiplicity. 








“Neutral” nucleonium 


even or 
odd >1 


“Mixed” nucleonium 


Ny even odd 
Nmia\. 1 >0 >1 i 


1 


3 
3 
2 
0 


5 
2 
0 





In either case, a state of two K mesons has i=0 or 
1. In Scheme A, a pair 06 or r# (which we call like 
pairs) has @=(—)'=(—)/, and CT=(—)'+* [and 
C=(-—)! if i,=0]. The pairs 67 or 76 (unlike pairs) are 
presumably interconvertible, as there is no selection- 
rule bar between them, and thus we can form linear 
combinations having @=—(—)!, and CT=+1. In 
Scheme B, a pair 66 has spin states se=0, 1, or 2, so 
that CT7[=(—)+*t*=(—)#+i@] can be +1 for a 
given i, 7 and @. The unlike pairs in Scheme B have 
@=(—)'. Thus for a given 7¥0, ® can be either +1 
(CT likewise); but if 7=0, then /=s=1, therefore 
P=—1. 

Thus in Scheme A, a state having P={+, —}(—) 
can decay into a {like, unlike} pair.4 In Scheme B, any 
state can decay into a pair 06; any state except (0+) 
can decay into an unlike pair 67 or 76. A pair 77 is the 
same in both schemes. 

Any state can decay into a pair of K mesons plus 
one or more pions. The lowest-/ configuration, along 
with the isotopic spin of the KK pair, is given in 
Table I. 

The proportion of neutral nucleonium decaying into 
heavy mesons that go ultimately into neutral pions 
can be easily estimated. In Scheme A, the ® would 
decay into charged or neutral pions in a ratio between 
2:1 and 1:2, depending on the ratio of i=0 to i=2 in 
the final state; if charge independence is invoked, the 
hundred-times-shorter lifetime of 6 compared to @ 
implies that & decays almost exclusively through i=0.5 
Therefore the probability that a neutral 66 pair will 
decay into four neutral pions is 1/18. We now have to 
estimate the proportion of like KK that are 66 pairs. 
If at high energies “6’’ particles and “‘r” particles [i.e., 
(0+) and (0O—) K mesons] are produced in equal 
numbers, the observed ratio of 6+, 7+, and K,:* decays, 
roughly 10:1:20, implies that a “@*” has a chance of 
~% of decaying into two pions. But then the hundred- 
times-shorter lifetime of the @ insures that a “@”’ 


* Note added in proof.—On the scheme of Lee and Yang [Phys. 
Rev. 102, 290 (1956) ] and Gell-Mann (unpublished), the operator 
Cp, which interchanges r and @, is conserved in strong interactions. 
Now for a neutral unlike KA pair symmetry under complete 
exchange implies 1=(—)/CCp, and thus CT = (—)/**Cp. Since to 
decay into an unlike pair, a nucleonium state must have j=], it 
has CT = (—)/**** (and of course Cp=+1). Comparing this with 
the CT of the KK pair, we see that s must be zero. Thus con- 
servation of Cp in scheme A would forbid decay of j=/ triplet 
nucleonium into a KK pair. 

5 See S. Okubo and R. Marshak, Phys. Rev. 100, 1809(A) (1956). 


nearly always decays into two pions.® Thus in Scheme A, 
a neutral KK pair equally likely to be like or unlike 
has a chance of 1/72 of decaying into neutral pions. 
Thus, on the Lepore-Neuman statistical theory (see 
the end of preceding section), the probability for neutral 
nucleonium to decay indirectly through a K-meson 
pair into 7s only is 0.007. In Scheme B, pure r”’s 
could be produced only from the process r°— 31°, 
which is negligible if rs are as rare as r*’s. 


RADIATIVE DECAY 


For completeness we shall sketch here the possible 
radiative decays, even though decays involving photons 
will be slower than purely mesonic decays by factors 
of the order of 100 for each photon emitted. 

Since interaction with the electromagnetic field need 
not conserve isotopic spin or CT parity, charged 
nucleonium can decay into any system of mesons and 
photons, conserving, of course, charge and strangeness ; 
in addition it must respect the ‘“‘no 0-0 transition” rule, 
that a photon plus a j=0 system cannot have j=0. For 
neutral nucleonium, however, charge parity C is a good 
quantum number. A photon has C=—1; thus a 
final state consisting of mesons plus V photons has 
C= (— )*C meson state: 

Thus a neutral nucleonium state having C= —1, i.e., 
spin-space states triplet-even or singlet-odd, can decay 
into r+. Any neutral state can decay into r-+7+7, 
the pions being charged if C=1, and being charged 
and neutral in the ratio 2:1 if C= —1 and i=0. 

The decay of neutral nucleonium into a pure photon 
state is equivalent to positronium annihilation’: an 
N-photon state must have (—)*=C, and (1+) or 
(odd—) states cannot decay into two photons. 


APPENDIX 


Given a system of N pions with total isotopic spin 
iy and i,=0, we wish to find the probability that all 
N pions are wr, assuming that all states of the system 
with isotopic spin iy, i,=0 are equally probable. The 
system may be decomposed into a system of one pion 
of isotopic spin one plus a system consisting of the 
remaining V—1. In order that we have iy =i, iy_1 must 
be i, i+1, or i—1. Each state of the (V—1)-pion 
system with iy_1=i, i+1, or i—1 may give rise to a 
state of the V-pion system with iy=i. Corresponding 


TABLE III. 


Values of f;. 








8/63 





6 That is, unless the decay into fermions (ut+y™ or v+y) is 
also speeded up a hundredfold in the 7=0 state relative to i=1. 
7C. N. Yang, Phys. Rev. 77, 242 (1950). 
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to each such \-pion state is a definite probability that 
all N pions are r°. The quantities P’(i) are the aver- 
ages of these probabilities, taken over all states. 

Thus P%(i) is a sum of terms, each of which is a 
product of three factors a, 6, ¢ which are identified as 
follows: 

Factor a: the fraction of the states with iy formed 
from states with iy_;, i.e., m%—(ty_1)/n% (in), where 
nN (i) is the number of states of the V-pion system with 
in=1, 1,=0. 

Factor b: the probability that (iy_1).=(i:).=0 for 
a state of V pions formed from a system of N—1 pions 
with iy_; and one pion with 7. This quantity is sym- 
bolized by | (iv0|00)1,iv_1|?. It can be shown that 


1 40100)1.c-4312 i(1—40) +3 (1+j—6¥0) 
| 7 | its) =- — Rta ED AE KK 5 


24142; 


where 7=0, +1. 
Factor c: the probability that if (iv_1),=0, the 
(V—1)-pion system is all 2°. This is just P4—'(iy_1). 
Multiplying a, b, and c, one obtains 


nN-1(j) 


nX—\(i+1) i+1 
sai PN-\(i41)+ 


PN(i)=— , nha 
nX(t)  2i+3 n (i) 
nN—\(4—1) 
0. PA (4)--———___ ——P"""(i—1) 
nX(t) 2i-1 
1 pitti 
= ——_| ——__ 9"! (§-+- 1) PX (6+-1) 
nN (1) 2i+3 
i 
+—w— (1-1) PX i}. 


a1 


ANNIHILATION 
TABLE IV. Values of P' (i). 
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Or, defining 
fX=n% (iP (i), 


a ae ee 
fet =| fas iedrere—fe.8" | 
2i+3 2i—1 


one has 


The f;* must satisfy the conditions that fo'=1, f;¥=0 
for N<1 or i<0. Since f,;* is the probability that a 
state of N ws has isotopic spin i, it follows that 
Lino f=1 

i=0 Ji . 

The recursion relations for the f’s may be solved 
with the help of a generating function.* The solution is 


s N\(2i-+1) 
{N =— 5 _ ; 
“ (N—4)\(N+i+1)(N+i—-1)---(N+1-3) 


(for iO), 


foY=1/(N+1) (for i=0). 


The n;% are found from the equations 
nN (i) =n (i+1) +n (i) +n (i-1) (for 70). 
and 
n§ (0)=n4—(1) 


with n(N)=1, and n¥(1)=0 (if N<1i). 
Values of f;” and P%(i) are given in Tables III 
and IV. 


(for 1=0), 


8 This was pointed out by R. J. Riddell, Jr., who carried out 
the solution. 
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Ferroelectricity in Ammonium Sulfate 


B. T. MATTHIAS AND J. P. REMEIKA 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 10, 1956) 


HE dielectric anomalies of (NH4)2SO, have been 
known and thoroughly investigated over a long 

period of time.!? Our discovery of ferroelectricity in 
(NH_)3Al(SO,)2°6H,O and its isomorphs* and the 
subsequent discovery by Pepinsky ef al.‘ of the ferro- 
electricity in some alums suggested a new approach 
to the problem. It seems that the N—H—O bond 
may perhaps be more important for the occurrence 
of ferroelectricity than had previously been anticipated. 

(NH,)2SO, has no water of crystallization and was 
therefore an ultimate test to this hypothesis. We have 
found that (NH,)sSO, becomes ferroelectric parallel 
to the a-axis below its transition point at —49.5°C. 
The spontaneous polarization at —58°C is 2.54 10-7 
coulomb/cm?. The coercive field at this temperature 
is about 2000 v/cm and decreases with increasing 
temperature. The hysteresis loops are very rectangular 
and show no bias. 

1R. Guillien, Compt. rend. 208, 980 (1939). 

?L. Couture ef al., Compt. rend. 243, 1804 (1956). 
— Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
. : Pepinsky, Jona, and Shirane (to be published). We wish to 


thank Professor Pepinsky for the personal communication of his 
results. 


Phase Separation in He*’ — He’ Solutions* 


G. K. WaAtrerst AND W. M. FAIRBANK 


Department of Physics, Duke University, Durham, North Carolina 
(Received May 10, 1956) 


SING nuclear magnetic resonance techniques,'” 

we have detected a separation of He*— He‘ solu- 

tions into two distinct liquid phases at temperatures 

below 0.8°K. A separation had been predicted on 

theoretical grounds independently by Prigogine ef al.? 
and by Chester.‘ 

For detecting the phase separation and making 

quantitative measurements on the He* concentrations 
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of the two phases, a sample container having three 
vertically arranged sections, connected by small holes, 
was constructed. When this container is placed in a 
magnetic field having a gradient from top to bottom, 
the solutions in each of the three sections come to 
resonance at a constant frequency for different values 
of the steady magnetic field. Thus, the resonance line 
as observed on an oscilloscope is split into three separate 
peaks, each corresponding to the resonance of the He’® 
nuclei in a known section of the container. Changes 
in the relative amplitudes of these three peaks as a 
function of temperature give a measure of the concentra- 
tion of He* atoms in each section of the sample con- 
tainer, hence a measure of the He* concentrations of 
the two phases. 

Using this method on 40% and 60% solutions of 
He’ in He‘, we have arrived at an approximate phase 
diagram, shown in Fig. 1, for He*— He? solutions. In 
calculating this diagram from the experimental data, 
it was necessary to approximate the liquid mixture 
densities by assuming the law for perfect solutions 
using the known values of the molar volumes at 1.2°K 
of pure He‘ and pure He’. It was necessary also to make 
an assumption regarding the susceptibility per atom of 
He’ in solutions of varying He* concentration. For 
both the 40% and 60% samples at temperatures above 
the phase separation temperature, very little deviation 
was observed from the Curie inverse temperature law 
for the susceptibility. Thus it was assumed that the 
susceptibility per He* atom at any temperature lies 
for all He* concentrations between that value predicted 











oe 
40 50 60 
% He® 





Fic. 1. Phase diagram for He*— He‘ solutions. The open circles 
represent 7, measurements of Daunt and Heer. The closed 
circle represents a T, measurement made by us, 
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by the Curie law and the experimentally determined 
value for pure He’*.':? Points to the left of the maximum 
in Fig. 1, indicated by bars, were calculated under this 
assumption, the extremities of each bar corresponding 
to the limits imposed above on the susceptibility per 
atom. Points to the right of the maximum, indicated 
by crosses and corresponding to higher He* concen- 
trations, were calculated under the assumption that 
the susceptibility per He* atom is the same as for pure 
He’. Our measurements indicate that this assumption 
is approximately correct for high He*® concentrations. 

The open circles in Fig. 1 represent the 7, measure- 
ments of Daunt and Heer® and the solid circle repre- 
sents a 7, determination made by us from thermal 
relaxation time measurements. Daunt’s points fall 
close to the phase curve, easily within our experimental 
error. These points were measured by observing the 
warmup rate of a container of solution connected 
thermally to the helium bath through a fine capillary. 
The \ point was identified as that point at which the 
rate of warmup of the solution decreased suddenly due 
to the disappearance of the creeping film. However, 
since at any point below the phase curve in Fig. 1 there 
is a phase of low He* concentration which is below its 
\ point, we think it quite likely that Daunt has in 
fact measured one side of this phase curve, the low He® 
concentration phase disappearing as the curve is crossed 
during the warmup. 

We hope to obtain shortly a more accurate phase 
diagram, and perhaps an answer to the question raised 
in the preceding paragraph, by working with solutions 
of other concentrations. A complete report on these 
findings will be reported later. 

*This project has been supported by contracts with the 
Ordnance Corps, Department of the Army. 

+ Predoctoral National Science Foundation Fellow. 

1 Fairbank, Ard, Dehmelt, Gordy, and Williams, Phys. Rev. 92, 
208 (1953). 

? Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 

3 Prigogine, Bingen, and Bellemans, Physica 20, 633 (1954). 

4G. V. Chester, Proceedings of the Paris Conference on the 
Physics of Low Temperatures, 1955 (Centre National de la Recherche 
Scientifique and UNESCO, Paris, 1956), p. 385. 

5 J. G. Daunt and C. V. Heer, Phys. Rev. 79, 46 (1950). 


Nuclear Resonance Experiments on 
Pure He’ Under Pressure* 


G. K. WaAtterst AND W. M. FAIRBANK 


Department of Physics, Duke University, Durham, North Carolina 
(Received May 10, 1956) 


RELIMINARY measurements using nuclear mag- 

netic resonance techniques':? have been made on 

the density of He’ at 1.2°K as a function of pressure, and 

on the nuclear susceptibility of He® as a function of 
pressure between 0.2°K and 1.2°K. 
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TABLE I. Density of He’ as a function of pressure at 1.2°K. 


Density* 
(grams per cc) 


Volume susceptibility 
(arbitrary units) 


Pressure 
(atmospheres) 





0 1.00 
0.62 1.02 
0.97 1.04 
3.75 1.12 
6.89 1.20 
10.8 1.24 
1.34 

1.40 


0.0815 
0.0831 
0.0847 
0.0913 
0.0978 
0.101 
0.109 
0.114 


® Density values are relative to the value at zero pressure as measured 
by Kerr.’ 


Densities were determined from measurements as a 
function of pressure of the strength of the nuclear 
resonance absorption signal from a He* sample of 
constant volume. Pressures were transmitted to the 
sample through the compressed vapor above it. Since 
at 1.2°K, where these measurements were made, the 
susceptibility of liquid He*® at its saturated vapor 
pressure is known to deviate from the Curie value by 
no more than 5%,!? while measurements reported 
below indicate that if anything, the deviation becomes 
smaller as the pressure is increased. The error introduced 
by assuming the density to be directly proportional to 
the strength of the observed absorption signal should 
be no more than 5% at the highest pressures, and 
proportionately less at lower pressures. 

An independent check on the density data, accurate 
to about 5%, was made by measuring the quantity of 
He? required at each pressure point to fill the constant- 
volume sample container. Agreement between results of 
the two methods was quite good. 

Results of the density measurements are tabulated 
in Table I. The error in the values given there should 
be less than +2%, excluding the possible error dis- 
cussed above due to changes in the susceptibility per 
atom as the pressure is increased. Since only relative 
values of the density could be measured by the method 
used, the data are normalized to the known value of 
the density of He* at 1.2°K under its saturated vapor 
pressure.’ The coefficient of isothermal compressibility 
at 1.2°K is determined graphically from these data 
to be about 3% per atmosphere for He* under its 
saturated vapor pressure, a value approximately three 
times the corresponding value for He‘. Using this 
value for the compressibility, the velocity of sound at 
1.2°K in liquid He* at its saturated vapor pressure is 
calculated, from the classical formula, to be 195 meters 
per second, about ¢ the velocity in He’. 

For each pressure point, the sample was cooled to 
0.2°K and changes in the volume of the compressed 
vapor above the sample were observed as the system 
warmed up to 1.2°K. In this way it was determined 
that the change in density of liquid He’ at any pressure 
is less than 1% for all temperatures between 0.2°K 
and 1.2°K. Hence, the data tabulated in Table I hold, 
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within the accuracy of their measurement, for all 
temperatures between 0.2°K and 1.2°K. 

Measurements on the temperature dependence of the 
nuclear susceptibility of He* are being extended as a 
function of pressure up to the melting pressure. Pre- 
liminary data indicate that deviations from the Curie 
susceptibility law becomes less pronounced as the 
pressure is increased, the deviation at a given tempera- 
ture being approximately a linear function of the 
average interatomic spacing as determined from the 
density data presented above. The temperature at 
which the susceptibility has fallen to 80% of the 
Curie value is about 0.45°K for He’ under its saturated 
vapor,’ and is about 0.33°K for He* under 22 atmos- 
pheres pressure. 

We expect to obtain more accurate data on each 
phase of the experiments reported here, and an attempt 
will be made to extend the measurements to solid He’® 

*This project has been supported by contracts with the’ 
Ordnance Corps, Department of the Army. 
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HE energy density of cosmic radiaton in our 
galaxy is about 1 ev/cc, and if this is fairly uni- 
formly distributed over the galactic disk and halo,!? 
the total energy is 10°-10°° ergs in the disk and 10% 
10°* ergs in the halo. The total radio power emitted 
both by our galaxy and M31 in halo’ and disk is of the 
order of 10°’ ergs/sec.*:® No detailed power-frequency 
spectra are yet available, and this is computed by 
using power levels near 100 Mc/sec and assumed band 
widths of about 500: Mc/sec. There is strong evidence 
suggesting that the general mechanism of radio emission 
is the synchrotron mechanism. If the mean magnetic 
fields in disk and halo are 10-' and 2X10~-* gauss, 
respectively, the electron and positron energies de- 
manded to produce appreciable power between 10 
Mc/sec and 1000 Mc/sec (with a tail below 10 Mc/sec) 
lie in the ranges 250 Mev to 2.5 Bev in the disk and 
560 Mev to 5.6 Bev in the halo. We shall suppose that 
these particles are produced following nuclear collisions 
between cosmic-ray protons and the interstellar hy- 
drogen atoms®’’ and that their energies may be modified 
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by Fermi collision processes. Collisions with atoms 
other than H will be neglected. Energy losses by 
quantum processes will overpower the gain by Fermi 
collision processes below about 300 Mev,* and these 
may provide a natural cutoff for the radio emission. 

The lifetime against nuclear collision for a cosmic-ray 
proton in the disk (enc)~ is 1.610" seconds if o=4 
X 10-*6 cm? and »=0.5. The number of protons having 
energies such that the decay electrons and positrons 
have energies suitable for emission in the radio range 
can be specified only if both the low-energy end of the 
cosmic-ray spectrum and the particle multiplicities as 
a function of energy in high-energy collisions are 
accurately known. The form of the cosmic-ray spec- 
trum [N(>£)« E-' with a flattening and perhaps a 
cutoff near 1 Bev} is such that a simple integration 
shows that the majority of the energy is contained in 
protons of energies between 1 and 100 Bev. We can 
make the approximation that the equivalent total 
number of protons is 10*/H, where E~4.3X 10- erg. 
Particle multiplicities in collisions in this energy range 
are more difficult to calculate, though energy considera- 
tions suggest that the majority of proton collisions in 
the range 1-100 Bev will give rise to electrons and 
positrons through m-meson and neutron decay having 
energies of about 100 Mev—5 Bev (at sufficiently high 
energies they will obtain about $ of the meson energy 
and } of the neutron energy). For proton energies of 
2.2 Bev, Fermi’s calculations” show that an average of 
1.1 electrons or positrons will be produced per collision. 
However, experiments suggest that statistical theory 
is not adequate at low energies, but that virtual excited 
states of the nucleons are important. The Fermi theory 
fails in the sense that in (,p) collisions it predicts too 
few 2-meson processes, so that the number of electrons 
may be underestimated. For initial energies of 10 Bev 
and 100 Bev the Fermi theory gives maximum multi- 
plicities of 5 and 11 mesons if the production of nucleon 
pairs (and K mesons) is neglected. In view of the un- 
certainties, it has not been thought worth while to 
calculate the relative probabilities of different final 
states for a given multiplicity. 

We conclude that for this approximate treatment it is 
reasonable to suppose that about 5% of the available 
energy will be transformed to electron and positron 
energy in the required range. Thus the gain in electron- 
positron energy is 


(105/E) x (B/20)X 6X 10-'*= 3X 10°? ergs/sec. 


Thus, despite the uncertainties in the details, it appears 
that the rate of production of electron-positron energy 
is roughly balanced by the energy loss by synchrotron 
emission. The total energy which must currently reside 
in these particles can be estimated from work on other 
radio sources!!!” to be 10°-10" ergs. If ¢, is the time 
taken to build up to this equilibrium, and ¢ is a time in 
which an electron will lose an appreciable fraction of 
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its energy, /:~3X 10" to 3X 108 years, and it is necessary 
that 422 ¢,. For an electron, the rate of loss of energy 


— dE/dt=1.58X 10-H?(E/me*)? 
—4.8X 10-*(v/c)?(E/D) ergs/sec. 


The second term represents the energy gained by Fermi 
collision processes; / is a distance of the order of the 
separation of the turbulent clouds, and » is their 
velocity. It has been shown previously that for the 
halo, for energies near 1 Bev, dE/dt>0. Thus for the 
particles which originate in the disk but which diffuse 
into the halo, the flux can continuously build up, and 
perhaps gain considerable energy from the turbulent 
gas. Current estimates of v and / in the disk suggest 
that for the particles which remain in the disk the second 
term is small compared with the first and can be 
neglected. Thus, for example, if E=5000 Mev, the 
time taken to radiate an appreciable fraction of the 
energy is of the order of 10’ to 108 years, so that te~4). 

These approximate arguments suggest that the radio 
emission from our galaxy, and perhaps from all normal 
galaxies, is a natural result of the presence of a cosmic- 
ray flux in the interstellar gas and magnetic field. 
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T is generally believed that the results of treating 
the nuclear many-body problem by straightforward 
perturbation theory (based on replacing }}>>- i#;V i; in 
the Hamiltonian by 4} ;U; and treating the difference 
as a perturbation) indicate a poor convergence of the 
method.’ A re-examination of Euler’s original work! 
reveals the following situation. 
Starting with an infinitely extended neutron-proton 
Fermi gas, imagine that nucleon-nucleon interactions 
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Fic. 1. Graph showing the damping out of correlations with 
increasing nuclear density. The ratio (P.E.)®/(P.E.)™ is plotted 
in percent per 10-Mev strength of a Gaussian interaction assumed 
to act in even states (full curve) or odd states (dotted curve). The 
abscissa, proportional to the cube root of the density, is the range 
of the Gaussian a, divided by Ao (the wavelength of the fastest 
particle in the Fermi gas, equal to (8/97)! times the nuclear 
radius constant ro). 


are switched on. The resulting potential energy is, in 
first order, the expectation value (P.E.) of 3° > i4;Vi; 
for the unperturbed Slater determinant. In second 
order, a correction (P.E.)® appears, which expresses 
the result of correlations. The ratio (P.E.)®/(P.E.)“ 
(linear in the strength of the interaction) is a measure 
of the deviation from the uncorrelated state. Euler’s 
formulas allow one to study this ratio as function of the 
density of the Fermi gas in the case when the inter- 
action is a central, two-body, Gaussian potential of 
strength C and range a, acting in any one of the four 
two-particle states: triplet even, singlet even, triplet 
odd, singlet odd. 

At vanishingly small density (when the rare inter- 
actions that take place do so as essentially free two- 
body collisions), Euler’s formulas give 


(PE)? 1 C€ 


(P.E)® v2 %2/Ma?’ 


where M=nucleon mass. For a typical range a=1.9 
X10-" cm (reference 2, p. 131), this gives (P.E.)° 
(P.E.)“= 61.6% per 10 Mev of strength. This agrees 
with the expectation that a Born approximation treat- 
ment of free nucleon-nucleon collisions is inadequate. 
Figure 1 shows how the above ratio decreases with 
increasing nuclear density. At the observed density, 
corresponding to a nuclear radius constant‘ ro>= 1.216 
X10-* cm, it is 2.8% per 10 Mev of strength 
crease by a factor of 22. For a typical triplet-even 
strength (about 43.7 Mev, reference 2, p. 131), the 
correlation correction is then 12.2%. For the weaker 
singlet-even interaction (about 27.2 Mev), it is 7.6%. 
The rapid damping-out of correlations with in- 
creasing density is due partly to the increasing average 
collision velocities and partly to the exclusion principle, 


a de- 
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which is, of course, taken into account in the perturba- 
tion treatment. 

In his paper Euler does not discuss the correlations 
with reference to a well-defined criterion like the ratio 
(P.E.)®/(P.E.)™. His conclusion that the independent- 
particle starting point is inadequate would appear to 
have been influenced by the size of the ratio of the total 
correlation energy to the total energy per particle (the 
binding energy). However, for a system of particles 
where both attractions and repulsions are present, the 
final binding energy may be a rather small difference 
between larger positive and negative terms and the 
correlation energy may be considerable compared to 
‘this difference, although it still represents only small 
corrections to the first-order estimates of the separate 
contributions. This is precisely the case for nuclear 
models—including the one considered by Euler—in 
which, to ensure saturation, repulsions are introduced 
to cancel out exactly the largest contributions to the 
interaction energy, namely the first-order “direct 


integrals” which, in the case of an atom, for example, 
are responsible for the bulk of the electrostatic energy. 

The magnitude of (P.E.)®/(P.E.)®, about 7.6 
—12.2%, suggests the conclusion that there is no 
evidence in the size of the correlation energy against 
the usefulness of the independent-particle starting 
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point. Within the limitations of the perturbation 
method® (e.g., the effect of a repulsion of a range 0.5 
X<10-" cm cannot be estimated reliably if the strength 
exceeds about 500 Mev), this very straightforward 
treatment of the many-body problem should provide a 
quantitative basis for studying the relation between the 
characteristics of particle-particle forces and the re- 
sulting properties of a composite system. In such cases 
the approximate validity of the shell-model starting 
point is to be understood in the most naive sense, 
namely, that a system of independent particles in an 
over-all potential is a fairly good approximation to the 
exact solution of the many-body problem for particles 
obeying the exclusion principle.® 

It is a pleasure to thank Professor I. Waller and 
Professor T. Svedberg for the hospitality of their 
Institutes and the Swedish Atomkommitté for financial 
support. 

1H. Euler, Z. Physik 105, 553 (1937). 

2L. Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948). 

3R. Huby, Proc. Phys. Soc. (London) A62, 62 (1949). 

4A. E. S. Green, Phys. Rev. 95, 1006 (1954). 

5 Ways of overcoming this limitation have been discussed 
recently by many authors. 

®If the over-all potential is made velocity-dependent, the 


perturbation method is further improved. [See W. J. Swiatecki, 
Phys. Rev. 101, 1321 (1956).] 

















a “ 





